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Abstract

Economic growth slows for an extended period after a financial crisis. We construct
a model in which a one-time buildup of debt can depress the economy persistently, even
when there is no financial technology shock. We consider the debt dynamics of firms
under endogenous borrowing constraints, with lenders having an option to forgive
defaulting borrowers. A firm is referred to as debt-ridden when it owes maximum
debt and pays all income in each period as an interest payment. In the deterministic
case, a debt-ridden firm continues inefficient production permanently. Further, if the
initial debt exceeds a certain threshold, the firm intentionally chooses to increase
borrowing and, thus, to become debt-ridden. The emergence of a substantial number
of debt-ridden firms lowers economic growth persistently. A debt restructuring policy
or the relief of debt-ridden borrowers from excessive debt may be able to restore their

efficiency and economic growth.

JEL Classification Numbers: E30, GO1, 040
Keywords: borrowing constraint, debt overhang, debt supercycle, labor wedge, secular

stagnation

*Kobayashi: Faculty of Economics, Keio University, CIGS, and RIETT; Address: 2-15-45 Mita, Minato-
ku, Tokyo, 108-8345 Japan; E-mail: kobayasi@econ.keio.ac.jp; Phone: +81-3-5418-6703; Fax: +81-3-
3217-1251.  Shirai: The Canon Institute for Global Studies (CIGS); E-mail: shirai.daichi@gmail.com.
Previous versions of this paper were circulated under the title “Debt-Ridden Borrowers and Productivity
Slowdown.” We thank Tomoyuki Nakajima for very helpful comments and fruitful discussions on this
project and other related topics. We also thank Kosuke Aoki, Hiroki Arato, R. Anton Braun, Yasuo
Hirose, Selahattin Imrohoroglu, Masaru Inaba, Nobuhiro Kiyotaki, Huiyu Li, Daisuke Miyakawa, Tsutomu
Miyagawa, Kengo Nutahara, Ryoji Ohdoi, Vincenzo Quadrini, Yosuke Takeda, Hajime Tomura, Ichihiro
Uchida, Yuichiro Waki, and the seminar participants at the CIGS Conference on Macroeconomic Theory
and Policy 2012, the 2012 JEA autumn meeting, Aichi University, the 2012 GRIPS macro conference, the
Summer Workshop on Economic Theory (SWET 2015) at Otaru University of Commerce, the 11th Dynare
conference, the 2015 JEA autumn meeting, 2016 AMES (Kyoto), 2016 ESEM (Geneva), the 18th Macro
Conference (Osaka), 2017 CEF (New York), and 2017 EEA (Lisbon) for their insightful comments and
valuable discussions. Kobayashi gratefully acknowledges the financial support from the JSPS Grant-in-
Aid for Scientific Research (C) (No. 23330061) for the project “Analysis of dynamic models with systemic

financial crises.” All remaining errors are ours.



1 Introduction

The decade after a financial crisis tends to be associated with low economic growth (Rein-
hart and Rogoff, 2009; Reinhart and Reinhart, 2010). A widely held concern, which has
been growing in the aftermath of the Great Recession of 2007-2012, is the hypothesis of
secular stagnation (Summers, 2013), namely that the US and European economies could
stagnate persistently in the coming decades. Further, financial constraints were tightened
both during and after the Great Recession (e.g., Altavilla, Darracq Paries and Nico-
letti, 2015). However, which factors caused the tightening of these financial constraints
and whether this tightening can cause a persistent slowdown in economic growth remain
unclear.

In this study, we propose a theoretical model in which the buildup of debt tightens
borrowing constraints and lowers growth persistently, even if there is no technology shock.
Our theory demonstrates that inefficiency due to the buildup of debt can continue per-
sistently, which is consistent with the debt supercycle hypothesis (Rogoff, 2016; Lo and
Rogoff, 2015), whereas existing theories of secular stagnation posit that a permanent or
persistent technological shock causes persistent stagnation (see Eggertsson and Mehrotra,
2014; Gordon, 2012). Thus, our theory provides a rationale for heterodox policy recom-
mendations to restore economic growth, that is, government interventions that facilitate
partial debt forgiveness in the private sector (see Geanakoplos, 2014).

Our theoretical contribution to the literature is to show that a one-time buildup of debt
can persistently tighten borrowing constraints and cause the aggregate inefficiency that
can continue indefinitely. In standard models of financial frictions such as Carlstrom and
Fuerst (1997) and Bernanke, Gertler and Gilchrist (1999), the buildup of debt generates
inefficiency only for a few periods. Jermann and Quadrini (2012) and Albuquerque and
Hopenhayn (2004) show in their models of long-term debt that inefficiency due to the
buildup of debt can continue, but still for finite periods. Our result that inefficiency can
continue indefinitely thus contrasts sharply with the findings in the literature and suggests
new causality from a financial crisis to persistent stagnation.

Recent empirical studies show that large corporate debt has a negative effect on GDP
growth (e.g., Cecchetti, Mohanty and Zampolli, 2011; Mian, Sufi and Verner, 2017).
Giroud and Mueller (2017) find that the establishments of more highly leveraged firms
experienced larger employment losses during the Great Recession in the United States.
Duval, Hong and Timmer (2017) also show that highly leveraged firms experienced large
and persistent drops in total factor productivity (TFP) growth in the aftermath of the
Great Recession. These findings seem to be consistent with our hypothesis.

Our model of financial contracts has endogenous borrowing constraints that arise be-

cause of borrowers’ lack of commitment and lenders can choose whether to liquidate de-



faulting firms or forgive them. The market is incomplete, and debt and equity are the only
available financial instruments. Firms cannot relax the borrowing constraints by raising
funds from outside investors because of market frictions that prevent them from issuing
new equity quickly. There is a distinction between inter-period and intra-period loans
in this economy. The borrowing constraint binds more tightly as the initial amount of
inter-period debt increases. As the borrowing constraint tightens, firms cannot raise suf-
ficient intra-period debt for working capital, which leads to inefficient production. When
the initial amount of inter-period debt reaches the maximum amount, firms fall into a
debt-ridden state in which they can repay only the interest even though they pay all of
their income in each period. As a result, the amount of debt does not decrease. Therefore,
debt-ridden firms continue inefficient production permanently (in the deterministic case).
Moreover, when the initial debt exceeds a certain threshold, a firm may choose to increase
borrowing and intentionally become debt-ridden because the gain from additional borrow-
ing can exceed the inefficiency of the additional tightening of the borrowing constraint.
This result implies that an overly indebted firm may rationally choose to become and,
then, stay debt-ridden. Although our model is a simple modification of that of Jermann
and Quadrini (2012), there is a significant difference in that the debt-ridden state arises
naturally in our model, whereas it does not exist in Jermann and Quadrini (2012). This
distinction is due to a difference in settings: a portion of output can serve as the collateral
for borrowing in our model, whereas it cannot in Jermann and Quadrini’s model.

We embed the model of firms’ debt into a general equilibrium model of endogenous
growth in which productivity grows as a result of firms’ R&D activities. If a substan-
tial number of firms become debt-ridden, their borrowing capacities decline persistently.
Tighter borrowing constraints discourage firms’ R&D activities and, thus, the entries of
new firms. Then, productivity stagnates persistently, as does the labor wedge.! These
features of our model seem to be consistent with the facts observed in persistent reces-
sions after financial crises. See, among many others, Chari, Kehoe and McGrattan (2007)
for the Great Depression and Brinca, Chari, Kehoe and McGrattan (2016) for the Great
Recession.

In our model, persistent inefficiency is not caused by technological shocks, whereas in
existing models, persistent recessions are usually caused by persistent technological shocks.
See, for example, Christiano, Eichenbaum and Trabandt (2015) for the Great Recession,
Cole and Ohanian (2004) for the Great Depression, and Kaihatsu and Kurozumi (2014)
for the lost decade of Japan. Many authors have argued that persistent shocks that cause
persistent recessions are exogenous changes in the financial technology parameters, such

as the risk shock in Christiano, Motto and Rostagno (2014) and the financial shock in

!The labor wedge, 1 — 71, represents market frictions that manifest as an imaginary labor income tax

with tax rate 7z in the literature on business cycle accounting (Chari, Kehoe and McGrattan, 2007).



Jermann and Quadrini (2012). In this study, we consider an exogenous one-time redis-
tribution of wealth from borrowers to lenders that leads to the buildup of debt, whereas
there is no change in the technological parameters.? One example of such a redistribution
shock is the boom and bust of the asset-price bubble, which changes the value of collateral
for debt.

Thus, our model implies a policy recommendation distinct from those of most existing
models in which exogenous shocks on technological parameters cause persistent recessions
and the policymaker can only mitigate these shocks by setting accommodative monetary
and fiscal policies or by designing ex-ante financial regulations. In our model, debt re-
structuring or debt forgiveness for overly indebted borrowers restores aggregate efficiency
and enhances economic growth. Note that restoring economic growth does not necessitate
the physical liquidation of debt-ridden firms but rather their relief from excessive debt.
This argument is in line with the policy recommendations of partial debt forgiveness by
Geanakoplos (2014).

Intuitive example: To illustrate how persistent inefficiency can arise in our model,
we consider a simple model of a firm that produces output f(o) from input o, where
f'(e) > 0 and f"”(0) < 0. The first-best solution that maximizes the social surplus,

f(o) — o, is attained by o*, where o* solves f’(o) = 1. This firm initially holds debt b_;

b
R

m=floc)—o—b_1+ %. Here, we assume that b_; is given exogenously, and the firm

and then borrows new debt where R is the loan rate. Thus, the firm’s cash flow is
chooses b such that m > 0. The dividend 7 cannot be negative because current equity-
holders are protected by limited liability. The firm chooses o and b to maximize f(o) — o,
subject to the non-negativity constraint, = > 0, and the borrowing constraint

o< ¢f(a)+max{§5— %, 0},

where ¢ and £S are constants that satisfy 0 < ¢ < 1 and £S > 0. This borrowing
constraint is derived in Section 2. Considering the Lagrangean L(o,u) = f(o) — o +
1 [¢f(a) — o+ max{{S — %, O}], the first-order condition (FOC) is equal to

1
F10)= 1 i

When the Lagrange multiplier with respect to the borrowing constraint is positive (u > 0),
the above FOC implies that f'(¢) > 1, which means that the input is smaller than o*
and production becomes inefficient. To make this example interesting, we assume that

the constants ¢ and &S satisfy o* < ¢f(0*) +£S. If % is smaller than £S, the borrowing

2Kobayashi and Shirai (2016) analyze the effects of wealth redistribution in a model of a borrowing-

constrained economy.



constraint becomes

b

U§¢f(0)+55—§- (1)

This borrowing constraint is qualitatively similar to those in Jermann and Quadrini (2012)
and Kiyotaki and Moore (1997). If b is small, such that 0 < b < b*, where b* = [¢f(c*) —
o*+ &S| R, then the first-best outcome is achieved: o = ¢* and p = 0. If b* < b < RES, the
borrowing constraint binds tightly (x > 0) and production becomes inefficient. However,
in the dynamic model, the firm repays as much of its debt as possible to reduce b and
relax the borrowing constraint. Thus, when the borrowing constraint is (1), inefficiency
is temporary. This result is similar to those of existing models such as Bernanke et al.

(1999). When debt % is larger than &S, the borrowing constraint becomes

o< ¢f(o). (2)

We define o, as the solution to 0 = ¢f (o). Assuming that ¢ is sufficiently small, we posit

that o, < ¢* and production is inefficient. The Lagrange multiplier p, is calculated from

(o) = 1?(;‘@ (> 1). We can show that inefficiency can continue permanently if b_; is
sufficiently large, as follows. We define b, = % and assume that % > £S5, Suppose

that b_; = b,. Then, we can show as follows that II; = b, and 0 = g,. On the premise that
o =o0,, cashflowis = f(0,)—0,—b_1+ %. Then, b must be chosen such that b > b, to
satisfy m > 0. Given b > b,, it holds in turn that ¢ = o,. Therefore, in the dynamic model,
once the debt to be repaid in the current period (b_1) is equal to b, the debt to be repaid
in the next period (b) must also be equal to b,, and this chain continues forever. Then,
the borrowing constraint continues to be (2), and production is permanently inefficient
(0 = 0). In summary, when b_; < b, inefficiency continues temporarily, but it continues
permanently if b_; = b,. Permanent inefficiency arises from the accumulation of debt, not
from changes in financial or production technology. A caveat is that the constraint = > 0
is necessary for permanent inefficiency. This constraint means that equity finance from
the incumbent firm owner or outside investors is infeasible because of unspecified market

frictions.

Related literature:  Our theory is related to the literature on debt overhang, such as
Myers (1977), Krugman (1988), and Lamont (1995). Debt overhang is an inefficiency that
is typically due to the coordination failure between incumbent lenders and new lenders,
whereas inefficiency is generated in our model even though incumbent lenders also provide
new money. Debt overhang typically causes inefficiency in the short run. However, in
our study, inefficiency can continue permanently. Our study is also closely related to the
work of Caballero, Hoshi and Kashyap (2008). They analyze “zombie lending,” defined

as the provision of a de facto subsidy from banks to unproductive firms, and argue that



congestion by zombie firms hinders the entry of more productive firms and lowers aggregate
productivity. In this study, we make the complementary point to their argument that
even an intrinsically productive firm can become unproductive when it is debt-ridden.
This point results in a notably different policy implication. Caballero et al. (2008) imply
that the physical liquidation of zombie firms is desirable, whereas our theory implies that
zombie firms can restore high productivity if they are relieved of their excessive debt.
Fukuda and Nakamura (2011) report that the majority of firms identified as zombies
by Caballero et al. (2008) recovered substantially in the first half of the 2000s. This
observation seems consistent with our model. In the macroeconomic literature, endogenous
borrowing constraints are introduced by the seminal works of Kiyotaki and Moore (1997),
Carlstrom and Fuerst (1997), and Bernanke et al. (1999), which spawned the large body
of the literature on dynamic stochastic general equilibrium (DSGE) models with financial
frictions. The borrowing constraints in an economy in which intra-period and inter-period
loans exist are analyzed by Albuquerque and Hopenhayn (2004), Cooley, Marimon and
Quadrini (2004), and Jermann and Quadrini (2006, 2007, 2012). The modeling method
in this study is closest to that of Jermann and Quadrini (2012). Our model is also closely
related to that of Kobayashi and Nakajima (2017), who analyze endogenous borrowing
constraints and non-performing loans (NPLs). Furthermore, our model is similar to that
of Guerrén-Quintana and Jinnai (2014) in that a temporary shock persistently affects
economic growth, although there is a significant difference in the policy implications. In
our model, the emergence of debt-ridden borrowers due to a redistribution shock causes
a persistent recession. Thus, debt restructuring (i.e., wealth redistribution from lenders
to borrowers) restores aggregate efficiency. By contrast, debt restructuring has no effect
in the model of Guerron-Quintana and Jinnai because, in their model, the financial crisis
is caused by a shock to the parameters of financial technology. Another study closely
related to ours is Ikeda and Kurozumi (2014). They build a medium-scale DSGE model
with financial friction & la Jermann and Quadrini (2012) and endogenous productivity
growth a la Comin and Gertler (2006). Their study is different from ours in that Ikeda
and Kurozumi (2014) also posit that a financial crisis is an exogenous technological shock.

The remainder of this paper is organized as follows. In the next section, we present
the partial equilibrium model of the lender—borrower relationship and analyze the debt
dynamics. In Section 3, we construct the full model by embedding the financial frictions
of the previous section into an endogenous growth model, showing that stagnation can
continue persistently when a substantial number of debt-ridden borrowers emerge. Section

4 presents our concluding remarks.



2 A model of corporate debt with borrowing constraints

In this section, we consider the partial equilibrium model of debt contracts. We derive the
borrowing constraint and analyze the debt dynamics under exogenously given prices. We

then embed this model into the endogenous growth model in Section 3.

2.1 Setup

Time is discrete and continues from zero to infinity: ¢ = 0,1,2,--- ,00. There are three
agents in this model: a bank (lender), a firm (borrower), and a household (worker). The
main players are the bank and the firm; the household only supplies labor and capital at
market prices and buys consumer goods from the firm. Real prices {w;, TtK , T¢, My} are
taken as given, where wy is the wage rate, r[ is the rental rate of capital, 7; is the inter-
temporal rate of interest for safe assets, and m; is the stochastic discount factor. These
prices are later determined in the general equilibrium model. The stochastic discount

factor satisfies

1 m
- ]Et as )
1+ my
where [E; is the expectation operator at t.

Consumer goods are produced by the firm from the labor and capital inputs. The

firm’s gross revenue in period t is given by
F(Ay, k1) = A2,

where k; and [; are the capital and labor inputs, respectively, chosen in period ¢, A; is a
time-variant revenue parameter, and 0 < n < 1. Firms use equity and debt, where debt
is not state-contingent. We focus on the case with initial debt stock b_; at t = 0, where
% is the amount of inter-period debt at the end of the previous period and R; is the
gross rate of corporate loans. In this study, following Jermann and Quadrini (2012), we
assume that firms hold inter-period debt because it offers tax advantages.®> Thus, R; is

determined by

Ri=1+4+(1—71)r,

bi—1
Ri_1

gross rate R;_1 to become b;_1 at the beginning of period ¢t. The amount of initial debt

where 7 represents the tax benefit. The debt at the end of period t — 1 grows at the

b_1 is given as an exogenous shock in this model. This amount may be inefficiently large,

as we see in the following sections. One explanation, which falls outside our model, for

3This assumption is a shortcut to formulate the motivation for holding debt. As is well known, with
asymmetric information and costly state verification, the optimal contract takes the form of debt (e.g.,
Townsend, 1979; Gale and Hellwig, 1985).



why b_1 can be inefficiently large is as follows. The debt in this model can be interpreted
as unsecured debt. Suppose that a firm puts up a valuable asset (e.g., real estate or
corporate stocks) as collateral and the corporate debt b_; is initially completely secured
by this collateral. Then, the asset price collapses in period 0 when the financial crisis
breaks out, and the value of the collateral asset decreases to, say, zero, meaning that
b_1 becomes unsecured debt. In this way, the asset-price collapse can make the initial
(unsecured) debt b_; inefficiently large.

In period t, the firm employs labor [; and capital k; from the household to produce
and sell consumer goods, and it earns revenue F(Ay, ky,ly) = Atk‘ta "lil_a)n. The cost of

the capital and labor inputs for the firm is
g = Tfkt + wtlt.

The firm needs to borrow working capital, o, from the bank as an intra-period loan and
pay the household in advance of production.* When production is completed, the firm
receives revenue F'(Ay, ky, ly). Let us denote the exogenous state variables at t by x;, where
xy = { Ay, v wy, re, myy. We denote the space of 2; by A (i.e., 2; € A). State x; follows
a Markov process, which we do not specify further as the exact process is irrelevant for
now. We define f(o¢,x¢) by

f(ataxt) :H}CalXF(Ata k7l)7
subject to rth: + wyl < oy.

Thus, the solution implies

an 1— (1-a)n
f(O't,I‘t) = At (i) ( Oé> O'?.

Tt Wt

The budget constraint for the firm is given by

Tt Sf(Ut,fEt)—Ut—bt—l-l-gt, 3)
where 7 is the payment to the firm’s owner as a dividend. The payment of the intra-
period loan o; = wyl; + 7’{( k¢ is subject to the following borrowing constraint (derived in
the next subsection):

oy < ¢f(oy, x4) + max {gS(xt) - ;Z’ O} , (4)

4The reason that the firm does not use inter-period debt to finance working capital for production is
the limited commitment due to agency problems. Suppose that the firm pays the wage for production in

period t+1 in period t. In this case, the worker cannot commit to providing the labor input in period ¢+ 1.
by
R,
use it in period ¢ 4 1 for working capital. In this case, employees in the firm can easily steal and consume

Suppose the firm saves a part of inter-period borrowing in the form of safe assets with the intention to

the safe asset privately in period ¢, and the firm cannot use it for working capital in period ¢ + 1.



where 0 < ¢ < 1, 0 < ¢ <1, and S(x¢) is defined by (7), which is the value that the

lender can obtain by taking control of the firm. Throughout this analysis, we assume that

o <,

which means that production becomes inefficient when the borrowing constraint is o; <
¢f(o¢). The firm’s owner has no liquid assets in hand and is protected by limited liability,
as in Albuquerque and Hopenhayn (2004). Therefore, the dividend must be non-negative:

Tt Z 0. (5)

The firm cannot avoid the limited liability constraint (5) by soliciting equity investment
from outside investors because of market frictions. The details of the market frictions are
not specified in this analysis, and we simply assume that the firm cannot issue new equities
in a timely manner, even if the new money can generate a positive surplus by relaxing
the borrowing constraint and even if outside investors are willing to buy new equities.
This assumption can be justified by market frictions such as a lack of commitment and
asymmetric information.?

Now, we can describe the optimization problem for the firm. Denoting the value of the
firm with debt stock b;_; at the beginning of period t as V(b;_1, z¢), the firm’s problem is

written as the following Bellman equation:

bt,ot,mt my

m
V(bi—1,2¢) = max m + B, { an V(bt,$t+1)] ) (6)

subject to the budget constraint (3), borrowing constraint (4), limited liability constraint

(5), and participation constraint of the bank (i.e., the no-Ponzi condition):

by < b.(zy),

where bz](%:?) is the upper limit of the amount that the bank agrees to lend in period ¢,

given by (8) below.
In the above problem (6), the firm takes {b,(z:), S(x¢)}52; as given. In equilibrium,

S(x) is determined endogenously from the solution to the firm’s problem. S(x;) is the

® The following are two examples of market frictions. The first example is a lack of commitment.
Suppose that the human capital of the firm’s owner is indispensable to the firm’s operations and that
she cannot commit to pay the promised amount to the outside investors. In this case, the firm’s owner
renegotiates the payment down to zero after the outside investors provide additional money. Anticipating
this outcome, the outside investors do not invest in the firm. The second example is informational frictions.
Suppose that the bargaining over the surplus between the firm and outside investors needs to be settled
before the firm can issue new equities and assume that this bargaining is associated with informational
frictions & la Abreu and Gul (2000) that result in a prohibitively delayed settlement. Abreu and Gul (2000)
show that if the two players in a Rubinstein-type bargaining game each suspect that their counterparty

may be irrational, the bargaining experiences substantial delay.



maximum value that the bank can obtain from operating the seized firm by itself. Thus,

in equilibrium, the following must be satisfied:

b

Py (o, a:t+1)] o (7)
t

me

S(ze) = max E; [

The upper limit of debt b,; = b.(z;) is the upper bound of repayable debt under

any future realizations of the states {$t+j}§>i1 given that z; is the current state.5 We

derive b,(x;) on the premise that %ﬁt) > £S(x¢), which is later justified by the parameter

restriction (9). Under this assumption, the borrowing constraint becomes oy < f (o, x)

when the outstanding debt is b.(x;). We define o,; = o.(x¢) as the solution to o =

¢f(o,x¢). Define, recursively, that for a given value of x;_1,

b
boloi) = (1= 0) (o)) + ®

where A(z;—1) is the domain for x; given that the state of time ¢ — 1 is 1. If A(x4—1) =
A, then the upper limit is a constant (i.e., b,(z;—1) = b,). If the condition, % >
&S (xy) for all xy, is satisfied, then it is justified that b, (x;) is truly the maximum repayable
debt. To ensure the above condition, we assume the following restriction (9) on the
parameters.

The first-best amount of input, o*(z), is defined as the solution to (%f(o*, x) = 1. The
upper limit of the total surplus of the match between the bank and firm, given that the
current state is x, is denoted by w(x), for z € A, and the unconditional upper limit is

denoted by w. These limits are defined as follows:

m
le(fﬂtﬂ)} )

myg

() = [+ 7r(ee)] {F(0" (2r). 21) — 0" (21)} + Eo [

w = supw(z).

Since the maximum amount of the tax advantage is 7r(z) {f(c*(x),z) — o*(x)}, it is
straightforward that S(x) < w(z) because S(z) is the value to the bank of operating the

seized firm. Thus, we assume the following restriction on the parameter values:

Cw(zy) < M, for all z;. 9)
Ry

This inequality ensures that the maximum repayable debt bz](%ft) is strictly larger than

5When the amount of debt is larger than

bzt
Ry

agrees to lend only if the amount of debt is no greater than

, there is a positive probability of default. Thus, the bank

bz,t

Rt
market rate for safe assets, 14 r;. In the general case in which the loan rate can be set larger than 1+ 74,

given that the loan rate is equal to the

bxt

Ry
than 1 4+ 7. In this case, the upper limit of debt can be larger than

the bank may agree to lend a larger amount than as long as the expected rate of return is no smaller

bz,t
Ry

. However, even with a larger

upper limit, the analyses and results in this study would not change qualitatively.
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Difference between inter- and intra-period debt:  We have the following difference
between inter-period debt b;_1 and intra-period debt o;. The firm has the chance to default
on its inter-period debt b;_1 at the beginning of period ¢, and it will do so if and only if the
continuation value of the firm is negative, V(b;—1,2:) < 0. However, this outcome never
occurs because when b;_1 < b,(x¢—1), the firm’s dividend is non-negative (7(z;) > 0), as is
the continuation value (V' (b;—1, ;) > 0). Thus, as long as b;—1 < b,(x¢_1), the firm never
defaults on its inter-period debt b;_1. The firm has the chance to default on intra-period
debt o; at the end of period ¢, which we analyze in the next subsection, in which the
borrowing constraint (4) for oy is given as the no-default condition. Thus, the firm does

not default on oy in equilibrium.

Timing of events:  The events in a given period ¢ occur in the following way. The firm
and bank enter period t with outstanding debt of b;_1.” At the beginning of the period, the
firm has the chance to default on b;_1, and it will do so if the continuation value is negative
(which never happens because b;_1 < b,(z;—1)). Then, the firm borrows intra-period debt
oy, employs labor and capital by paying oy, and produces output f(oy,z¢). The firm
repays b;—1 and borrows new inter-period debt }% by paying b;—1 — }%. Finally, it repays
intra-period debt o; to the bank. At this point, the firm has the chance to default on oy.
After repaying oy, the firm pays out the remaining amount, my = f(oy, x¢) —oy — b1+ 1%’

to the firm owner as a dividend.

2.2 Derivation of the borrowing constraint

In this subsection, we describe the events that follow a counterfactual default on o; and
derive the borrowing constraint (4) as the no-default condition. Our argument is similar
to that of Jermann and Quadrini (2012).

As described in the previous subsection, the firm owes inter-period debt % and intra-
period debt o, at the end of period ¢, where b; is to be repaid in period ¢ + 1 and oy is to
be repaid in period t. At the end of period t, the firm has the chance to default on oy.

Now, we consider what would happen if the firm defaults on o;. Once the firm defaults,

the bank unilaterally seizes a part of the firm’s revenue, ¢ f(oy, z¢), where 0 < ¢ < 1.8 The

bt—1
Ry_1

the bank, whereas it obtains a transfer from the government as a tax advantage, amounting to 7r;—1

"More accurately, the firm owes (I47i-1) to the bank. Hence, the firm has to pay this amount to

b1
Re_1°

bt_1 bt_1

Thus, the net payment by the firm is (1 4+ r¢—1) Ry —TTi1R o = bi_1.

8Because the firm has paid bi—1 — 1%’ the remaining value of the resources it possesses is f(o¢, x¢) —
bi—1 + ]% after defaulting on o¢. Thus, if the bank were to seize ¢ f (o, z) from the remaining output only,

then the seizure should have been feasible only if
of (ot ) < flot, ) — b1 + —. (10)

However, we assume that the bank can take ¢f(c,x) from the firm owner’s pocket and not just from the

remaining output of the firm. Because the firm owner does not have liquid assets in hand, the bank may

11



seized amount, ¢ f (o, z;), may be interpreted as a collateral that the bank can legitimately
seize when the firm defaults. Then, the firm and bank renegotiate over the conditions for
the firm to continue to operate. Following Jermann and Quadrini (2012), we assume that
the firm has all of the bargaining power in the renegotiation. At this stage, the bank has
acquired the right to liquidate the firm. Here, liquidation is the bank’s taking control of
the firm. When the bank chooses liquidation, it successfully operates the firm by itself and
recovers value S; with probability £, whereas the firm is destroyed with probability 1 — &.
Thus, the expected value that the bank can obtain by liquidation is £5;. By contrast, if
the bank decides to allow the firm to continue to operate, it can recover its inter-period

debt in the next period, the present value of which is %’;. The renegotiation agreement

by

depends on whether &Sy is larger or smaller than 7

e Case where ¢5; > 1%: The firm has to make a payment that leaves the bank

indifferent between liquidation and allowing the firm to continue to operate. Thus,
the firm has to make payment £5;— %’ft and promise to pay (1+7"t)1% at the beginning
of the next period. Therefore, the ex-post default value for the firm is

bt by me4+1
1-— —bi1+ — —<&S - — E V(b .
(1= 0)fon) ~ s + gt = {500 = g2 |+ B |2V r,110)
e Case where £S5, < %: In this case, the optimal choice for the bank is to wait until
the next period, when (1 + rt)% is due. In period ¢, the bank receives no further
payments. Thus, the ex-post default value is

mi41
my

ﬂ—@ﬂwwO—W4+m+E{

R, V(bn $t+1)} .

Therefore, the default value is expressed as

(1 — ¢)f(0t,$t) — bt—l -+ ]b%tt — max {55(1}) — _217 0} +Et |:mn::1 V(bt,$t+1):| .

Enforcement requires that the value of not defaulting is no smaller than the value of

defaulting, that is,

b b b
flop, @) —by—g + ﬁtt —or > (1 =) f(op, @) — b1 + ﬁtt — max {fS(:z:t) — ﬁtt’ 0} ,

which can be rearranged as (4).

be unable to collect ¢f (o, z) immediately, whereas it can recover this present value from the firm owner’s
illiquid assets within some finite periods. Thus, in this study, we assume that the bank seizure is not

constrained by (10).
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2.3 Equilibrium debt dynamics

In this subsection, for a given variable ¢;, we denote the variables in the previous period,
in the current period, and in the next period by ¢_1, ¢, and g11, respectively. Here,
we characterize the equilibrium path that solves (6), taking S(z) as given exogenously.
We prove the existence of the equilibrium that satisfies (7) in Section 2.4. Let G be the

following closed, bounded, and convex set of non-negative continuous functions, S(z;):
G={S@))0<S(x)<w, ze€A, Sx)eC(A)}.

Proposition 1. Let S(z) (€ G) be given exogenously. There exists a solution V (b, x;S)

to the Bellman equation (6), and V (b, x;S) is continuous in (b, x).

The proof is omitted because this proposition follows directly from Theorem 9.6 in
Stokey and Lucas with Prescott (1989).°
Here, we briefly describe the outline of the equilibrium dynamics. The detailed de-
scription is presented in Appendix A.
Given S(w;), there exists thresholds B(z; S), B,(x;S), B.(z;S), Be(x;S), and B, (z)
such that
0 < B“(x;S) < B.(;S) < B.(;5) < Be(x;5) < Bx().

e If the initial debt b_; satisfies b_1 < B(x;S), then the economy stays in the
constrained-efficient equilibrium, where oy = 0%(xy), by = b°(z4), and m > 0 for
all t > 0. 0°(z) and b°°(z) are defined in Appendix A. In the constrained-efficient
equilibrium, b°¢(x) is determined such that the marginal gain from the tax advantage

of additional borrowing equals the marginal cost from tightening the borrowing

. . m
constraint, i.e., E [ “] s

L o7 = &, where 1 is the Lagrange multiplier associated with

the borrowing constraint.

o If B(x;5) < b_1 < B,(x;5), the firm repays as much debt as possible by setting
the dividend to zero, i.e., m; = 0, to move into the constrained-efficient equilibrium
as quickly as possible. The borrowing constraint is o < ¢f(o,x) + £S(z) — % and

this is tighter than in the constrained-efficient equilibrium. Thus, oy < 0(x¢).

o If B.(x;5) < b_1, the borrowing constraint becomes o < ¢f(o,x), implying that

o¢ = O'Z(Jl‘t).

9To see that Theorem 9.6 in Stokey and Lucas with Prescott (1989) is applicable to the problem in
(6), it is useful to change the variables by m; = 8~ 'm: and V(bt_l,xt) = m¢V (be—1,x¢). The Bellman
equation (6) can be rewritten as

V(bt—hxt) =, max memy + BE¢ |:‘~/(bt7xt+l):| )

t,0t,Tt

subject to the same constraints. Assumptions 9.4-9.7 in Stokey and Lucas with Prescott (1989) are clearly

satisfied in this problem, which allows their Theorem 9.6 to apply.
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— If B,(x;S) < b_1 < B.(z;9), the firm sets m; = 0 to reduce the remaining debt

as quickly as possible.

— If b1 € (Bs(z;5), B.(x)), then the firm intentionally borrows to increase the
debt to %Rx). This is because the marginal gain of additional borrowing from
the tax advantage is strictly larger than the marginal cost from tightening the
borrowing constraint. Note that b_; € (B.(z;9), B,(z)) may not exist, as

Be(x; S) may be equal to B,(x) for a certain x in this stochastic case.

Debt-ridden firms: A debt-ridden firm is defined as a firm with outstanding debt
bi—1 = by(x4—1). From the definition of b,(z;), the borrowing constraint is o; < ¢ f (o, z)
for all ¢ in the case where x; evolves deterministically. In the case where x; evolves
stochastically, there may be a non-zero probability with which the firm repays its debt

and eventually returns to the constrained-efficient equilibrium.

2.4 Existence of an equilibrium

The Schauder fixed point theorem implies the existence of an equilibrium in which the

firm solves (6) and the equilibrium condition (7) is satisfied.

Proposition 2. Let the parameters satisfy 2%777 < ¢. Let Assumptions 1 and 2 in Appendix
A and Assumption 8 in Appendiz B be satisfied. There exists an equilibrium in which the

firm solves the optimization problem (6) taking S(z) as given and (7) is satisfied.

The proof is given in Appendix B. We have established the existence of an equilibrium
but not the uniqueness. It may not be possible to show such uniqueness analytically.
However, in the deterministic case, where state z; evolves deterministically, we can use
a numerical simulation to show that the equilibrium is unique for a range of relevant

parameter values.

2.5 A deterministic case

In this subsection, we focus on the deterministic equilibrium, where state z; evolves de-
terministically. As shown in Proposition 2, S(x) is given endogenously by (7). In the
deterministic case, the state of nature can be indicated by time. Thus, in this subsection,
we use the time subscript ¢ to represent state x;. The detailed description is presented in
Appendix C.

Although the equilibrium dynamics in the deterministic case are similar to those in

the stochastic case, two features are unique to the deterministic case.

e First, once a firm falls into the debt-ridden state, it stays there forever. That is,

once by = b, ; for a certain ¢, then by ; = b, 41; and 044 = 044 for all j > 0.
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e Second, we can show BC,t is strictly smaller than b, ;, where b, ; = Bz,t in the deter-

ministic case (see Appendices A and C). Thus, there always exists by—1 € (Bet, bz 1)
such that if the initial debt is this b;_1, the firm intentionally borrows to increase

b..
the debt to Rtt

and stays debt-ridden permanently.

It is likely that
BC,t - Bc’t = Bc’t

for a wide range of parameter values. Thus, we assume this in what follows.

Why does a heavily indebted firm choose to become debt-ridden? Intuitively, suppose,
for simplicity, that all prices are constant over time. Then, suppose the initial debt b is
large, meaning that RS < b < b,. Then, it takes n periods to reduce the debt to RES' if
the firm continues repaying as much as possible in every period. The value of n is uniquely
determined as a function of b (i.e., n = n(b)), n is increasing in b, and limy,, n(b) = oco.
Now, we can calculate the gain and loss of choosing to become debt-ridden at t = 0 in
comparison with choosing to repay as much debt as possible. It is shown that the gain is
proportional to %, whereas the loss is proportional to W, where n = n(b). We know
14+ 7 > R because 7 > 0. Therefore, there exists n. such that if n > n., then the gain
of choosing to be debt-ridden exceeds the loss. We define B, by n. = n(B.). Then, the

optimal choice for a firm with b (> B,) is to become debt-ridden.

Policy functions and value function: Figure 1 shows the policy functions b, =
b(bi—1) and o, = o(by—1) and the value function V; = V(b;—1) in the deterministic case in
which the prices are invariant over time. The policy functions and value function have a
kink at b;—1 = B, = (1 —¢)f(0.) +£S, which is the boundary of the borrowing constraint
between oy < ¢f(or) and or < ¢f(or) + &S — %ﬁ. The policy function b(b;—1) shows
that debt decreases rapidly in the region where b;_1 < B,, whereas in the region where
B, < bi—1 < Be, the slope of the graph b, = b(b;—1) is R, which is close to the slope of
the 45-degree line in the standard parameter setting. Thus, the speed of the decrease in
debt is extremely slow in the region where B, < b;_1 < B.. This figure indicates that the
economy can suffer from extremely persistent inefficiency if b;_; falls into the region where
B, < b;_1 < B.. Debt jumps to b, and stays there permanently for b;_; > B.. The value
function has a kink at b1 = B.. V(bi—1) > 0 for B, < by_1 < b, and V (b,) = 0 because
V(bi—1) = by — by—1 in this case (see Appendix C). The policy function o(bs—1) shows
that production becomes inefficient when the dividend is 0. Production becomes the most

inefficient (i.e., o = 0,) when b;_1 > B,. o stays at o, permanently for b;_; > B..

A note on the kinks and jumps in the policy function: As Figure 1 shows, the
policy function oy = o(b;—1) in this example is continuous at b1 = B, even though it

has a kink. However, it is continuous only because we assume 5°— < ¢. If ¢ < 57, the
n 7
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Figure 1: Policy functions and value function
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policy function is no longer continuous, and it has a jump at b,y = B,. The existence
of the jump is explained as follows. The binding non-negativity condition 7 = 0 and the

borrowing constraint (o, = ¢ f (o) + &S — %) imply that o solves the following equation:

by1— &S =1+ ¢)f(or) — 20y,

which may have two solutions. For b1 = B, = (1—¢) f(0,)+&S, there exist two solutions,
o1 and o9, such that o1 = 0, and o9 > 01 if ¢ < ﬁ If ¢ > ﬁ, then o9 < 01 = 0., and
if ¢ = ﬁ, then o9 = 01 = 0,. Therefore, if ¢ < 2%77, the policy function o(b;—1) jumps
from o, to o9 (> 0,) as by—1 decreases slightly from B,. Because the continuity of o(b;_1)
at b1 = B, is necessary to prove Proposition 2, we assume 2%77] < ¢.

3 Full model

In this section, we embed the partial equilibrium model of borrowing constraints into a
general equilibrium model of endogenous growth. We consider a closed economy in which
the final good is produced competitively from varieties of intermediate goods. The firms
are monopolistic competitors, and they produce their respective varieties of intermediate
goods from the capital and labor inputs. This is a version of the expanding variety model,
in which the new entry of firms increases aggregate productivity (Rivera-Batiz and Romer,
1991; Acemoglu, 2009). We follow Benassy (1998) in that only labor is used to conduct
R&D activities that expand the variety of goods. We assume that the monopolistically
competitive firms, which are subject to borrowing constraints, produce intermediate goods

and conduct R&D activities.

3.1 Basic setup

A representative household owns a mass of firms, indexed by ¢ € [0, N;—1], that produce
intermediate goods, where IN;_; measures the varieties of intermediate goods in period ¢.
Firm ¢ produces variety ¢ monopolistically and can borrow funds from the household. In
what follows, we omit the bank for simplicity. The final good is produced competitively

from intermediate goods y;; by the following production function:

N1 %
; = ( / y@dz‘) ,
0

where 0 < 1 < 1. Because the final good producer maximizes Y; — fDNt’l Pi tYi¢di, where
pi,¢ is the real price of intermediate good i, perfect competition in the final goods market

implies that

—1
pit = p(is) = Ay,
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where 4; = Y;'7". Firm i produces intermediate good i from capital k;+ and labor l; ,; by

the following production function:

_ o 1l—«a
yl’t - kl7tll7p7t )

Each firm 4 employs labor /;; and capital k;;, produces intermediate goods y;; from
Lipt (< liy) and ki, and conducts R&D with labor input ;; — l; ;. The R&D activity
creates HNt,l(li,t — lipt) units of new varieties of intermediate goods, where k is the
parameter that represents the efficiency of R&D activity and N;_1 is the social level of the
variety of the good, which represents the externality from the stock of knowledge on the
R&D activity. This externality ensures the existence of the balanced growth path (BGP).

The law of motion for the measure of varieties is written as follows:
Ny = Ny1+ Hth(Lt —Lyy),

where L; = fONt’l lizdi and L,y = fONt’l lip+di. When a new variety is created, a new
monopolistic firm that produces the variety is also born. Each new variety is produced by a
newborn firm. The parent firm creates newborn firms and then treats them as members of
its own dynasty. As the parent and newborn firms are technologically identical, the burden
of inter-period debt for the parent firm is shared equally by all firms in the dynasty. In
this general equilibrium model, the state of nature x; is given by x; = (Ny_1, {bi,t_l}ﬁv:ta Y
because prices are the equilibrium outcomes. Exogenous redistribution shocks may hit
the distribution of debt, {bi,t_l}ﬁv:t(] ', and make z; evolve stochastically. The transition of
states is a Markov process, which is determined endogenously in equilibrium, and is taken
as given by the individual households and firms. To simplify the notation, we use the time
subscript t instead of the state x; and simply omit x; in what follows on the understanding
that all variables and functions with subscript ¢ depend on state x;. Thus, the value of
the firm is determined by the following dynamic programming equation in which we omit

the subscript ¢ for simplicity:

m —
Vi(bt—1) = max m + Ey [ 7:;1 {14+ 6Nl = lpa) } Viga (o) |
subject to

(0% —Q \ 7 b

T = Atkt nlz()?t n_ wily — T‘th‘t — b1+ [1 + HNt_l(lt — lp,t)] Et, (11)
t
wily + ik < GAK " (12)
b _
+ max {ﬁSt — ﬁt, O} [1 + kNe—1 (1 — lpﬂf)] )
t

Tt 2 07 (13)
ly > Uy, (14)
by < b4, (15)
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where S; and b, ; are taken as given and are the equilibrium outcomes, as we see shortly.
The Lagrange multipliers, ¢, pi, Ar¢, and A, are associated with the budget constraint
(11), the borrowing constraint (12), the non-negativity of dividends (13), and the non-
negativity of the labor input for R&D (14), respectively. In equilibrium, the liquidation
value S; and the upper limit of borrowing b,; are given in the same manner as in the

previous section. Thus, the equilibrium condition that determines S; is

L
R

S, = maxE, [mt“ VHl(b)]
b myg

The value of b, ; = b,(x¢) is given by

bo(e) = (1= 0) i) ) +

where f(o,z) and o,(z) are the same as in Section 2, and we assume the parameter
restriction (9).

A representative household solves the following problem:

oo
max [E tU(Cy, Ly) |,
Ct,Lt,Bt, Ky 0 ;ﬁ ( ! t)

subject to the budget constraint
Cy+ K; + m <wely + (Tt +1-— ,O)thl + By_1 + T4,
t

where (3 is the subjective discount factor, C; is consumption, L; is total labor supply, K is
capital stock, p is the depreciation rate of capital, By is inter-period lending to the firms,

and T3 is a lump-sum transfer that consists of the tax and dividends. The period utility is

1 lod 179
[Cm (1- L)

U(C,L) = —

Let m; be the Lagrange multiplier associated with the budget constraint for the represen-

tative household, which is given by the FOC with respect to Cy:

The FOC with respect to Ky and B; implies

1 _r [mt—i-l]
K 1| ™ :
T tl—p mt
Thus, m; is the stochastic discount factor in the partial equilibrium model of Section

2. The market-clearing conditions are Cy + Ky — (1 — p)Ki—1 = Y, ]‘ONtfl litdi = Ly,

N . Ny . Nic1 bis 3 B =
Jo T lipadi = Ly, Jo' T Rigdi = Koo, Jo rdi = 130, Ne = Nei+ N1 (Le = L),

1
1+

=E;

The equilibrium condition is Ny = N;.
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Competitive equilibrium.— A competitive equilibrium consists of sequences of prices
{rs, 7, wy, ms}, a household’s decisions {C, Lt, Ky, By}, firms’ decisions {ms, Iy, Ly 1, kt, bt },
and a measure of varieties IV, such that (i) the representative household and firms solve
their respective optimization problems, taking prices and N;_; as given, and (%) the
market-clearing conditions and equilibrium condition are all satisfied.

A firm that owes the maximum amount b, is called a debt-ridden firm in a similar

manner to the previous section.

3.2 BGP without debt-ridden firms
In what follows, we assume for simplicity that 8 — 1 and
UC,L)=InC+~In(l - L).

In this subsection, we focus on the deterministic case where state x; evolves deterministi-
cally and then characterize the BGP on which all firms are normal. The firms are normal
when the dividend is positive, that is, m; > 0 for all t. On the BGP, labor and the growth
rate are constant, that is, L; = L and N;/N;—1 = g. We define
1—n

(1 —a)n’

We guess that ¥; = Y x NP, A, = Ax N'"P ¢, = ¢ x NE|, K; = K x NE,
wy =wx NF,, Iy =L/Ny—y, ky = kx NETL, Vi =V x NETY and 7 = 7 x NE7!. The
FOCs and constraints imply that there exists a unique BGP, which is given in Appendix

=

D. For the numerical simulation, we set the parameters to the values for Japan, the
United States, and the European Union (EU),'? shown in Table 1. The parameters of the
borrowing constraints, ¢ and &, and the size of shock z are calibrated to fit the data of
Japan, the United States, and the EU according to the data in Appendix E and the method
described in Appendix F, where we identify and assess the parameter region used in our
numerical experiments. It is an annual model. We adopt a simulation strategy under
which the parameters v and « are calculated endogenously such that the two variables L
and grpp attain the target values calculated from the data. The economic growth rate on
the BGP is 2.51% per year for the Japanese economy.'! It is easily confirmed numerically
that there exists a BGP for a wide range of parameter settings.

A debt-ridden firm does not conduct R&D activities on the BGP under a wide range
of parameter settings. See Claim 3 in Appendix G for details.

0The EU comprises the following 28 countries: Austria, Belgium, Bulgaria, Croatia, Cyprus, Czech
Republic, Denmark, Estonia, Finland, France, Germany, Greece, Hungary, Ireland, Italy, Latvia, Lithuania,
Luxembourg, Malta, the Netherlands, Poland, Portugal, Romania, Slovakia, Slovenia, Spain, Sweden, and
the United Kingdom.
_1=-n _n 1
" The economic growth rate on the BGP is given by g% = g}}_ﬁ)" 1 = g1 7% = 1.0251, where g is the

growth rate of Ny and E = . See Appendix H.

1-n
(I=a)n
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Common parameters

Parameter Economic interpretation value
I6] the subjective discount factor 0.98
p the depreciation rate of capital 0.1
n the parameter for the aggregation function 0.7

Country-specific parameters

Parameter Economic interpretation Japan US EU
« the share of labor in production 0.31 034 0.37
~y the inverse of the elasticity of labor supply 249 325 3.59
K the efficiency of R&D 0.55 042 0.39
¢ the collateral ratio of revenue 0.50 0.64 0.62
T the tax advantage for debt 0.30 0.35 0.35
£ the collateral ratio of the foreclosure value 0.08 095 091
L the total labor supply in the steady state 0.25 021 0.19
grrp the growth rate of TFP in the steady state 1.017 1.013 1.011
z the ratio of debt-ridden firms at the shock period 0.742 0.661 0.654

Table 1: Parameter settings

3.3 Low growth equilibrium with debt-ridden firms

Now, we consider the equilibrium in which some firms are debt-ridden and others are
normal. In this subsection, we again focus on the deterministic case in which state x
evolves deterministically. We assume that firms ¢ € [0,Z;] are debt-ridden and firms
i € (Zt, Ny] are normal. We assume and justify numerically in the following simulation
that debt-ridden firms do not conduct the R&D activity on the entire equilibrium path.

Define z; = % The initial value of z;, denoted by z, is given exogenously. In our
simulation, we assume z < 1 and Z};—f > £5,.12

Numerical experiment: We can calculate the equilibrium dynamics numerically using
a full non-linear method. Linearization is not necessary for the deterministic simulation
(see Appendix H for detrending and Appendix I for the details of the calculation of the
dynamics). Figure 2 shows the results of the numerical simulation in which the economy

is initially on the BGP, where Z; = 0, and an unexpected redistribution shock hits the

bz‘t
Ry

> £5; hold simultaneously, there would exist a zero growth path on which all firms are debt-ridden

12We cannot find the parameter set that makes z = 1 and
bzt
Ry

and the economic growth rate is zero, because no firms conduct R&D activities. In a simplified model

> &S, simultaneously. If both z =1 and

in which capital & does not exist and labor is the only input, it is proven analytically that z = 1 and
bat
Ry

> £S: cannot hold simultaneously for any parameter set.
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economy in period 10, making z1g = z = 0.742. In other words, the sudden redistribution
of wealth from firms to households makes 74.2% of all firms debt-ridden in period 10. The
parameter values for Figure 2 are given as those for Japan in Table 1. The features of the

equilibrium path shown in Figure 2 are as follows:

e Slowdown of economic growth: Borrowing constraints are tighter after the buildup
of debt. Thus, aggregate inputs decrease and economic growth slows for an extended

period.

e Persistently lower rates of interest and wages: These features are observed in the
aftermath of the Great Recession and are the focus of the recent literature on secular

stagnation and unconventional monetary policy.

e Decrease in TFP and net entry: The growth rate of the number of firms, g =
Ny/Ny_1, decreases. TFP also slows, where TFP in the model is defined by

Y

TEP = e 1=a
Kt—lLt

This feature is consistent with the observation that TFP and the net entry of firms

decreased in Japan in the 1990s.

e Buildup of NPLs: In this example, there are Z; debt-ridden firms, and their debt
stays at an inefficiently high level. This feature is consistent with the historical
episodes of persistent stagnation with overly indebted firms and/or households, such

as Japan in the 1990s.

e Labor wedge reduction: In this example, the labor wedge, 1 — 77, diminishes persis-
tently as a direct consequence of the tightening of the aggregate borrowing constraint
on working capital loans for wage payments. This tighter borrowing constraint cre-
ates a larger gap between the wage rate and marginal product of labor. The gap
is measured by 77. In this way, the persistent reduction in the labor wedge ob-
served in the aftermath of a financial crisis can be accounted for by the emergence
of debt-ridden firms.!?

3 As Chari et al. (2007) posit, the labor wedge, 1 — 77, is defined by 1 — 77 ¢ = %, where M RS; =
1"’7(’;‘; =w¢ and MPL; = O‘L—’? in our model. Thus, the labor wedge can be calculated by 1 —7r,; = 72*}2‘ . In

our model, the labor wedge 1—7, is proportional to the labor share. Thus, both an economic slowdown and

a shrinkage of the labor share (from the buildup of debt) are observed simultaneously in our model. This
feature of our model contrasts with the countercyclicality of the labor share in business cycle frequencies
(Schneider, 2011). However, our model seems compatible with countercyclicality in the short run. In
our model, the buildup of debt causes the long-term variations in the labor wedge, whereas short-run
countercyclicality can be caused by factors such as productivity shocks in business cycle frequencies (Rios-
Rull and Santaeulalia-Llopis, 2010).
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Figure 2: Responses to a buildup of debt (Japan)
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Next, we calibrate and conduct numerical simulations for the United States and the
EU. Table 1 provides the parameter values. Figure 3 compares TFP in the model with
the actual TFP in Japan, the United States, and the EU. Similarly, Figure 4 compares the
GDP of the numerical experiment with the actual real GDP per capita of the working age
population (1564 years old). We assume that the unexpected shock hits the economy in
period 10 of the simulation, which corresponds to the asset-bubble collapse in 1990 in the
case of Japan and the financial crisis in 2009 in the cases of the United States and the EU.
For the United States and the EU, we extend the observed variables to 2025. We posit
that the variables grow in future periods by constant growth rates, which are equal to the
average growth rates in 2011-2016 for the United States and the EU. These extensions
are based on the implicit assumption that the US and EU economies have fallen into
decade-long stagnation. We compare our simulation results with the extended data on the
United States and the EU because a goal of our numerical experiment is to examine the
capability of our model to account for decade-long recessions in the aftermath of financial
crises. The figures show that the model fits the growth rate data fairly well. Figure 5
compares the labor wedge of the numerical experiment with the actual labor wedge. The
simulated deterioration of the labor wedge is fairly consistent with the data from Japan,
the United States, and the EU.

In any case, the numerical simulation of our model shows the overall slowdown of
economic growth resulting from the debt shock, indicating the usefulness of our model in

accounting for persistent recessions in the aftermath of financial crises.

3.4 Policy implications

The policy implications of the results presented in this paper seem noteworthy from a
practical point of view. The shocks that cause persistent stagnation are exogenous tech-
nological changes in the existing literature. In our model, the one-time buildup of debt
tightens the borrowing constraint and causes a persistent slowdown in economic growth
even though there is no technological change. Thus, our model implies that reducing
overly accumulated debt can restore economic growth. Note that the physical liquidation
of debt-ridden borrowers is not necessary, but relieving them from excessive debt restores
their efficiency and high economic growth at the aggregate level. This policy implication
contrasts sharply with those of prior studies, in which debt reduction, per se, is not on
the table, and policymakers can only mitigate recessions by implementing accommodative
monetary and fiscal policies or designing ex-ante financial regulations.

Government intervention in debt reduction is justified as follows. In our model, the
inefficiency of persistent stagnation cannot be resolved by the market mechanism for the
following three reasons. First, constraint (5) implies that outside investors cannot relax the

borrowing constraint of debt-ridden firms by purchasing new equity. Constraint (5) is an
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exogenous assumption in this analysis, but it may be justified by plausible market frictions
such as a lack of commitment and coordination failures (see footnote 5). If constraint (5)
did not exist, outside investors would purchase new equity of debt-ridden firms and make
them constrained-efficient because they can earn strictly positive profits by investing new
money in debt-ridden firms. Second, there is no free entry of new firms in our model. The
entry of a new firm is equal to that of a new variety, which occurs as a result of R&D
activities by incumbent firms. Thus, new entries of new varieties decrease as debt-ridden
firms increase, and the growth in productivity slows. The productivity slowdown continues
persistently because there is no entry by outside firms.'* Third, it is optimal for lenders to
keep borrowers debt-ridden if the outstanding debt is large. Because lenders can be repaid
in full even when borrowers are debt-ridden, they have no incentive to reduce their loans,
whereas their inaction protracts aggregate inefficiency. Thus, policy interventions by the
government can be effective in restoring economic growth by promoting debt restructuring
or wealth redistribution from lenders to borrowers. Policy measures may include regulatory
reforms to make bankruptcy procedures less costly and debtor friendly and to promote
debt-for-equity swaps to reduce outstanding debt as well as the injection of funds as a
subsidy or equity to banks that forgive debt and write off NPLs. The injection of a bank
subsidy or equity is usually interpreted as bank recapitalization because the banks become
insolvent in most cases when a substantial number of their borrowers are in distress. This

policy implication is straightforward and robust in our model and seems reasonable from

1The persistence of the productivity slowdown can be preserved even if we relax our assumption of no
entry from outsiders as long as the cost of R&D is sufficiently higher for outsiders than it is for incumbent
firms. It seems plausible to posit that the cost of R&D is substantially higher for outsiders than for

incumbents in any industry.
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our experience of Japan’s lost decade of the 1990s, the Great Recession in the United
States, and the subsequent debt crises in Europe, whereas existing models may not clarify
whether borrowers’ relief from excessively accumulated debt is good for an economy hit

by a crisis.

4 Conclusion

Decade-long recessions are often observed after financial crises. In particular, the “secular
stagnation” hypothesis has drawn much attention recently. In this study, we hypothesized
that the buildup of large debt in the private sector causes a persistent economic slow-
down even without technology shocks. This model may be considered to reflect a “debt
supercycle” rather than secular stagnation, as inefficiency can continue persistently but is
removed if debt is reduced. Economic agents can become overly indebted because of, for
example, the boom and bust of asset-price bubbles. We showed that borrowers who owe
the maximum repayable debt fall into a debt-ridden state in which they can repay only
the interest and cannot reduce the principal of the debt, which means that they continue
inefficient production forever in the deterministic case.

The emergence of a substantial number of debt-ridden borrowers lowers economic
growth by tightening the aggregate borrowing constraint. This tightening of aggregate
borrowing constraints owing to the mass emergence of debt-ridden borrowers may man-
ifest as a “financial shock” during or after a financial crisis. Because lenders have no
incentive to reduce their loans to debt-ridden borrowers, government intervention to fa-
cilitate debt restructuring (i.e., relief for debt-ridden borrowers from their excessive debt)
may be necessary to enhance economic growth in the aftermath of a financial crisis. Our
policy recommendations are in line with those of partial debt forgiveness by Geanakoplos
(2014).

The endogenous borrowing constraint of this study has a unique feature in that debt
that exceeds a threshold generates persistent inefficiency. Therefore, it may serve as a
useful building block for business cycle models, thereby enriching aggregate dynamics.

Broader applications are left for future research.
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For Online Publication: Appendices

A Details of equilibrium dynamics in Section 2.3

We make the following two assumptions.

Assumption 1. The parameters satisfy the following condition:

fu? < (1 B Qs)fz?

Tmax

where f, = inf,cp f(02(2), 2) and rmax = sup,ep ().

32



This assumption implies that once the amount of debt % becomes smaller than £,

it can reach the constrained-efficient level b°(z) (defined below) within a finite number

of periods. This implication is because the firm can repay at least % by paying all
income to the bank in all future periods. Define
ce(y — _Tr(x)
W@ = Ty
Then, 0°(z) is defined as the solution to
9 _ 14 p(z)
507 = T ey
Define b°“(x; S), where S = S(x), by
bC€ . S
) = o () 0) - 0% () + €ST0)
Assumption 2. The parameters satisfy the following conditions:
sup ¢ f (0°(z),z) — o*(z) <0,
zEA
bee(z;S)
such that =—z=5= < £S(x) for all x, and
: ce ce ce . b (l‘; S)
x,x,llél/{,SeG f(o“(x),z) — o (x) — b°(z_1;S) + R > 0.

The first condition of this assumption is satisfied for small 7.1® The second condition of
this assumption implies that once the economy enters the constrained-efficient equilibrium,
it stays there forever. Constrained efficiency is defined and explained in the following
paragraph “Constrained-efficient equilibrium with small debt.” We define the total surplus
of the match of the firm and bank, W (b_1, ), as

1+
W(b_1,2) = er Lb 1+ V(b1,2).

Note that the bank receives %b_l from the firm, whereas the net payment for the firm

is b_1 because the government provides it with a tax advantage 7;_*11 b_1. Thus, the firm’s

problem is equivalent to maximizing W (b_1,z) given b_;. Function W(b_1,x) satisfies

the following dynamic programming equation:

W(bo1,) =max ’gjb_l +f(0,2) =0 + E [T W (b, a4) (16)
subject to f(o,z) —0 —b_1 + % >0, (17)
o < 6f(0,7) + max {55@:) - o} , 18)
b <b.(x). (19)

15Tn the steady state, where the state is time-invariant, this condition is equivalent to 1:-Tr < ﬁ
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By denoting the Lagrange multipliers for (17), (18), and (19) as A, u, and v, respectively,

the FOCs and envelope condition are

9 oy L

9o STt 20

aO’f(O"x> 1+¢ﬁ7 ( )
RE[74 %W(b, )]+ A —v—p=0, if £S(z) > %’ o
RE[mn-ib-l %W(b, x+1)] +Ar—v =0, if 55(56) < %’

0 roiT

R (22)

The equilibrium values of the five endogenous variables {o, b, Ar, u, v}, and %W(b,l, x)
are determined by the constraints (17)—(19) and the conditions (20)—(22).

A.1 Special case with 7 =0

In the special case in which 7 = 0, the firm is indifferent between debt and equity as a tool
for funding as long as the amount of debt is sufficiently small that the borrowing constraint
is non-binding. When 7 = 0, the variables satisfy 0°(z) = o*(x) and b*(z) = b*(z) in
Assumption 2, which implies that once the economy enters the first-best equilibrium, where
{o1, b} = {0 (z¢), b*(z¢)}, it stays there forever: {oyy;, b4} = {o"(x11j), b (245)}, for
all j > 1. This result is because for any b*(x_1), the firm can choose 0 = o*(x) because
7 can be non-negative when it chooses o = ¢*(z) for all x € A(z_;).
We define W*(z), b*(z; S), B*(z;S), B.(z;S), and B.(x) by

W*(z) = f(o*(z),2) — o*(z) + E [%W*(xﬂ) :
b (z:5) = o*(xz),z) — o (x x

Ry = 00" @)a) = o () + £ (a)
B(@:8) = f(0"().0) - 0"(o) + .

B.(2;5) = f(o:(2), x) = 02(x) + £5(2),

> _ bz (z)
Bz(‘r) — f(O'Z(LU),.T) - O'z(x) + R(ﬂj) .

The meanings of the above variables are as follows: W*(z) is the first-best value of the
match between the bank and firm in the case where 7 = 0; b*(x¢) is the maximum amount
of debt b; feasible in the first-best equilibrium, where oy = o*(z¢); B*(2y;S) is the
maximum amount of debt b;_; repayable in the first-best equilibrium where o, = o*(x);
B,(x¢;S) is the minimum amount of debt b;_; that makes }% > £S(xy); and B (xy) is
the maximum amount of debt b;_1 repayable with certainty given that the current state
in period t is xy. Capital B is used to represent the debt threshold.

In the case where 7 = 0, the equilibrium dynamics are qualitatively the same as those

in Albuquerque and Hopenhayn (2004). We can show the following lemma, which is
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equivalent to Lemma 3 in Albuquerque and Hopenhayn (2004). The difference is that the

debt in our model is not state-contingent, whereas it is state-contingent in their model.
Lemma 3. For a given state x,

(i) W(b_1,x) is weakly decreasing in b_y.

(ii) For allb_y < B*(x;S), W(b_1,2) = W*(z).
(#ii) For all b_y > B*(x;S), W(b_1,2) < W*(z) and 7 = 0.

Proof. The proof of (i) is as follows. As 7 = 0, the envelope condition (22) implies
that %W(b, x) = —Ax < 0, that is, W(b_1,x) is weakly decreasing in b_;. (ii) follows
immediately from the facts that B*(x;S) — b_; is the dividend when b_; < B*(x;S) and
the firm chooses 0 = o*(x) and that Assumption 2 implies that if oy = o*(x;), then
0145 = 0" (x445) for all j. (iii) is shown as follows. When B*(x;S) < b_1 < B, (x;5), we
b}a‘?) b}(;(f)) < £S(x). This inequality and the definition of b*(x; S) imply that the
borrowing constraint is tight and o(z) < o*(z). Thus, W(b_1,2) < W*(z). Now, suppose

<

have

that m > 0 in this case. Then, the firm can relax the borrowing constraint by reducing 7
and b and can increase W (b_1,x). This is a contradiction. Therefore, 7w should be zero.
When b_1 > B,(z;95), it is clear that W (b_1,z) < W*(z), and there exists T such that
the borrowing constraint is o, < ¢ f (o, x¢) for 0 < ¢t < T, and oy < ¢ f (o1, x¢) + £St — 1%
for t > T in the sequential problem corresponding to the Bellman equation (16). Suppose
mp > 0. Then, the firm can relax the borrowing constraint at T' by reducing w9 and by and

can increase W (b_1,x). This is a contradiction. Thus, mo should be zero. ]

This lemma implies that if b_1 > B*(x;S), then the firm repays as much debt as
possible by setting the dividend to zero: m = 0. This firm’s behavior is the same as that
in Albuquerque and Hopenhayn (2004). If b_; > B,(x;S), then ¢ = 0,(x), where o,(x)

is the solution to o = ¢ f (o, x). Now, we turn to the general case where 7 > 0.

A.2 Case with 7 >0

The features of the equilibrium path in the case where 7 > 0 are characterized by the

initial amount of inter-period debt b_1. We define

bee(x; S)

B%(2:8) = f(0(x). ) ~ 0 (x) + "

Note that the definition of b“(z;.S) implies that B(z;.5) = (1 — ¢) f(c°“(z), x) + £S(x).
Thus, the definition of o,(x) and (9) imply that

B(z;S) < By(x;S) < by(x). (23)
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Constrained-efficient equilibrium with small debt: = We focus on the case where
initial debt b_; is sufficiently small (i.e., b_; < B(z;S)). In this case, the borrowing

constraint is written as

7 < 65(0.2) +€8() — 1)

When > 0, the FOCs imply that & F(A, k,1) > % and  F(A, k,1) > w. It immediately
follows that inputs k and [ are inefficiently smaller than their efficient levels, k* and [*,
which are given by %F(A, E*,1*) = r&X and %F(A, kE*,1*) = w, respectively. Note that
the borrowing constraint is always binding (i.e., u > 0) because the firm borrows inter-
temporal debt to exploit the tax advantage. We call the equilibrium constrained-efficient
if A\xy = 1y = 0 for all . We assume and justify later that A\ = A\r 41 = v = 0 when
b1 < B®(x;S). In this case, conditions (20)-(22) imply E["]ZZ = & which can
be rewritten as g = p°(z). Therefore, the tightness of the borrowing constraint (18)

(or (24)) in the constrained-efficient equilibrium, p(z), is not dependent on b_; and
is decided solely by the tax advantage. Therefore, the value of ¢ in the constrained-
efficient equilibrium, 0°¢(x), is also independent of b_;. The value of b should be b°*(z; S).
Note that Assumption 2 guarantees that once the economy enters the constrained-efficient
equilibrium, it stays there forever. This result is because for any b“(x_1;S), the firm
can choose 0 = 0%(x) because m can be non-negative when it chooses o = 0(x) for all

x € A(z_1). Thus, our assumption that Ay = Ar 41 = v = 0 is justified.

Medium-sized debt:  Consider the case where initial debt b_; is medium-sized (i.e.,
B(x;S) < b_1 < B,(x;5)). In this case, the borrowing constraint is still (24). We focus
on the cases in which the parameter values are chosen such that v = 0 in equilibrium when

b_; is medium-sized.'® Then, we have the following lemma.

Lemma 4. Consider the case where b_y is medium-sized and o < c°(x) in equilibrium.

Then, A\x > 0, and the dividend is equal to zero, m = 0, in equilibrium.

Proof. The proof is by contradiction. Suppose that A\ = 0. Then, conditions (21) and
(22) imply that p = RE["F (' — Arg1)] < 15 = p°¢, which, together with (20), implies
that o > ¢°(z). This is a contradiction. Thus, Ay = 0 cannot hold in equilibrium. Hence,

Az > 0 and 7 = 0 in equilibrium. ]

The values of {k,l,b,u} are determined by the budget constraint (3) with 7 = 0, the
borrowing constraint (24), the FOC (20), and

k_( e \w
I \l—a) rk’

16y = 0 holds if the parameters satisfy (26).
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where the last equation is derived from the conditions for k£ and [ to maximize F'(A,k,1)
subject to rXk+wl < o. Given that outstanding debt b_; is medium-sized, the firm repays
as much debt as possible by setting m = 0 and eventually returns to the constrained-
efficient equilibrium. Assumption 1 implies that it takes a finite number of periods to
return to the constrained-efficient equilibrium. These features are qualitatively the same

as those of debt repayment in Albuquerque and Hopenhayn (2004).

Large debt: If b_; > B,(z), the borrowing constraint becomes

o< ¢f(o, ). (25)
Then, the FOC (21) implies
m41 8 vV — )\7r
E|—=W(b =

It immediately follows that
o If \y >0, thenm=0,b=R{b_1 — f(0:(2),z) +0,(z)}, and v = 0.
o If v > 0, debt jumps to the upper limit (i.e., b = b,(z)), Ar =0, and 7 > 0.

Note that although the FOCs should be satisfied at the solution, the choice between
b = R{b_1 — f(o:(x),2) + 0,(x)} and b = b,(z) cannot be determined by the FOCs
alone because they are the local maxima. The firm compares the total surplus when
b= R{b_1— f(o.(x),x) + 0,(x)} with that when b = b,(z) and then chooses the higher
surplus. Define WM (b_y,2) and W (b_1, z) by

WO (b1, 2) = Forbs + [(o2(2), ) = 0:(2) + B | TEHW(bs(0),24)|
WOy, z) = ;f:ll boy + flou(@),2) — 0u(2) + E [%W(R{b,l — flos,z) + az},xﬂ)] .

Here, W) (b_y, x) is the total surplus when the firm chooses b = b, (z) and W) (b_y, z)
is that when the firm chooses b = R{b_1 — f(0,(x),x) + 0.(x)}. Then, W(b_1, ) is given
by

W(b_1,z) =max {WH(b_1,2), WO(b_1,2)}.

We assume that the values of the parameters are chosen such that
WWO(B,(x;5),z) < W (B, (x;9), z), for all z. (26)
From the definition of B,(x), the following equality holds:
WW(B,(x),z) = W3 (B,(2),z), for all . (27)
Then, the following lemma holds.
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Lemma 5. There exist B.(x;S) and B.(x;S) such that B,(z;S) < B.(z;S) < Be(x;5) <
B.(z) and

o Ifb_y € [B.(2;5),B.(x;9)), then WD(b_y,2) < WO (b_1,z), 7 = 0, and b =
R{b_1 — f(o.(x),2) + 0.(x)}.

o Ifb_y € [B.(x;9),B.(x)], then WV (b_1,2) > WP (b_q,2) and b= b,(z).

Proof. The lemma follows immediately from the continuity of W) (b_1, ) and W®) (b_y, z)
together with (26) and (27). O

In the general case with stochastic shocks, we can only say that B.(z;S) < B.(z),
whereas, in the deterministic case, where x; evolves deterministically, it is shown that
Bqt < Bz,t. Thus, the firm intentionally increases borrowing to b.; when outstanding

debt b;_; is sufficiently large, such that B.; < b;—1 < B, .

B Proof of Proposition 2

We prove Proposition 2 using the Schauder fixed point theorem (see, for example, Theorem

17.4 in Stokey and Lucas with Prescott, 1989). First, we posit the following assumption.

Assumption 3. The values of the parameters satisfy inf,cp(1—¢) f(02(z),z) > V, where
V is defined by

BC@ .
V= sup B(x;S) — 7@“’ 5)
zeA 41N (z),5€G R(z)

Note that this assumption is always satisfied in the case where the state and prices
do not change over time. In this case, infyep(1 — ¢)f(0.(x),2) > V can be rewritten
as (1 —¢@)f(o,) =rb, > %Bce, which is clearly satisfied because 1 < R < 1 + r and
b, > B, as (23) in Appendix A implies.

Now, we define several parameters.

Definition 1. Define ryin, Rumax, and fmax as follows:

Tmin = inf r(x),

TEA
Rpax = sup R(z),
TEA
0
fmax = sup aif(o-z(l')vm)
zeA OO0

Note that fiax is the upper bound for %f(a, x) because o > o, (z) for all z, and f(o, x)

is increasing and concave in o. It is easily shown that

_
fmax— ¢
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Proposition 1 shows that, given S(x;), there exists a solution to (6) in which the value
function can be denoted as V (b, z;S). Define the operator T' that maps S(x;) to T'S(zy),

where

b
MLy (21 S) |+ —.
t Rt

TS(x) = max E:

If the mapping T': G — G is continuous and the family 7'(G) is equicontinuous, then the
Schauder fixed point theorem applies, and it is shown that T has a fixed point in G. Then,
Proposition 2 is proven.

T is clearly a mapping from G to G, because T(G) C G. The continuity of T' follows
directly from the continuity of V (b, z; S) with respect to S, which is shown in the following

lemma.

Lemma 6. V (b, xz;S) is continuous with respect to S, that is, for all € > 0, there ezists
d > 0 such that if |S — S'| <6 for any S, S" € G, then |V (b,x;S) —V(b,x;5")| < e, where

the norms are the sup norm.

Proof. The equivalence between the functional equation (6) and the corresponding infinite
horizon problem shown in Theorem 9.2 of Stokey and Lucas with Prescott (1989) implies
that

V(b,z;S) = max Eg

{ot,b¢}72,

oo
my
> .
t=0 0
. by
subject to m = flog, @) —op — b1 + R

t

b

gt S ¢f<at7$t) -+ max {‘&.S(xt) - ﬁ: 0} )
t
by < b (),
U3 2 07
b_1 =0,
Trog = x.
The solution to the above problem is a path: {o¢,b:}5°,. Assumptions 1 and 2 directly

imply that there are three stages in this path, that is, given b_1, there exist two integers,

t1 and to, where 0 < t; <ty < 00, such that
e Stage 1 (B, <bi—1 < Bzi): ES(xy) < % for 0 <t < tq;
o Stage 2 (Bf® < b1 < B,;): £S(xt) > %’; and oy < 0%(xy) for t1 <t < to;

o Stage 3 (by—1 < Bf®): £S(xy) > 1% and oy = 0¢(xy) for t > to.
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Note that the values of t; and to are history-dependent,'” but history dependence does
not affect the following proof. Assumption 1 implies that once the economy enters Stage
2, it never returns to Stage 1. Assumption 2 implies that once the economy enters Stage
3, it never returns to Stage 2. As we saw in Section 2.3, my = 0 in Stages 1 and 2, and
m > 0 in Stage 3.

Now, we evaluate |V (b, z;.5) —V (b, z; S +6/&)|, where S+6/& = S(x) 46 /¢ for a small
5> 0. We use {04(0),b:(0)}2y = {o¢ + 64(8),bs — b (8)}52, to denote the solution to the
above infinite horizon problem, with S replaced by S + ¢§/£. The corresponding dividend
stream is written as {m(9)}72y = {m+7(9)}72,. The boundary of stages, {t1, 2}, changes

to {t1(9),t2(d)}. We assume that 0 is sufficiently small, such that
(6-+1)5 < inf (1 - 6)f(0-(x), ) - V. (28)

where © is defined in (35) below. Note that Assumption 3 warrants the existence of
d(>0).

Stage 1: For t < t1(0), % > £S5y + 0. Thus, for t < t1(d), the change from
&S to €S + 6 does not change the variables; (04(d),b:(0)) = (o4, b) or (64(5),b:(5)) =
(0,0). The dividend is also zero: m(d) = m = 0. Therefore, as (28) implies that
0 < infgen f(oz(x),z) — 0.(x), it is clear that ¢; — 1 < ¢1(0) < ¢1. We evaluate the
value of by, _1(6), which is the initial debt at the beginning of ¢;, in the case where £S;

changes to £S; + d in the above borrowing constraint.

e Case where t;(6) =1; :
In this case, it is obvious that b (d) = b; for all t <t; — 1. Thus, by, —1(0) = by —1.

e Case where t1(6) =1t; —1:

In this case, by, _2(d) = by, —2 and £Sy, 1 > b%;l(f). The budget and borrowing
-

constraints in period ¢; — 1 imply
be,—2 — &S —1—0 =1+ @) f(or,-1(9), xt,—1) — 20¢,-1(0). (29)
In the original problem with £S5, the budget and borrowing constraints imply
biy—2 —&St—1 > (L4 @) f(02,41-1,Tt1—1) — 2024, 1. (30)

The parameter restriction that ﬁ < ¢ in Assumption 3 implies that (1+¢) % flo,x)—
2 < (14 ¢) fmax — 2 < 0, which implies that function (1+ ¢)f(o,x) — 20 is decreasing

"History dependence is described as follows. Define & = {z:}{2, and &’ = {z}}{2,. The history-
dependent ¢; is a function of #, which is written as t;(Z), for i = 1,2. It satisfies that ¢;(Z) = ¢;(’) if
¢ =z for all t € {0,1,2,--- ,¢;}, for i =1, 2.
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in 0. Thus, 64, -1(0) > 0, and (29) and (30) imply

0< (1 + ¢)f(027t1—17 xtl_l) - 20’27,51_1 - [(1 + ¢)f(0't1—1(5)7$t1—1) - 20151—1(5)] < J.
(31)
The concavity of f(o,z) and (1 + (b)a%f(a, x) — 2 < 0 imply that
(1 + ¢)f(0-t171(5)7 xt1*1) - 20‘t1*1(5) < (32)
(1 + Qb)f(o-z,tl*la mtlfl) - 202,t1*1 - [2 - (1 + qb)fmax]a-h*l(é)'
Inequalities (31) and (32) imply that

< )
-2 (1 +¢)fmax‘

0 <3d4-1(0)

bey—1(

Then, R ) = ¢f(0t1—1(6)a xt1—l) - o-t1—1(6) + €St1—1 + 0 must satisfy

t1—1

1-— (1 + ¢)fmax:| btlfl(é‘) _ bt1,1 |: 2 - fmax :|
[2— A0 o) * = Rt By = 2= (05 0) forme)

Therefore, there exists a positive number C_; such that by, 1 — C_10 < by, —1(6) <
btlfl + C_16.

Stage 2:  Note that m(d) = 0 for t < #2(0) — 1. We denote ¢t = ¢; +n and count
time by n. The above analysis of Stage 1 implies that by, _1(d) satisfies by, 1 — C_10 <
by, —1(0) < by, —1 + C_16. We change the subscript of the variables from ¢ to n. Define n
as the solution to
_ (1-9)L,
o= ; (1 + 7max)®
Note that Assumption 1 warrants that this equation has a finite solution 7 and that n

does not depend on S(z). Then,
t2(5) — t1(5) <n.

In period n = 0, which corresponds to t = t1, we have f(0¢(9)) — 00(d) < f(o0) — 00 +
(fmax — 1)30(9). The budget constraint implies that bOR—(g) < (fmax—1)00(6) +C—16. Then,
the borrowing constraint implies that 6¢(0) < ¢ fmax00(d) + d + (fmax — 1)G0(5) + C_16,

which can be rewritten as 6¢(0) = %. We define
max ~ 1
A= (> 0).

“ 2= (1+ 0) fona

Then, (fmax — 1)80(8) = (1 + C_1)Agd and %) > 20— (14 C_1)Ags. In period n = 1,
f(01(9)) — 01(0) < f(o1) — 01 + (fmax — 1)01(6). The budget constraint implies that

B%@ < (fmax —1)01(0) + (1 + C_1) RmaxApd. Then, the borrowing constraint implies that
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61(0) < O fmax01(0) + 0 + (fimax — 1)51(0) + (1 + C—1) Rmax Aod, which can be rewritten as

A C RmaxA
71(0) = [1+(1+(1+¢))fmax ol5. We define

A = Ao[ (1 + C_l)RmaXAQ].

Then, (fumax — 1)61(8) = A16 and %2 > L — [(1+ C_1) Riax Ao + A1]6. In period n = 2,
f(o2(8)) — 02(0) < f(o2) — 02 + (fmax — 1)02(5). The budget constraint implies that
bQR(S) < (fmax — 1)62(0) + [(1 + C_1)R2,,. Ao + RimaxA1]6. Then, the borrowing constraint

implies that 62(5) < gzﬁfmax&Q(cS) + 46+ (fmax — )&2(5) + [(1 +C_ )R?naxAO + RmaXAl](S,
[1+(14+C_1)R2 . Ao+ Rmax A1]
1(1+¢)fr:ax L5, We de

fine

which can be rewritten as d2(6) =
Ay = Ag[l 4+ (1 4+ C_1)R2, Ap + RmaxA1].

Then, (fmax — 1)62(6) = A28 and 2 > 22 — [(1 + C_1)R%, Ao + RumaxAr + A28
Similarly, the following claim is proven by induction. To simplify the notation, we define
C_14
Riax

Then, A1 = Ao(l + Rpax Ao + R?naxA—l) and Ay = Ao(l + Rpax A1+ R%aXAU + R?naxA—l)‘

A_l =

Claim 1. Suppose the economy is in Stage 2 in period n (for 0 < n < n). Then,

6 n+1
(Z R An ) (33)
where A, is defined by
n+1
Ap = Ap |1+ Ruax (Z Rl An >
=0

Proof. This claim holds true for n = 0,1, 2,, as we see above. Suppose (33) holds true for
n = j. Then, for n = j + 1, the budget constraint and borrowing constraint imply that

i+l bj+1(6)
0 < (fmax — 1)0; Rax Rmax 5_J7’ 34
(fmax — 1)6j4+1(8 a <Z ) Rj (3
A . biii(8
O'j+1((5) < ¢fmax0j+1(5) +d+ ]RH()
Jj+1

These equations imply that

(fmax = 1)0+1(0) < Ao d.

1+ Runax (Z R LA )

=0

Defining A1 = Ao [1 4+ Rmax (ZZ 0 maxA‘—')} this equation is written as (fmax —
1)6j41(6) = A;110, and (34) implies that J+1( ) < A; 110 + Ruax (Zl JRiLA )5 -

max

(Z]H b o jﬂ,i) 0. Therefore, it has been shown that (33) holds true for 0 < n < n

as long as period n is in Stage 2. This proves Claim 1. O
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Now, as t2(d) — t1(d) < 7, it holds true that for n < t9(0) — t1(9),

where the constant, ©, is defined by

n+1
(Z R . An ) . (35)

Stage 3:  Now, we use subscript ¢ instead of n. We can show that to — 1 < t5(9) < tg as
follows. Define B (8) = f(age,xt) - ace + 0 and B = g f(ope, @) — of° + €S, + 6.
Thus, B{(5) = 70 % 1. We know that b1 < B and

by > B, for t <ty —2. (36)
The variables by(9) and Bf{,(5) for t1(6) <t < to — 3 satisfy the following inequality:
b(0) — Bi{1(6) = by — B, — (© +1)8

> inf (1— 6)f(0: (), ) + 25 — BiE, — (0 +1)0

TEA Rt+
BC@
> inf (1 — @) f(o.(2),2) + =72 — B, — (0 +1)8
zEA Ry

> inf (1 - ¢)f(0x(x),2) =V = (O + 1) > 0.

The first inequality is due to b;(5) > by — 06 and Bf¢(d) = B{*+4. The second inequality is
due to by = %:1 + f(0t41, Te41) — Opgp1 > Rtﬂl +inf(1—¢)f(0.4,2¢). The third inequality
is due to (36). The fourth inequality is due to the definition of V in Assumption 3. The

final inequality is due to (28). Thus, we have shown that the economy is in Stage 2
for t < ty — 2. Therefore, it must be the case that t3(d) = to — 1 or to. We evaluate
|V (b,z;5) — V(b,x; S+ 6/¢)| for each case.

e Case where t3(J) = to:

In this case,

ce ce bce(é)
Tty (5) = f(atg ) xtz) — Oy + t.;ﬂt - bt2 1(5)
2
bCe
Sf(o-fjaxtz)_o-tc;—'_R +5_bt2 ]_+@6
to

=m, + (0 + 1)d.

bCﬁ 6 bCﬁ
The inequality is due to t]%( ) = t2 —|— d and by, —1(0) > by,—1 — ©6. For t > to + 1,

bi(9)

m(0) = f(of% @) — 0 +

= Tt + (1 - Rt_l)(S.
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In this case, using the fact that t2(d) > 0,

[V (b, z;5) = V(b3S +6/§)] < Eo

00 g
> —m —Wt(5)!]
= "o

Rmx_
(©+1) 5+Z H‘“r

— <@+1+Rma"_1>5.

Tmin

e Case where t3(0) =12 — 1:
In the original firm’s problem with S, it holds true that bs,—2 > B{S | and by,—1 <
Bf¢, whereas in the modified firm’s problem with S+§/¢, it holds true that by, 2(5) <
B 1(0), where by, 2(6) > bt,_2—©04. In the original problem, the budget constraint

with m,—1 = 0 and the borrowing constraint imply
(14 @) f(oty—1,Tt5-1) — Oty—1 = bty—2 — §St, 1. (37)
In the modified problem, there exists C'(by,_o) such that 0 < C(by,_2) < © and
bty—2 — C(bt,—2)0 = B, (6).

This equation and the borrowing constraint ofy | = ¢ f(0fs_1,71,-1) + &S, -1 +6 —
¢ 1(0)/Re,—1 together imply that

(L+ @) fo5s 1, 21,1) — 0fe 1 = biy—2 — €St 1 — (Clbry—2) + 1)6. (38)
The derivative of function (1 + ¢)f(o, ) — 20 satisfies
0
—2<(1+¢)%f(a,x)—2<(1—|—gb)fmax—2<0. (39)

The rightmost inequality is due to frax = 7/¢ and 5= < ¢. Then, because (1 +
¢)f(o,x) — 20 is concave and continuously dlfferentlable with respect to o, the

equations (37) and (38), together with inequality (39), imply that

ce é(bt —2) +1 ce C’(bt —2) +1
i 5O Pt S et S0~ S
The fact that 0 < C(bs,_2) < © implies that
1
opy 1 —®6 <oy, 1 <opy 1 — 50, (40)

2

where ¢ = 2_(1?_%. This inequality and the concavity and differentiability of

f(o,x) imply that

biy—1(9)
thfl

bi,—1 < bis_1(9)

+ (P +1)) <
(n ) Rt271 Rt271

+(®—1)0 (41)
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because by,—1/Ri,—1 = ¢ f(01y—1,Tty—1) — 0ty—1 +£St,—1. Now, we evaluate m(0) for
t=ta—1,t2,t2+1,---. We know m,—1 = 0 in the original problem. The inequalities
(40) and (41), together with bs,_2(d) > by,—2 — O, imply that

by, —1(9)
Rt2—1

Tia-1(8) < F(o55_ 1 wtpm1) — 0fC 4 + by + 00

1 be,—
< f(O‘tQ,l + (I)(S, IEtQ,l) — Oty—1 — 55 + #11 — (77(1) + 1)5 — bt2—2 + 045
o

3
< (fmax_n)q)+@_§ 0.

Similarly,

btz (9)

1, (0) = f(oiy, 21,) — opy + = bi;-1(9)

< (05 @y) — 05 + 2 4+ 6 — byy_1 + Rey_1(® — 1)8
=7 + 1+ Riy—1(® — 1)]0.
For t >ty + 1, the same result holds as in the case where t3(6) = ta:
m(0) = m + (1 — Ry—1)9.
Define ¥ = sup,c, |1 + R(z)(® — 1)|. Then, using to —1 > 0,

|V(b,x;8) =V (b,z; S+ /&)
<E m’mm—wwﬂ

3 ] . Rumax — 1
< | (frmax — 1)@ -z Yy
= [(f me+O 2] ot 1—|—7“min6+t:2 (1+rmm)t(S

3 v Rumax — 1 :|
[(fma 77) 9 1+ 7min (1 + ’I”min)?”min

The above analysis of Stages 1-3 implies that there exists a positive number C that
does not depend on (g, 6, S) such that for a sufficiently small and positive number § that
satisfies (28),

|V (b,2;58468/6) =V (b,x;5)| < C4.

This inequality implies that, for any small e > 0, there exists § < &, such that |V (b, z; S")—
V(b,x;S)| < eif |S"—S| < 4. Thus, V (b, z;.5) is continuous with respect to S. This proves
Lemma 6. O

Given the continuity of V, it is clear that 7" is continuous with respect to S; that is, for
any € > 0, there exists § > 0 such that |T'S’ — TS| < ¢ if |S" — S| < §. The equicontinuity

of T'(G) is also shown as follows.
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Lemma 7. T(G) is an equicontinuous family; that is, for all € > 0, there exists § > 0
such that for all TS(x) € T(G), |TS(zx') — TS(x)| < e if |2/ — 2| < 0.

Proof. Pick a small ¢ (> 0) arbitrarily. We fix ¢ throughout this proof. As T'S is defined
as T'S(x) = max, E [%V(b,x’,é’) + %, the continuity of V' with respect to z (see
Proposition 1) implies that there exists § > 0 such that [T°.S(z")-T'S(x)| < §, if |[2'—z| < 4.
Note that the maximum value of § that satisfies the above condition must depend on S € G.

Define 6(S) by
0(S) = sup{d| |[TS(z") — TS(z)| < §, if [' — | < J}.

Pick an arbitrary sequence of positive real numbers {4, }52, that satisfies 0 < §,,41 < dy,

and lim,,_, 0, = 0. Define
G, = {S]0(S) > 6,,S € G}.

Clearly,
G, CGpy1 C€GE, and lim G, =G.

n—oo

Now, the following claim holds.

Claim 2. For all § > 0, there exists n such that for all S € G, there exists S, € G,, such
that |S — S,| < 4.

Proof. Suppose that this claim is false. Then, there exists § > 0 such that for all n > 0,
there exists S; € G such that |S; — S,| > 6 for all S, € G,,. We denote the set of S,
by G%(0). The assumption implies that G¢ () # 0, for all n. Clearly, G, N G5 () = 0,
G, UG;(0) € G, and Gf_(0) C Gf,(6) € G. Taking the limit of n — oo implies that
lim,, o0 GS(8) # (), which contradicts lim,,—.~ Gy, = G. This proves Claim 2. O

The continuity of T" implies that there exists d; such that |T'S'=T'S| < § if |S'=S| < d1.
The above claim implies that there exists n such that, for all S € G, there exists S, € G,
that satisfy |S — S,| < 1. By definition, |T'S,(2') — T'Sp ()| < § if |2' — 2| < §,. Now,
we show the equicontinuity of T'(G). For a given (> 0), we choose §; and G,, as above.
Given (g,01,0y), it holds that for all S € G, there exists S, € G,, such that the following
inequality holds for any z and 2’ (€ A) that satisfy |z — 2'| < d,:

|TS(2") —TS(x)| =|TS(x") — TSy(z") — TS (x) + TSp(x) + TSy(z") — TS, (z)]
<|TS(z") = TSp(2")| + |TS(z) — TSn(x)| + |TSn(z') — TSy()|

P
—4 4 2
Thus, it has been shown that 7'(G) is equicontinuous. This proves Lemma 7. O

As the mapping T : G — G is continuous and the family 7'(G) is equicontinuous, then,
given that G is non-empty, closed, bounded, and convex, the Schauder fixed point theorem

implies that 71" has a fixed point in G.
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C Details of the deterministic case in Section 2.5

In this Appendix, we use prime (') to indicate differentiation.

The firm’s problem is

re 1T m
Wi(bi—1) = max ——by_1 + fi(0y) — 00 + — W1 (by),
ot,by Lup—1 my
b
subject to  fi(o) —or — b1 + ﬁt >0,
t
b
oy < ¢ fi(or) + max {gSt - Et, 0} ;
t
by < b, ;.
The FOCs and envelope condition are
L+
fllo) = g
1 + ¢1+l3fﬂ,t
T W (be) + ‘/\W’t_]«zlf_m =0, if&s > &,
A t— .
TR W (b) + 2T =0, i ES, < g
Trt—1
W/(bi—1) = — Art.
£ (be—1) R,

Permanent inefficiency of a debt-ridden firm: If a firm is debt-ridden (i.e., by—; =
b.+—1), inefficiency continues permanently because the firm’s debt does not decrease even
if it sets m; = 0 and repays as much debt as possible for all . The following lemma is

established immediately from the definition of b, ; in the deterministic economy (see (8)).
Lemma 8. Once by = b, ¢, then byyj = b, yj and o4 = 0,445 for all j > 0.

This lemma means that once a firm becomes debt-ridden, it continues to be debt-ridden
and production is inefficient forever. Note that the value of a debt-ridden firm is zero
because m; = 0 for all ¢, that is,

T+ri
Ry

Note that the deterministic version of our model has two steady states, the constrained-

%(bz,t—l) =0 and Wt(bz,t—l) = bz,t—l-

efficient and debt-ridden steady states, whereas Jermann and Quadrini’s (2012) model has
only the constrained-efficient steady state. The debt-ridden steady state does not exist
in Jermann and Quadrini’s economy because ¢ = 0 in their model. We define W/, %,
B, B.:, B.;, and Bf® using the same definitions as those of their counterparts in the

stochastic case. Note that Bz,t =b.;.

C.1 Special case where 7 =0

In this case, the optimal equilibrium is characterized by Ar; = 14 = iz = 0 and filoy) = 1.

The FOCs and envelope condition imply the following lemma.

47



Lemma 9. If \r; = 0, the economy stays in the optimal equilibrium from t onward, that

i8, Art+j = Virj = g = 0 and fi, (011) =1 for all j > 0.
Lemma 10. (i) Wy(b) is weakly decreasing in b.

(i) For all by_1 < B, the economy is in the optimal equilibrium (i.e., Wi(bi—1) = W[ ).
(iii) For all by—1 > B}, Wi(bi—1) < W} and m = 0.

The above item (i) follows from W/ (bi—1) = —Ar; and Ar; > 0. This lemma implies
that if b;—1 € (B}, B..t), where B,; = b, +—1, production is inefficient (f/(c¢) > 1), and the
firm sets 7 = 0 and repays as much debt as possible to reduce the amount of remaining
debt b;. When b;_; becomes small and satisfies b;_; < B}, production becomes efficient
(f{(o¢) = 1) and the firm is indifferent about the amount of debt because its value no
longer changes by repaying debt. If a firm is debt-ridden (i.e., by—1 = b, ;—1), inefficiency
continues permanently (see Lemma 8). Thus, in the case where 7 = 0, the firm repays
debt and returns to normal eventually as long as the initial debt, b_1, is strictly smaller
than the upper limit, b, _;. However, it remains debt-ridden and continues inefficient

production permanently if the initial debt is b, _;.

C.2 Case with 7 >0

In the case where 7 > 0, the constrained-efficient equilibrium, characterized by Ar; = v; =

0, m >0, pg® = £, 1 (ofe) = lleff;, and by = b§¢ for all ¢, is attained when the debt is

sufficiently small (i.e., by—1 < Bf¢). For medium-sized debt (i.e., by—1 € [Bf¢, B.4)), the

firm sets the dividend to zero (m; = 0) and repays as much debt as possible. Assumption
1 guarantees that it goes to the constrained-efficient equilibrium within finite periods.
This result is the same as in Albuquerque and Hopenhayn (2004). For large debt (i.e.,
bi—1 € [B.t, B.]), the borrowing constraint becomes (25). Note that B, ; = b, ;1 in the

deterministic economy. When debt is large, the following two cases exist in equilibrium:

(i) vy = 0: Either Ay > 0 or Agy = 0. If A\;+ > 0, then byy; < b, and the FOC and
envelope condition imply that A;;1; > 0 for j = 1,2,--- as long as the borrowing
constraint at ¢ + j is (25). If A, = 0, then the FOC and envelope condition imply
that Arsy1 > 0 and, thus, that A;;; > 0 for j = 2,3,---, as long as the borrowing
constraint at t+j is (25). In any case, the firm eventually returns to the constrained-

efficient equilibrium by setting m; = 0 to repay as much debt as possible.

(ii) v > 0: In this case, by = b,;, that is, the firm intentionally chooses to increase
borrowing and become debt-ridden. Once the firm becomes debt-ridden, it stays

there forever (Lemma 8).
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For by—1 € (B4, B..), where B, = b,;_1, the equilibrium path is determined as follows.
The firm compares the total surplus when by = Ry{b;—1 — fi(0,+) + 0,+} with that when
by = b.; and then chooses the higher surplus. For B.; < b;—1 < b,;—1, the Bellman

equation reduces to

Wi(be—1) = max{W," (b 1), W (br1)},

Trt—1

h W (b,_q) = b 1) — s W1 (b,
where + (bi—1) Ry t—1+ fi(024) — 020 + T +r t1(b2t),
(2) -1 1
Wy (by—1) = bio1+ fi(024) — 024 + —— W1 (Re{bi—1 — fe(ozt) + 021 }).
Ry 147

We show that there exists B such that B.; < b,:—1 and Wt(l)(bt,l) > Wt(Q) (by—1) for

bi—1 € (Bey, bz ¢—1). To prove this result, we need the following restriction on the parameter

values.

14r
t

inf > 1. (42)

Proposition 11. In the deterministic case, there exist §C7t and B’C,t, where B, ; < ﬁcﬂf <

B.i <b.i-1, such that

o IfB.; <bi—1 < By, then Wt(l)(bt_l) < Wt(Q)(bt_l). Here, the firm sets the dividend
to zero (i.e., my = 0) to repay as much debt as possible and goes to the constrained-

efficient equilibrium in finite periods.

o Ifby 1 > Bc,t, then Wt(l)(bt_l) > Wt@)(bt_l). In this case, the firm intentionally

increases debt to the upper limit (i.e., by = b, ) and remains debt-ridden forever.

Proof. As Lemma 5 holds in the deterministic case, it is sufficient to show that B.; is
strictly smaller than Bz,t = b, +—1 to prove Proposition 11. Define Ay = fi(0,+) — 0. We
also define V;(i)(bt_l) fori=1,2 by Vt(i)(bt_l) = Wt(i) (b—1) — 1;:7:1()75_1. These functions

are written as follows when the borrowing constraint is (25) for periods ¢ and ¢ + 1:

1 z bZ,t 1 z bZ,t
V}( )(bt—l) =A7 — b1+ R + T Vig1(bzp) = AF — b1 + R,
2 1 z
VP (bio1) = T Vit1(Re{bi—1 — AF}),

Vi(bi—1) = max {V;Y(b1), VP (01}

We can show the following lemma.

Lemma 12. If V" (b-1) < VP (bo1), then Viej(brpjo1) = VD (berjo1) for all j €
{1,2,---,J}, where by j1 = Rt+j_1{bt+j_2—Af+j71} and J is defined by J = min{j|byy; <

B ttj+1}.
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Proof. The proof is by contradiction. Suppose, on the contrary, that Vt(l) (b—1) < Vt(g) (bt—1)
and Vi1 (by) = V1) (by), where by = Ry{b,_y — A7}. Tt is calculated that

t+1
2 1 1 1 z
V) = p Ve (Rifbos = A7) = 1V (Rifber = A7)
1 bz i1 Ry bt
= — |A?, — R{bi_1 — A? ’ = A? — by .
1+T t+l t{t ! t}+Rt+1:| 1+Tt|: t Rt:|
R;

_ (1) 1)
1 +TtV (bt 1) < V; (btfl).

The last inequality is due t

e
it has been shown that if V! )(bt_l) < Vt( )(bt_l) then Vt&{(bt) > V) (b) and Vtﬂ(bt) =

Vt(ﬂ(bt) The above argument continues to hold in period ¢ + j as long as the borrowing

constraint is (25), which means that j =1,2,--- ,J. This proves Lemma 12. O

. N ] 2 2
This lemma implies that if Vt( (bi_y) < Vt( )(b_1), then Vt(+3(bt+j—1) = ﬁw%&;+l(bt+]’)
for j =1,2,---,J, and, therefore, Vt(2)(bt_1) = f/t( )(bt_l), where

V2 (by) = J;W-FJ-Fl(bt'f’J)a
[Ti—o(1 +7et)
where J and by are defined in the above lemma. First, we restrict our attention to the
case where debt b;_1 takes discrete values. We assume that b;_1 € I';_1, where I'y_1 =
{b@ﬂn =1,2,--- 00}, where byi]l is specified below shortly. Under this assumption, we
show that there exists n* such that bl[ﬁ*l] is the closest to Bc,t among all of the elements of

I';_1. We then proceed to the case where b;_; takes a continuous value. We define

BY = RS,

S
The definition of bﬂl is the debt that becomes gﬁ:j in period t4+mn — 1 if the firm repays

Afﬂ. in period ¢t + j for j =0,1,--- ,n — 1. Thus, it is written as follows:
n—1 S
Af—i-j Bt+n—1

b@l = Z

1 ’
=0 H Rt—H H;’L:() RH—j

where we define Hj_:lo Rij = 1. The upper limit of the debt is also written as follows:

00 Af—&-
bz,t—l —
Z(:) H RH—Z

Now, let us consider the discrete case where b;_1 € I';_1. Then, %(1)(17@1) = A7 — byi]l +

b}‘%’: =by1 — b@l is written as follows:

(1) /4[] 1 S
V(b by tin—1— Bpi,_1]-
t ( tfl) H Rt+][ ,t+ 1 t+ 1]
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@(2)(57@ 1) is written as follows:

~ 1
‘/;(2) (b[i]l) pa—— vi—i-n(‘Bernfl)'
YIS (L )
Therefore,
1 n n—
Vt( )(bgl) _ bzt4n—1 — Bzirnfl 1—[1 (1 + TtH‘)
f/t@)(b@l) W+"(B£g+n—1) j=0 Ry

As it is always the case that By = ¢RuS; < Ryw; and V;(b) < wy, the above equation
implies that

(43)

%(1)(5@1) > |:bz,t+n—1 — &Rt+n—1wt+n—1:| 1:[ (1 + T’t+g>

Witn Ry

Then, it is immediate from (9), (42), and (43) that there exists a finite integer n* (> 0)
such that Vt(l)(bﬁl) > ‘7(2) (b[ nl 1) for all n > n*. Because the parameters are chosen such
that By < b, (see (9)), it is immediate from the definition of b[m1 that b[nl] < byt
Thus, we have established that the threshold value bl[t_l] exists and is strictly smaller than
b. -1 in the discrete case where b;_1 € I';_1. Let us proceed to the continuous case where
b¢_1 is not restricted to an element of I'y_1 but is a positive real number. We know from
Lemma 5 that Bqt < b.y-1. We prove Bc,t < b ¢—1 by contradiction. Suppose that
Bgt = b,4—1. We know that Vt(2)(bt,1) is continuous and decreasing in b;_1 and that
V;(l)(bt_l) is a linear function of b;_1. These facts imply that there must exist a small
positive number € (> 0) such that for all b,—; € [b;1—1—¢,b. 1), V;(l)(bt_l) < ‘N/t@) (be—1).
However, this result obviously contradicts Vt(l)(bl[ﬁ]l) > Vt@) (b@ﬁ for all n > n*, because
there exists n(> n*) such that il e [brt—1—€,bzt—1), as limy o0 bl[ﬁ]l =b,4—1. Thus, it

cannot hold that Bc,t = b, —1. Therefore, Bqt < bz ¢—1. This proves Proposition 11. ]

Note that the threshold Bat is strictly smaller than b, ;1.

Numerical example of the deterministic case: Figure 6 shows the numerical
example of the deterministic case. We assume that prices are invariant over time. The
values of the parameters are chosen such that « = 0.31, 7 =0.3, A =0.73, w = 0.65, r =
0.02, ¥ =0.12, R = 1.014, n = 0.72, ¢ = 0.5, and & = 0.08. Most of these parameter
values are taken from Table 1 (see Section 3.3 for details). Figure 6 shows the response
of the economy to a buildup of debt. Initially, the economy is in the steady state, where
the level of debt is 0.30. At ¢ = 0, debt b_; suddenly increases to 0.53 because of an
exogenous shock (e.g., the breakout of a financial crisis). The value of b_; is chosen such
that B, < b_1 < b,, where B, and b, are 0.44 and 4.63, respectively. The firm repays
as much debt as possible, meaning that the dividend is zero for periods 0-2. Production

is inefficient for periods 0-2 and returns to the constrained-efficient level in period 3.
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Figure 6: Responses to a buildup of debt

In this example, the borrowing constraint is oy < ¢f(0y) for periods 0 and 1, and it is
or < of(oy) +&S — % from period 2 onward. Note that o9 = 01 = 0.065 (= o). In the
case where the initial increase in debt b_; is larger, the borrowing constraint continues to
stay at oy < ¢ f (o) for arbitrarily longer periods, thereby allowing inefficient production,
ot = 0, to continue persistently. This example shows that % = 4.56 and £S5 = 0.37,
meaning that £5 < %.
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D The BGP

The detrended variables of the BGP are determined by the following system of equations:
A=Y,
Y = KOLL™™ = AK1L{t=e),
C+ (¥ -1+pK=Y,

w—ifyc
1L
_(A—an(+op) Y
w = T
1+pu L,
ok an(l+op) Y
1+pu K’
E
g
1+7r==—7,
5
R=14+(1—-7)r,
p
le_ﬁR7
B K
1:g—E(r —|—1—p),

K gE
=Y -wL-rKK-B|1-L
™ w T |: R:|,
s
V=il
/3 gE—l
s ="v, B,
TR
EpB
wL+rKK:¢Y+[g£S—gR],
B E-1p
§RVn2(1+u)w/€gE_1R,uﬁ[§SgR ]

where p is the Lagrange multiplier associated with the borrowing constraint and B is the
total amount of corporate lending, which satisfies B = b, where b is the outstanding debt
for a firm. There are 16 equations for 16 unknowns: {g, A,Y, K, L, L,, C,w, u,r, 7% R, 7, B,V,, S}.
The following condition must be satisfied on the BGP:
B
S >gF 1=,
§5>9" 4

Then, the variables for debt-ridden firms on the BGP, {k.,l,,b., ‘/\‘—j, ’\/\l’z }, are calculated

z
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as follows:

) Akoml(l—oa)n—l

1+ Mz z 'z ’
1o 1 _I_ Nz)
rK = 77( ¢/\Z Akanfll(lfa)n
1 + Mz z z )

wl, + 8k, = Ak,

0= ARSTIO- i, — g, 4 g1

R bz
z z )\ z
0= <1—|—'§)w—figE_1b— he

z R >\Z
The following conditions must be satisfied on the BGP:
)\l,z
e > 0,
€S < gE‘lb—Z <8S.
R
E Data

Table 2 provides data sources that are used for calibration and figures. Note that the Euro-
pean Commission’s Annual macro-economic (AMECO) database is constructed by Havik,
Morrow, Orlandi, Planas, Raciborski, Roeger, Rossi, Thum-Thysen and Vandermeulen
(2014).

The actual data of L; is used for the labor wedge in the figures and is constructed by

I Average annual hours worked per employee Employees
b Total hours 15-64 aged population’

where “total hours” is defined as 24 hours x 12 months x 20 days = 5760 hours.

The average annual hours worked per employee for the EU is only available starting
from 2008 because Estonia and Malta are only available starting from 2000 and Croatia is
only available starting from 2008. We calculate the average annual hours as the weighted
average excluding these countries in the years with deficient data, where the weight is
proportional to the number of employees.

Similarly, Eurostat provides the population aged 15-64 for the EU only from 2001
because of missing data in Croatia before 2001. However, the World Bank World De-
velopment Indicators provide “Population ages 15-64 (% of total)”. We complement the
Eurostat data with World Bank data.

F Calibration and parameter region

Table 1 reports the values of the calibrated parameters. First, the parameters 3, p, and

n are common values for all countries. We set the discount factor 8 equal to 0.98, the
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Variable(s) Japan  United States EU

Y, C SNA NIPA AMECO

TFP JIP Fernald (2012) AMECO

a JIP Fernald (2012) Havik et al. (2014)
Average hours worked  JIP NIPA AMECO
Employees LFS BLS AMECO

15-64 aged population OECD OECD Furostat; WDI

Table 2: Data sources

Note: SNA: Cabinet Office, Government of Japan, Annual Report on National Accounts
NIPA: U.S. Bureau of Economic Analysis, National Income and Product Accounts
AMECO: European Commission, Macro-economic database AMECO

JIP: The Research Institute of Economy, Trade, and Industry, JIP 2014 database

LFS: Statistics Bureau of Japan, Labor Force Survey

BLS: U.S. Bureau of Labor Statistics, Current Employment Status

OECD: OECD, Working age population (indicator). doi: 10.1787/d339918b-en

WDI: World Bank, World Development Indicators

depreciation rate p equal to 0.1, and the parameter for the aggregation function 7 equal
to 0.7. These are the standard settings for an annual model in the literature.

Second, we calibrate the country-specific parameters and some BGP values. The tax
advantage 7 is set equal to 0.3 for Japan and 0.35 for the United States and the EU. These
numbers are the corporate income tax rates in Japan and the United States, respectively.
The share of labor in production («), the total labor supply on the BGP (L), and the
growth rate of TFP on the BGP (grpp) are set from the data. Then, grpp is defined by
grrp = gl%n, as we see in Appendix E, and L is set to the ratio of total labor supply.

The sample period is from 1981 to 2008 for Japan and from 1997 to 2016 for the United
States and the EU. We assume that the economy is on the BGP before a financial crisis.
In the case of Japan, the financial crisis starts in 1990, whereas, in the case of the United
States and EU, it starts in 2009. Then, «, L, and grgp in Japan are taken as the average
for 1981-1989, and for the United States and the EU they are taken as the average for
1997-2007. When we calculate the variables on the BGP, L and grpp are given by the
data. Hence, the inverse of the elasticity of labor supply v and the efficiency of R&D &
are determined endogenously in the system of the BGP, which is given in Appendix D.

Lastly, the parameters (¢, &, z) are identified by the simulated least squares criterion;
that is, they are determined as the solution to the following minimization of the residual
sum of squares (RSS) using a grid search method:

min (Xt — Xt)l (Xt — Xt)

&z
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Figure 7: Domain of (¢,&) for the BGP

subject to

Az b,
O<d<m 0<E<I, )\—l>0, €S < g¥ 1E<S’ by, >0,

g¥ > mean(gfj), t = 1990-2008 in Japan; t = 2009-2025 in EU and the United States

where X; is the observed variables vector and Xt is the simulation-generated variables
vector. X; = [TFP growth rate; Real GDP per caita growth rate]. We extend the ob-
served variables to 2025 by extrapolating the average growth rates in 2011-2016 for the
United States and the EU. The simulation-generated variables, X, = [TFP,/TFP,_1 —
1; Y;/Yi_1—1], are calculated by the method presented in Appendix I, taking (v, , ¢, &, X, 2)
as the given exogenous parameters, where the debt shock hits the economy in period 10
(i.e., zx =0 for t <9 and 219 = z). Period 10 corresponds to 1990 for Japan and 2009 for
the United States and the EU. Minimization is done for the period 1990-2008 in the case
of Japan and for 2009-2025 in the case of the United States and the EU.

We restrict the domain of the parameters (¢, ) for the above minimization to the region
that enables all constraints to be satisfied on the BGP. Figure 7 denotes the domain of
the parameters (¢, &) as the white region, whereas the values of the other parameters are
given as those for Japan in Table 1.

To calibrate the parameters, we choose the optimum parameters to minimize the dis-

tance between the simulation implied by our model and the actual data. This procedure
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Figure 8: Domain of (¢, &) for an economic slowdown

is similar to impulse response matching, as described in, for example, Rotemberg and
Woodford (1997), who choose the parameters to minimize the distance between the im-
pulse responses implied by a reduced-form VAR and those implied by a DSGE model.'®
As we saw in Figures 2-5, our model with the parameter values chosen by the above
minimization exhibits an economic slowdown. However, economic growth may not slow
down if the values of the parameters are different. The white region in Figure 8 shows
the values of (¢, &), for which economic growth is accelerated when the economy is hit by
a debt shock with maximum z. An economic slowdown occurs only in the red region of
Figure 8. In the white region, economic growth is accelerated because a larger amount of
labor is used in the R&D sector than before. More labor is used for R&D activities because
the marginal product of labor becomes lower in the production sector. When a debt shock
hits the economy, the marginal product of labor in the R&D sector can become higher or

lower than that in the production sector, depending on the values of the parameters (¢,

£)-

G Condition of no R&D

The following claim provides the condition for a debt-ridden firm on the BGP to refrain

from conducting the R&D activity.

Claim 3. There exists a threshold ¢ € (0, 1] such that for ¢ < ¢, a debt-ridden firm does

8Our method can be regarded as a variant of impulse response matching if the actual data are interpreted

as a response to a one-time shock of debt buildup.
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not conduct R&D on the BGP (i.e., [, =1, ,) given that the BGP exists.

Proof. As we saw in Appendix D, the FOC with respect to [, for a debt-ridden firm is

)‘lz Hz E_1bz
o (1422 ) w— = 44
il (L (44)

The first term on the right-hand side of (44) is the marginal cost of labor input. The

second term is the marginal gain from R&D activity. If A;./A, > 0, then the constraint
l,» <1, is binding, where [, is the labor input for production, and the debt-ridden firm

does not conduct R&D. With some tedious calculation, we can rewrite (44) to

antou
Mz _ (1 —9) {¢_1+<1+[’Y(1—[9E—1+p])—rf<] "T?u>w}
72: Y
- 1+p)Z
=
n
—n
ﬁgE—l(l—d)) n(lfw)
Ttu
B R_gE—l Y7 <45)
_ Br(1+ B B_1 -
where 2 = S U = 2 (1= ) — w1 - - 9)), 2= 125 (1 %)
5)%71/\/— fﬁg‘l‘l—— R—1+(1—T)r,u:1—g%R’andrK:% 14

is always positive under a standard parameter setting.!” The definition of Qw =y imphes
that there exist  and Q such that 0 < Q < Q, < Q < oo for any ¢ € [0,1]. We divide
(45) by Y and take the limit of ¢ — 0 using the fact that 2 < Q,, < Q:

nl—e¢),
M BT ) =

li =

These results imply that there exists ¢ € (0, 1] such that if ¢ < ¢, then \;,/\, >0. O

The intuitive explanation is as follows. Debt-ridden firms’ borrowing constraints are
tight because of the pressure from the huge amount of inter-temporal debt, and thus their
effective costs of labor are high. With our parameter values, the marginal product of labor
in production for debt-ridden firms can be equalized to the marginal cost of labor, which

is strictly larger than the marginal product of labor in R&D. For this reason, these firms

1

YR ¢F~1 > 0 can be written as 7 < % = f(g), where E = > 0. It holds that F < 1,

(1 a)n
under a standard parameter setting. Thus,

1

@) =145t 5
g) = ,
9¥ -8
for all g > 1. As 7 < 1, the inequality 7 < f(g) is always satisfied, meaning that R — ¢g®~* > 0.
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do not conduct R&D. Figure 7 in Appendix F shows the parameter region in the (¢, ¢)
space in which the BGP exists given that the other parameters are fixed. This figure
numerically confirms that ¢ < ¢ is satisfied in the region in which the BGP exists. Thus,
the debt-ridden firms in our simulation do not conduct the R&D on the BGP.

H Detrending for a firm’s problems

We detrend the variables as follows: A; = fltNt(iIn)E, Y, = fftNtE:l, Cy = C’tNtE_l, K =
K/NF, k.= /;?z,tNtE_Il, knt = I;:n,tNtE__lla Iy = Zz,t/Nt—h lng = Zn,t/Nt—ly wy = 0 NE
m = NET'&,, buy = buusNETY, boy = by NETY, Viy = VuNETY 20 = Zy/Ny_1, and
gt = Ni/Ni—1.

Detrending TFP:  Suppose that TFP = TFP-N®. The equation Y = TFP-K*L!~
implies that

~ 1—n ~ ~ (I=na

YNG-o)n = TEFP . NYK*N (=oyn [1=¢
which implies that a = % and, thus,

TFP = TFP. N,

I Transition dynamics with z > 0

In this appendix, we describe the transition dynamics in the case where the economy is
initially on the BGP and a proportion z of firms are suddenly imposed with the maximum
debt b, at time 10, where 0 < z < 1. The economy eventually converges to the BGP.
All agents have perfect foresight on the path after the one-time buildup of debt, which
is the only unexpected event. In our model, the borrowing constraint is always binding
both in transition and on the BGP. The equilibrium is calculated by solving a full non-
linear system of simultaneous equations using a modified Newton—Raphson algorithm. The
details of the algorithm can be found in Juillard (1996). This algorithm solves 31 x 300
simultaneous equations, where 31 is the number of endogenous variables and 300 is the
number of simulation periods.
Altogether, 31 variables—{flt, Y;, Ky, Cy, Ly, Ry, Zn,pﬂg, l~z7p7t, l~z7t, l~n7t, l;:zﬂg, l;n,t, l;zyt, l;m, Uzt

- K ~ > o~ ~ Mzt Hn,t >\l,n,t )\l,z,t
Yn,ty Gt Tt, Ty 5 Wty 2t Vn,ty St7 Ton,ts T2ty Met? At At ) Azt )\ﬂ',n,ta )\n,t}iare calculated from
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the following 31 equations:
A=Y,

- N RE
Kﬁ = {Ztyz,t + (1 - zt)yn,t}n’
Ly = Ztiz,t +(1- Zt)in,ta
Ki 1= Zti;:z,t + (1 - Zt)l%n,ta

Cy +9§Kt - (1- P)Kt—l =Y,
0y — ’Yét
t 1—Lt’
3C,
1—7 r +1-—
e ).
gt Ct+1
1+r = ,
T8¢

Ri=1+4+(1—1)r,

gt = [1 +r(1—2z) (th — l~n7p,t)] ,

2t = JtZt+1,

Vn,t—i—l bn,t
1+ Tt Rt

St—gf !

equations for both normal firms and debt-ridden firms, i = n, z:

(1-ap 1 ¢M“>Atk“”l(1 o)1

Wy =

1 _|_ ,LL” it "i,p,t ’
U’z,t
t 1 _I_ % 7p7t )
7.a 71—«

yi,t = ki,tli7p’t7

S anjl—a)n _ - 7 Ki
it = Atkz t lzpt - wtli»t - T k}
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=1 (l,
Rt |: +K )t

— i’i,p,t)} 95_1 — Bi,t—l;



equations for normal firms only:

- - A - -
ln,p,t < ln,ta )f’mt (ln,t - ln,p,t) = 07

n,t

9:Cri1 Ant Anyt Ri Ay
~ E—17 C’ A
if €9, — & Rtbn’t’ <0, 1= 5~ L nttlp,
9ECry1 Ang

Re )\n,t g{ECH_l )\n,t

e g5 e 0},
L 1f ,Un,t S 07 ,Un,t - 07

f/ ggczil [1 + K <Znt — [n,p,t):| f/n,t+1,

1f>\ﬂ-nt<0 )\nt—l
lfAﬂnt>O Wn,t:()y

t—1+)\7rnt7

equations for debt-ridden firms only:

l lzpt7

ot =0,

wtlzt“‘rt zt—d)At ??lilpgl)n
Mzt _ 77_¢

)\z,t ¢(1_77)’

)

The equilibrium variables must satisfy the following conditions:

Elbt
b €S,

E-17

9t

- b, -
Sy < 9t Dat St.

Ry
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/Bét fif/n,t+1 _ (1 i Mn,t) 0 E_1l;n,t _ Al nt

~ E—17 9 By
if 6§, — 90 e 5o - Fmt PG Aneni

9

>\lz ( Mzt) ~ E— 1bzt
1+ Wt — K,
)\zt )\zt ! gt Rt

if ppne >0, wtin,t + Tt kni = ¢Atk§:zlnlp ?)n + [1 + K <Znt

)
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