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Multifractality <= Multiple variation modes

Brownian motion
AB(t) = B(t + At) — B(t)
~ (At)2W (W ~N(0,1)) for all ¢

<= variation mode (At)%

Log-return Process

AX(t) = X (t + At) — X(2) X (t) =log 55

~ (At)* W (o : depends on t)
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p.d.f. of a = p(a)(At)=/(®) f(a) : Multifractal spectrum

1 m %)

E[|X(#)]4] = C,t™9  7(q) : non-linear

f(a) = infg{aq — 7(q)} : Legendre transform
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Leverage Effect A, x@)=X¢t+7) - X©

0 T t t+ T
@ o [ ] [ »
ArX(0) AL X(t) time
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Cov((A, X (0))2, A, X (1)) = 0



Mathematical Model for Multifractality

1. Multiplicative Cascade Model

0 X(0) 1
"
1
2
0 . ArmyX () =Wy W, - X(0)
W:/1 Assumption {W;} :ii.d. log W; ~ N(u, o)
0] 22

Bl(Ar, X (£))7] = rierd"=esa




2 Multifractal Random Walk

t ( eWr (u)

RG] ) dB(u)

X (t)=lim

{w,(t)} : log-volatility process

Wy (A“t) ~w,.(t) + Dy : continuous cascade equation
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Bacry Muzy’s Result on leverage Effect

t

X(t)=lim [ e (uv)e* Wdu
T\l,o 0

e(t), w,(t) : Correlated Gaussian Processes

time



Polymer Model

p :polymer
t t,
h, trade sign h,
Vi log-volatility !

Interaction range : to — t1 < Ton”



investment time horizon
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0<y <1y =174 Ij(t):[f_TlJflf)

Li(t) =[t—Thjo t) L(t) =[t—Toj*t — Thj%)
| I5(t)
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el = Sum for h(p) for polymers p such that ¢, € I;(t)
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Theorem 1  Under some assumptions on polymer,

(Wi, 6™7) = (wr (@), (1))  (n = o0)
in a sense of finite dimensional distribution,

and (w,(t),e-(t)) is a correlated Gaussian process with covariances
(e’ (1), i (t), ¢ (t), = (1))

Remark c¥*(t) = Cov(w,(t1),e-(t2)) =0 (t =t2 — 11 > 0)

f’/i

—> Leverage Effect
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Theorem 2  Under some assumptions on polymer,

the continuous cascade equation holds for {w,(t)}

i.e. wx(AYt) ~w.(t)+ Dy for any 0 < A < 1
—>  Multifractality for {X(¢)}
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Multifractality

Theorem 3 (a < )

(1) 0<t<Ty
39
E[X ()] = Z Kq(m)t—c1q2+c2q+C3m
m=0

(%7}<t<T§

—c4N1—c5 No+ —cC
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m=00<N;+Ny<1 q 2—q)
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Leverage Effect

Bacry-Muzy’s Result on leverage Effect

)
)

N[

|Cov(A-X(0), (A, X(1))%)] = O(d (0.01 < d < 0.1)

N[O

Cov((ArX(0))%, A X(2)] = O(d

Bacry, Duvernet, Muzy , Applied Prob.Trust (2011)
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Theorem 4

(1) Cov((A, X(0)2,A.X(#) =0 if t>T

(2) |Cov(A-X(0),(A-X())*)] >0
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