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1 INTRODUCTION

1 Introduction

In this paper I augment the directed search model of Moen (1997) and Acemoglu and Shimer
(1999) with moral hazard and examine how to design a tax policy in order to achieve a socially

desirable allocation of resources.

Using this framework, I consider the following kinds of heterogeneity of individuals (workers)
as potential motives for redistribution. First, workers are heterogeneous in productivity. This
is viewed as ex-ante heterogeneity in the sense that it exists before workers are employed. The
productivity of each worker is also called his/her type. To keep the model simple, I assume that
each worker’s type is observable. The second source of heterogeneity is employment status, i.e.,
employed or unemployed.’ It arises because the matching technology is stochastic. Some workers
are successfully matched with firms, but others fail and become unemployed. The third source of
heterogeneity is the level of output produced by each employed worker. It is determined by the
worker’s productivity, his/her effort, and exogenous shocks. I assume that workers’ effort is their

private information, thus creating a moral hazard problem between the firm and the worker.

Workers and firms are matched through a directed search process. In the search market, when
creating a vacancy, each firm offers a wage contract that describes the wage payment as a function
of output produced by the worker. It is designed so as to provide the worker with incentives and
insurance in the profit maximizing way. The fact that firms provide incentives and insurance has
important implications for the way income should be taxed. Indeed, the optimal tax formula
derived in this paper is very different from that found in the standard Mirrleesian literature,

where the wage rate is simply given by the marginal product of labor.

The optimal taxation problem is examined using the mechanism design approach, that is, a con-
strained Pareto problem is defined, and then taxes are constructed so as to implement the so-
lution to the Pareto problem. I assume that the planner in the Pareto problem is constrained
in that he/she is subject to the same agency problem (moral hazard problem) as the firms in the
competitive economy. Regarding the social welfare function (the planner’s objective function), I
consider two specifications: One is referred to as the “utilitarian” case, in which the social wel-
fare function is given by a weighted average of (ex-ante) expected utilities of workers; the other
is “non-utilitarian,” in which the planner cares about the ex-post distribution of consumption, in

addition to the ex-ante distribution of expected utilities.

' focus on equilibria where all workers participate the labor market.
*Initiated by Mirrlees (1971), this literature is very large. Relatively recent work includes Saez (2001), Farhi and
Werning (2013), Golosov, Troshkin, and Tsyvinski (2016), Saez and Stantcheva (2016), among many others. A survey

is given by Piketty and Saez (2013).
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In the utilitarian case, the constrained efficient allocation can be implemented by a combination
of lump-sum income taxes, subsidies to create vacancies, and unemployment benefits. Income
taxes should be lump-sum, because, otherwise, there would be ineflicient distortions in the in-
centives/insurance that firms provide to workers. The need of unemployment benefits is clear.
Probably less obvious is the need to subsidize vacancy creations. The level of vacancy creation
in a competitive equilibrium tends to be inefliciently low because its value to the government
budget is not taken into account (fiscal externality). Additional employment improves the gov-
ernment budget by reducing the spending on unemployment benefits, and increasing the revenue

from income taxes.

In the non-utilitarian case, the constrained efficient allocation can be achieved as a competitive
equilibrium with the same set of taxes/subsidies, except that income taxes are no longer lump-
sum, and given by a (non-linear) function of the income level. In the Mirrleesian literature, the
optimal tax function typically takes a very complicated form. In my model, the optimal income
tax function has a very transparent and intuitive relationship with the social welfare function.

This makes a sharp contrast with the existing literature.

Related literatures: This paper is related to several literatures. First, it is related to the liter-
atures on directed (or competitive) search and optimal taxation. Both literatures are large, but,
to my knowledge, there are not many papers which examine the optimal taxation in the directed

search model.

First, Acemoglu and Shimer (1999) consider an optimal pair of lump-sum income taxes and un-
employment benefits. But their tax policy does not have vacancy subsidies, and thus, there is a

room for welfare improvement.

Second, Golosov, Maziero, and Menzio (2013) study an optimal taxation problem in a directed
search model. They find that the constrained efficient allocation under the utilitarian social wel-
fare function can be implemented by a pair of unemployment benefits and non-linear income
taxes, which are increasing but regressive in income. Key differences between their model and
mine are that in their model, () the number (measure) of firms is limited so that the free entry con-
dition for firms does not bind in equilibrium; (ii) firms are heterogeneous in productivity, which
is observable; (iii) workers are identical and no uncertainty remains after matches are formed; and
(iv) workers’ job applications are their private information. Our result that income taxes should
be lump-sum (under the utilitarian social welfare function) makes a sharp contrast to their result,
and indicates the importance of the source of income differences to determine the income tax

function.
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The literature on directed search with informational frictions includes, among others, Guerrieri,
Shimer, and Wright (2010) and Moen and Rosen (2011). Guerrieri, Shimer, and Wright (2010) an-
alyze a directed search equilibrium with adverse selection.Moen and Rosen (2011) study a directed
search equilibrium with moral hazard. Their focus is on the characterization of competitive equi-

librium and they do not consider tax policy. In addition, they assume risk-neutral workers.

Concerning moral hazard, I use the continuous-time approach initiated by Holmstrom and Mil-
grom (1987), and further developed by Schittler and Sung (1993); DeMarzo and Sannikov (2006);
Sannikov (2008); Cvitanic, Wan, and Zhang (2009); Williams (2011); Cvitanic and Zhang (2013);
Williams (2015), among others. Among these, my model is closely related to Cvitanic, Wan, and
Zhang (2009). Their model allows me to obtain the profit-maximizing wage contract offered by
the firm almost in closed form, even though the utility function of workers are a general concave

function of consumption (not exponential).

My paper is also related to the literature on optimal taxation which considers the interaction
of private markets and tax policy. For inscance, Golosov and Tsyvinski (2007), Chetty and Saez
(2010), and Krueger and Perri (2011) examine (optimal) tax policies when private insurance firms
provide insurance to workers, at least to some extent. Stantcheva (2014) considers an optimal

taxation problem in a Miyazaki—-Wilson—Spence model of adverse selection.

The rest of the paper is organized as follows. Section 2 describes the baseline setup of the model
economy and define the laissez-faire competitive equilibrium. Section 3 analyzes the constrained
efficient allocation with the utilitarian planner. Section 4 demonstrates how to implement the
constrained efficient allocation obtained in section 3 as a competitive equilibrium with taxes.
Section § shows nonlinear income taxes can be optimal if the planner is non-utilitarian. Section

6 gives conclusion. All the proofs are given in the appendix.

2 Laissez-faire economy

‘We consider an economy that starts at time 0 and ends at time 1. There is a continuum of workers
with measure one. There are [ types of workers, indexed by i € I = {1,...,1}. Let ¢; be the
fraction of type i workers: ¢; > 0, foralli € I, and ), ¢; = 1. Types are observable. Every agent
is endowed with A units of initial wealth at time 0. It can be stored until time 1 with gross rate
of return of unity, and then is transformed one-to-one into consumption goods. Alternatively, it
can be invested in mutual funds, which, in turn, invest in firms. The initial wealth, A, is common

across all types.

There is a continuum of potential firms. Potential firms are identical. The number (measure) of



2 LAISSEZ-FAIRE ECONOMY

potential firms is large enough that the free entry condition always binds in equilibrium.

Workers may or may not be employed. They are matched with firms through a directed search
process as in Moen (1997) and Acemoglu and Shimer (1999). Each worker (firm) can be matched
with at most one firm (worker). After a match is formed, output is produced continuously over
time for ¢t € [0, 1]. The production of output is affected by stochastic shocks, as well as effort
of the worker. The effort process is unobservable, so that the relationship between the firm and
the worker involves moral hazard. We first describe this moral hazard problem, and then the

equilibrium in the search market.

2.1 Moral hazard

Consider a matched pair of a firm and a worker of some type 7 € I. Our formulation of the moral
hazard problem builds on the model discussed in Cvitanic, Wan, and Zhang (2009) and Cvitanic

and Zhang (2013).

Let Y;; denote the total amount of output produced by the pair from time 0 to time 1. Itis a
random variable and determined as the time 1 value of a stochastic process Y; = (Y ;)ic[0,1, which
is simply referred to as the “output process.” The output process is observable by both parties.
Its distribution is affected by the worker’s effort as well as his/her type (ability). The worker’s
ability is public information, and determines the initial value Y; o = y; € R . Since the worker’s
ability matters only for the initial value of the output process, we identify y; as the worker’s type.
The worker provides effort continuously over time, which is described by a stochastic process
€ = (€)tepo,1)- Here, ¢, € R denotes the level of effort, which is the worker’s private information

and not observed by the firm.

The dependence of the distribution of output on the worker’s effort is modeled using the “weak
formulation.” For this, we first determine the set of sample paths for the output process Y;.
Specifically, let the output process be given as the (strong) solution to the stochastic differential

equation:
dYiy = oY dB, Yo =y, @

where B, is a standard Brownian motion in some probability space (€2, F, P),and 0 € R, isa

constant parameter. Let FZ = (F/),c(0,1) be the augmented filtration generated by B.

Here, the probability measure P is interpreted as the one corresponding to the benchmark case

3See, for instance, Sannikov (2008), Cvitanic, Wan, and Zhang (2009), Williams (2011), Williams (2015), among
others. The weak formulation is a natural extension of the approach taken in the static moral hazard models, where

the worker’s effort determines the probability distribution of output.

5
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where the worker provides no effort at all: ¢, = 0, for all ¢t € [0, 1]. More generally, let the effort
process, € = (€)e[0,1], be an FP-adapted stochastic process. We provide in the appendix the

technical assumptions imposed on the effort process (and the contract offered by the firm).

Since the Girsanov Theorem holds,* define

t
Bf =B, — / €, ds; )
0

t 1 t
M; = exp (/ €, dBg — —/ eg ds) : (3)
0 2 Jo

and a new probability measure P¢ by

dPe

Then, B¢ is a standard Brownian motion under P¢, and

dY;,t = UY;,t dBy,
= O-Et}/;,t dt + U}Q,t dBte

Intuitively, by providing effort €, the worker controls the probability measure P¢ of the output
process Y. Formally, (Y;, B¢, P) is a weak solution to the stochastic differential equation: dY; =
O'Et}/;g dt + 0'}/;5 th

Let E and E° denote the expectation operators corresponding to the probability measures P and

P<, respectively. Then, given an effort process ¢, the expected amount of output at time 1 is
E[Yia] = E[M{Y;].

In particular, if ¢, = 0, for all ¢ € 0, 1], then we have M{ = 1 and the expected amount of output

and its variance are given, respectively, by

2

E[Y;1]=v, and Varl¥;;]= y2(e” —1).

2.1.1 Problem of the worker

Let w; be the wage payment that the worker receives from the firm at time 1. It depends on
the history of her output, Y = (Y})ic[0,1], and thus it is specified as a random variable defined on
the measurable space (€2, ;). The amount of consumption of the worker at date 1 is given by a

random variable C; = A 4 w;, from which she receives utility u(C;). The function u(-) satisfies

4Lemma 7.1 in Cvitanic, Wan, and Zhang (2009). For the Girsanov Theorem, see, for instance, section 3.5 of

Karatzas and Shreve (1998).
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the usual conditions: it is twice continuously differentiable with v’ > 0 and v” < 0, and satisfies

the Inada condition, lim, o u/(¢) = 400 and lim,_,, v/(¢) = 0.

Supplying effort yields disutility. For the sake of tractability, we assume that the disutility of
providing effort ¢, at each t € [0, 1] is quadratic, and given by X¢7, where x € R, is a constant

parameter.

Then the type-i worker’s expected utility evaluated at time 0, V; g, is given by

= fuc) - [ Sa) = acfuicy - [ ea]

Similarly, for ¢ € [0, 1], define the “remaining” utility process, V; g+ by

] N N
Vies = Ep [u(C) —/ §€§ ds} =E, [Mf {U(Ci) —/ §€§ dSH :
L t t

Thus, VE,E = V@E,o-

We can apply the extended Martingale Representation Theorem’ to show that there exists a P*-
square integrable FP-adapted process Z{ = (Z;,)ic(0,1) such that the worker’s remaining utility is

expressed as

Let €; = (€;¢):c[0,1] denote the optimal effort process of the worker. Given the wage payment w;,

the type-i worker chooses ¢; as®

1
€t = —Zzt. (5)
X
The optimal effort process ¢; implies that the worker’s remaining utility process is given by
It follows that”
Vi Vi
dexp ( ’E’t> = exp ( ’E’t) €t ABy. @)
X X

SLemma 3.1 in Cvitanic, Wan, and Zhang (2009), Lemma 10.4.6 in Cvitanic and Zhang (2013).
®Theorem 3.1 in Cvitanic, Wan, and Zhang (2009).

7Applying It6’s formula,

Vi Vi 1 Vi
dexp( fﬂf):exp( ;t){ Wi+ 53 (@i }:exp( ,XE,t)ez_’tdBt.
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Let P denote the probability measure associated with the optimal effort process €;, and M;' the

corresponding density. Comparing (3) and (6), we obtain
p g ty. paring

Vie,t
exp L, ’ .
M = M — exp (_ Vz,E) exp (‘/z,E,t)

exp (%) X X

By definition, V; g1 = u(C;) = u(A + w;), and thus, the density M}’ is written as a function of

uw(A+ w;) and V; g
_ V,-E> <u(A—|—wi)>
M =exp| ——= |exp | —————= (7)
1 P( X P Y 7

This equation explicitly tells us how the contract (payment), w;, affects the probability distribu-

tion (density) of output, Y, through its influence on the worker’s choice of effort, ;.

2.1.2 Problem of the firm

The firm’s profit realized at time 1 is Y;; — w;. Let V; ¢ be its expected value evaluated at ¢t = 0,

given the worker’s effort process, €; = (€;¢)icjo,1:
Virp =E“ Y1 —w;| = E[M{ (Y1 — w;)],

where the density M;" depends on the payment w; as shown in equation (7).

Let U = [u(A), u(c0)). Given that the firm has to guarantee the expected utility, V; p = v € U,

to the worker, the firm chooses w; so as to maximize its expected profit V; > That is,

Vir(o) =sup & fexp (=2 ) exp () 11— ) ®

st E [exp (_i) exp (@)} 1 ©)

Here, V; p(v) is the maximized profit of the firm given the worker’s expected utility V; p = v.

Letting \; be the Lagrange multiplier for (9), the Lagrangian is constructed as
g grang P grang

v u(A + w)) ]
L=FEl|lexp|——|exp| — ) (Y, —w
[ P ( X) P ( X (i )
The first-order condition is

()22

;U, [A + wz’(Ym)] [Yi,l —w;(Yi1) + /\i} =1, WY1 >0. (10)

8See the appendix for the assumptions that feasible wage contracts must satisfy.

8
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The multiplier )\; is determined so that the solution to the above equation w;(+) satisfies

exp (_@ xp <u[A + ;ui(n,l)} )

The following assumption is made throughout the paper.

Assumption 1. Foreachi € landx € R,

fon (322

Lemma 1. Consider the maximization problem given by (8). Assume that V; p(u) < +o0o. Then, there is
a unique solution w; for each i € Land v € U. The profit function V; p : U — R s a continuous and strictly

decreasing function.

2.2 Directed search

A match between a firm and a worker is formed through a directed search process (Moen (1997);
Acemoglu and Shimer (1999)). The funds which are required to create a vacancy are provided by
mutual funds. Firms’ profits are distributed as dividends to the mutual funds. Assuming that the

law of large number applies, each firm makes a decision to maximize the expected profit.

If a firm decides to create a vacancy, it has to pay a fixed (and sunk) cost, k. A vacancy specifies
the type of the worker, ¢ € I, that the firm is looking for, and the promised utility level, v € U.
That is, the labor market is segmented into submarkets indexed by ¢ and v. Firms can commit
themselves to the contract they offer. As we have seen above, for each i € I and v € U, there is

a profit maximizing wage contract w;(-) and a utility maximizing effort process ¢; = (€;)+c[o,1]-

For each i € Iand v € U, let §,(v) be the market tightness in the submarket (7, v). That is, 6;(v)
is the ratio of the size (measure) of vacancies to the size (measure) of applicants in submarket

(i,v). Both firms and workers take the function 6;(-), i € I, as given.

A match is formed stochastically via a linearly homogeneous matching function. If a worker
applies for a job with tightness 0, the probability that he/she is successfully matched with a firm
is (), where p : Ry U {4+00} — [0,1] is a strictly increasing function of § with boundary
conditions ¢(0) = 0 and p(oo) = 1. Similarly, if a firm posts a vacancy in a submarket with
tightness 0, its probability to be matched with a worker is 1(#), where n : R, U {4+00} — [0, 1]
is a strictly decreasing function of # with boundary conditions 7(0) = 1 and n(c0) = 0. Since
the matching technology is linearly homogeneous, the functions ;. and 7 satisfy the condition
p(0) = 0n(0) for all f. Unmatched workers or firms do not produce any output. We assume that

the matching probability functions, 1 and 7, are common across different types of workers.
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2.3 Equilibrium

To describe an equilibrium in the search market, we define an allocation by a tuple (v;, Vi, ©;,
Us)ic1, where 7, is a measure on U with support V;; ©; : U — R, U {400}, with ©;(v) denoting
the market tightness in each submarket i € Tand v € U; and U; € U is the type-i worker’s overall
utility level (taking into account the possibility of unemployment). The measure ; describes
the distribution of vacancies targeted at type-i workers, and its support, V;, is the set of utility
levels that are offered in the given allocation. Associated with each v € U, there exists a profit-
maximizing wage contract w;(-) and a utility-maximizing effort process ¢; = (€;)sc[o,1]- The firm’s
profit is given by the function V; p(v). A competitive equilibrium in the search market is defined

in the standard way.?

Definition 1. Let u = u(A) and U = [u,u"*(c0)). A competitive equilibrium is an allocation

(i, Vi, Oy, Ui)ie]} that satisfies the following conditions:

() Profit maximization and free entry: Foralli € T and v € U,
n(0:(v))Vir(v) <k,

with equality if v € V;. Here, V; p(v) is the profit function of a firm matched with a worker
of type i given the promised utility level v € U, as defined in (8).

(i) Workers’ optimal search: For eachi € I, U, satisfies

0 = max . max n(©1(0))0 + [1 - n(©1(0)]u}.

vEV;

where U; = u if V; = (. Furthermore, for each i € L and v € U,

S |

> 11(05(v))v + [1 = p(0s(v))]u

with equality if ©;(v) < oo and 7;(v) > 0.

(iif) Market clearing: For each i,

1
/w %d%(v) < ¢,

with equality if U; > u.

9See, for instance, Acemoglu and Shimer (1999), Guerrieri, Shimer, and Wright (2010), Golosoy, Maziero, and

Menzio (2013), among many others.

10
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Our first result is that the equilibrium allocations in this model are characterized as solutions to
maximization problems.”® For each type i € I, consider the problem:"
max v+ (1 — pu(d)|u P,
0€[0,00),veUd M( ) [ /'L( )}_

s.t. n(0)Vir(v) > k.

Then we say that a tuple (Z, (U;):er, (0:)icz, (Vi.p)icz) solves problem (P) if the following condi-
tions hold: () Z C I denotes the set of i such that the constraint set of (P,) is nonempty and the

maximized value is strictly greater than u; (i) for each i € Z, the pair (;, V; g) solves the problem
(P and U; = p(6;)Vip + [1 — u(@i)}g; and (iii) for any i ¢ Z, U; = u. To further simplify the

argument, we make the following assumption in what follows.
Assumption 2. Foralli € [, y; > k, and there exists 7; € U such that V; p(v) < k for all v > ;.

Lemma 2. Problem (P) has a solution, (I, (U;)icr, (0;)icz, (Vi.g)icz). It bas properties such that G) U; >
uw(A) foralli € 1, and thus T =T; (i) 0; € (0,00) foralli € Z; i) n(0;)Vir(Vig) = k foralli € T.

Proposition 1.

@) Suppose (I, (U;)icr, (0)icz, (Vi.p)icz) solves Problem (P), where T = 1. Then there exists a compet-
itive equilibrium (7;, Vi, ©;, U, )icr such that V; = {V; g}, i({Vir}) = ¢:0;, ©:(Vig) = 0.

Gi) Let (i, Vi, O, U)ic1 be a competitive equilibrium. Then, foralli € 1, U; > w,and 0 < ©,(Vi p) <
oo forany V; g € V;. Moreover, take any (V; g )ic1 and (0;)ic1 with Vi g € V; and 0; = 0,(V, ).

Then (I, (U;)icr, (6:)icr, (Vi.g)icn) solves problem (P).
Gii) A competitive equilibrium exists, and the equilibrium value of (U, );c1 is unique.

To characterize the equilibrium, consider program (P,). Given the definition of V; r in (8), it can

°This is a standard result in the literature on directed search. In particular, the statement of the result here
follows Guerrieri, Shimer, and Wright (2010), although types in our model are not private information.

"Since n(oo) = 0, # = oo will never be a solution to this problem. We thus restrict the set of values for ¢ to
[0, 0).

II
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be restated as

max  u(0:)Vip + [1— p(0:)]u(A)

wi(+),0i,Vi B
Vie 1
s.t. n(0;)E |exp —7’ exp ;u[A—kwi(Ym)} {Ym —wi(Yi,l)} >k,

E {exp (-%) exp {iu[A +wi(Yi)] H =1.

Letting ¢; 1 and ;2 be the multipliers for the two constraints, the Lagrangian is constructed as
L= p(0;)Vig + [1 - ﬂ(ei)}u(A)
Vi 1
+ G {7](91) E {exp (——E) exp {—u[A + wi(Yi,l)]} {YM — wi(YZ-,l)}] — k:}
X X
Vie 1
+ G2 E jexp —7’ exp ;u [A+w(Yi)] p| -1

The profit of a firm matched with a type-i worker, V; r, is defined by

- Vi 1
Vir =E; {exp (—7> exp {;u[A + wl(Yl)} } {Y1 — wl(Yl)}] ) (1)
Then the first-order condition with respect to 6; is given by
0= 1/ (6;) [Vi,E — U(A)] + Gian' (0:) Vi p. (12)

By Lemma 2, we know that 6; € (0, c0). Hence condition (12) implies that (;; > 0.

Define \; = (;2/(¢;1m(6;)). Then, just as we have seen in (10), the first-order condition for

w;(Y; 1) is expressed as:

0= i A+ i)l {Vor - w(Vi) + A} =1, Wi >0 (13

Using the definition of V; p, the first-order condition with respect to V; p can be written as
1
0 = p(0;) — ;Ci,ln(ei)(%,f’ + ) (14)

Using equations (12) and (14), we can eliminate ¢; ; and obtain

7]/(91') Vir
n(0:;) (Vir +Ni)/x

0= p'(6:) [Vie — u(A)] + pu(6;) (15)

The free entry condition binds so that

n(0;)Vir = k. (16)

12



3 CONSTRAINED EFFICIENT ALLOCATION

Finally, the promised utility levels, V; g, must satisfy

E {exp (_%) exp {iu A+ wy(Yir)] H Y ()

To sum, the competitive equilibrium for the laissez-faire economy is given by (V; r, V; g, 0;, i, w;(+) )ier
that satisfies (1), (13), (15), (16), (17).

3 Constrained efficient allocation

Here, we consider constrained efficient allocations. The planner can allocate resources so as to
maximize the social welfare, but her ability to do so is constrained by the market. Specifically,
we assume that the planner can create firms (vacancies) by paying the fixed cost k, and offer a
type-dependent contract (V; g, C;) to workers, where V; g is the promised level of utility for a
type-i worker, and C; : Y;; — C;(Y;1) specifies the amount of consumption depending on the
date-1 output. The planner cannot directly control the effort level of workers, and is also subject
to the same matching technology (/:(-),n(-)) as in the previous section. In addition, the planner
makes transfers to unemployed individuals for each type, z;. We assume that whether or not a
worker applies for a job is public information, and that the eligibility for unemployment benefits

is contingent on the participation in the job market.”

Formally, let @ = (o, . .., as) be the Pareto weights for workers of different types. As a normal-
ization, we require c; > 0 for all i and ), a; = 1. The planner chooses (0;, V; g, z;, Ci(-)):c1 so as

to solve the following program (P*):

ma Zai{uwi)v;,,; + 1= O] u(A + )} ®)
subject to
Z¢> {r= w2+ 08 [exp (-2 ) exp { Tl i) 4 0
e () 2201}
()
p(0)Vip + [1 = p(0) [u(A + z;) > u(A). (19)

2]t is straightforward to modify this assumption so that job application activity is private information of each
worker. In that case, the participation constraints (19) for workers in the planner’s problem should be changed to
Vig > u(A+ z;) for all 4.
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3 CONSTRAINED EFFICIENT ALLOCATION

‘We denote the solution to this program by *, which is also referred to as the “constrained efficient

allocation.”

The first constraint in the planner’s problem is the resource constraint. For a later use, let us

rewrite it as

> o2 o (1) o L0 v )] o
—}j@(1— )]z + 0ik) > 0.

The second constraint is the consistency between V; g and C;(+). The third one is the participa-

tion constraints for workers.

We have seen in Lemma 2 that 1(6;) > 0 holds for all i € I in the laissez-faire equilibrium, that
is, there are at least some employed workers for all types. For the ease of exposition, we want
the same property to hold for the constrained efficient allocation. For this purpose, we add the

following assumption, which may or may not be stronger than Assumption 2.
Assumption 3. Foralli € I, ¢/ (0)y; > k.
Lemma 3. Problem (P*) bas a solution, (07, V5, 25, C;(*))icr, and 0F € (0,00) foralli € 1.

i Vi, By i

To solve (P*), construct the Lagrangian as

Ezgaz{ i)Vie + [1—M(9i)}U(A+Zi)}
o Somors o (-52) o {0 -
—}j@(1— %+@@}

el ()2

+Zszs{u W+ [1 = ()] u(A + =) —u(A)},

14



3 CONSTRAINED EFFICIENT ALLOCATION

which can be rewritten as

L= i(ai + é-“z-,s){u(@i)vi,E + 1= p(0) Ju(A + Zi)}
+ 51{;1; oip(0;) E {exp <—%) exp {W} {A +Y;, — Ci()/i,1>}:|
- XI: ¢i<[1 — ;)] 2 + 0#@) }

i=1

v oo (1) o {12 1} S

From this, we can see that there is no loss of generality by assuming that the participation con-
straints (19) in the planner’s problem never bind.” So, in what follows, we assume that {3 = 0

foralli e I.

The first-order conditions with respect to z;, V; g, 0;, and C;(Y; 1) for each Y; ; are given, respec-
tively, by

0= a;[1 — pu(0)] ' (A+ 2) — & [1 — (6],

Vi ulCF (Yiq
0= a(8r) ~ §to®) 8 [exp (-2 ) exp { L L v, - e}

|
s () ()]

0 = il (0) [Viip — (A + 2)]

)

+ ffgﬁi{,u/(@:)E {exp (— V:E) exp M} {A + Y1 — CE(YZ-;)}} +p(07)= - k}

Vi CH(Y;
0 = & 6unl07) exp (— );E)exp{“[ [(Yi)

oo (1) e {u{c;*(él)]} (C: (V)]

Define for each 7 € I
o

)\*E 5

T G oi(0r)

which are well defined because £ > 0 and 6} > 0 for all © € I. Define also V;z and 7" by

. _ k
V;,F - 77(9:)7 (21)
vy CrY, *
=K [exp (— ;E) exp {W} {A +Yi1— C:(Kl)}:| - Vip (22)

BIf¢F 5 > 0 for some 4 in some constrained efficient allocation, then we can always redefine o’s so that the resulting

solution remains the same but the participation constraints do not bind for any i (i.e., {3 = 0 for all 4).
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4 IMPLEMENTATION THROUGH TAXES

Then the first-order condition with respect to z; implies that

u'(A+ z) :%

& (23)

That is, the marginal utility of the unemployed, normalized by «;/¢;, is equated across all types.

The first-order conditions with respect to V; g, 0;, and C;(Y; 1) are simplified, respectively, as

1
1=u'(A+ Zj);(‘/z‘TF + 7+ ), (24)
0=Vig—u(A+z) +u(Ad+z {—i Vi T (25)
A A ey e :
1O (Y,
- W{Awﬂ Fx - ). o)

To summarize, the solution to the constrained efficient program (P*) is given by (&7, (67, V', C7,
Vip, 755 255 A )ier) satisfying (18), (21), (22), (23), (24), (25), (26) for i € Z*, and (20).

1)

4 Implementation through taxes

In this section we take an efficient allocation, (&7, (607, Vi'g, C7 (), Vi'p, 77, 21, A} )ic1), as given, and
consider how to implement it as a competitive equilibrium with taxes and subsidies. Specifically,
we consider unemployment benefits, income taxes, and subsidies for creating vacancies, which
are all type dependent and lump sum. As in the previous section, unemployment workers can

receive unemployment benefits only if they have participated in the job market.

Let z; be the transfer to an unemployed worker of type ; 7; g be the tax on the income created
by a firm matched with a type-i worker; and 7; , be the subsidy for creating a vacancy targeted at

type-i workers. We call (z;, 7; g, T4 )icr a fiscal policy.

Consider a match between a firm and a worker of type i. Given the promised value for the worker,

v, the profit maximization problem of the firm is formulated as

Vir(v) = max E {exp <_%) exp {iu[A +wi(Yi)] } ¥ - wim,l)}} Cnp G

wi(")
s.t. E {exp (—%) exp {iu[A + w;(Y;1)] H =1 (28)

As in the laissez-faire case, define u = u(A) and U = [u,u"'(c0)). Then a competitive equilib-

rium is defined as follows.

Definition 2. Let a fiscal policy be given by (z;, 7 g, T )ic1. A competitive equilibrium is an

allocation (vy;, Vi, ©;, U;);c1 that satisfies the following conditions:

16



4 IMPLEMENTATION THROUGH TAXES

() Profit maximization and free entry: Forall i € Tand v € U,
1(0:(v))Vir(v) <k — 7y,

with equality if v € V;. Here, V; p(v) is the profit function of a firm matched with a worker
of type ¢ when the promised utility level is v € U, as defined in (27).

(i) Workers’ optimal search: For each i € I, Uj satisfies

veV;

0 = max { max u(©,(0)0 -+ [1 = (O1(0)Jul4 + 20 |

where U; = u if V; = (. Furthermore, for each i € L and v € U,

S [

> 1(©:(v))v + [1 = u(©i(v) Ju(A + ),

with equality if ©;(v) < oo and 7;(v) > 0.

(iif) Market clearing: For each i,

1
/vi :(0) dvi(v) < ¢,

with equality if U; > u.

(iv) Government budget:

I

Z_il/vi{”[@i(vﬂﬁﬂ - Ti,v} dv;(v) = Z {¢i - /v n[6;(v)] d%(v)} 2.

=1

We first discuss how to construct a candidate for the optimal taxes (Z;, 7; g, 7i., )ic1, and then verify

next that a competitive equilibrium associated with it is indeed constrained eflicient.

For each i € I, consider the maximization problem (P;) as in the laissez-faire economy:

max  p(0)Vis + [ pu(0]u(A + %), ®)
0:,Vi,B,wi(-))

s.t. n(0:)Virp >k — 70,

exp (—%) exp {u[A i ;”"(YM)] }

exp (—%) exp {U[A + (Vi) } {Ym - wi(Yi,I)}

X

E =1

Y

where

~

— TiL,E-

Vie=E

17



4 IMPLEMENTATION THROUGH TAXES

Suppose that the constraint set each (P;) is nonempty. We use a hat (7) to denote the solution to

this problem.

The Lagrangian for this problem is given by

L= p(6)Vip+ [1— pw6:)]u(A+ 2)

s (77(91') {E exp (_%) exp {U[A + wi(Yi,l)] } {Ym _ wi(Ym)}

— 72175;} —k+ 7A'i7v>

+ Gia {E exp (__) exp {U[A + w; (Y; 1)} } _ 1} ‘
X
Define
_— 61’,2
l Ci,177(9i)’

which is well defined because ¢;; > 0 and 7(6;) > 0 (given that we are implementing 67 € (0, 00)).

Then the first-order conditions with respect to V;  and 6; lead to

. 1. . . A .
0= pu(0;) — ;Ci,ln(‘gi)(vi,F +TiE+ N\i),

0= Nl(éi) [V;,E —u(A+ Z)} + éi,ln,(éi)vi,p

Eliminating (; 1, we obtain

. 0;) n'(6; 1%
0:‘/;7E—U<A+ZA’Z)+XM(A)77(A)A A,F . . (29)
W) n0:) Virp + XN+ Tk
The first-order condition with respect to w;(Y;;) for each Y; ; is written as
1 ~
0= ;U/ [A + wz(}/;l)} {Y;,l —w;(Yi1) + )\i} - L (30)
Summarizing, the solution to program (P)), (él, VZ o VZ A w;), is determined by (29), (30), and
n(0:)Vir =k — 7, G0
/ A+ wi(Y;
E |exp (—@> exp {u[ il 1” } =1, (32)
X X
o ‘A/ZE U[A + @1(5@1)} . )
i r=E [exp <—7> CXP{ » {Yz‘,l - wz’(Yi,l)} — TiE- (33)
Note that

Vi,F + j\zF +7Tip=E




5 NON-UTILITARIAN PLANNER AND NON-LINEAR TAXES

It then follows from (29) that

VLE —u(A+ %) =—x

— >0, G4)
because 1/ > 0 and 1’ < 0.

In Proposition 2 below, we show that (6;, V; g, V; r, A\, W;) is attained as a competitive equilibrium.
But, before doing so, let us see that we can choose a fiscal policy (Z;, 7i g, 7i.v )ic1) such that the
collection of solutions to (P,), i € I, corresponds to the constrained efficient allocation.

Lemma 4. Letaconstrained efficient allocation, (£, (07, Vg, CF(+), Vi'p, 775 25, Af )ic1), be given. Define

s Vi By T <o 7Y

(731'7 7A—z',E7 ﬁ‘,v)ieﬂ by

Z =z}, Gs)
) . 10 n0;r)
Ti,E = Tz* - 1 l* Tz'* + Z;‘ ) (36)
2T ey e T 3
Tiw =00;)(Tim — 7)) (37)

Then, the solution to program (P,) is given by 0; = ox Vi £ = Vg VZ F=Vie+7 —Tip \ = XS, and
0; = CF — A

Finally, the next proposition shows that a competitive equilibrium associated with the fiscal policy
(2, 7i.E, Tiw)ic1) constructed in Lemma 4 achieves the constrained efficient allocation.

Proposition 2. Given the constrained efficient allocation, (&3, (07, Vg, C; (), Vi, 7 25, A ie)s

)

define the fiscal policy (Zi, Ti g, Tiv)ic1 @s in Lemma 4 Then there exists a competitive equzlzbrzum (%, Vi,

/\

O, Ui)ieﬂ such that V; = WVieh %({Vig}) = ©;(Vig) = 0;.

5 Non-utilitarian planner and non-linear taxes

In the previous section, we have seen that lump-sum taxes and subsidies can be used to achieve
the constrained eflicient allocation defined in Section 3. This reflects our assumption that the
social welfare function is utilitarian, that is, it is defined as a weighted sum of expected utility
of workers. In this section, we shall see that nonlinear income taxes are necessary if the social
welfare function is non-utilitarian. But we also show that even in this case, the optimal income
tax function has a very simple form with a clear relationship with the social welfare function. To

simplify the exposition, we assume / = 1 in this section so that there is only one type of workers.
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5 NON-UTILITARIAN PLANNER AND NON-LINEAR TAXES

5.1 Taxes that are nonlinear in output

Let us begin with the case where the optima taxation is nonlinear in output, Y;. Since there is only
one type, the representative worker’s expected utility is given by 11(6) Vi + [1 — pu(0) | u(A+z). We
now assume that the planner’s objective function is different from the worker’s expected utility.

Instead, it is given by

1(0)veVe + [1 — pw(0) ]| you(A + 2) (8

where vy > 0 is a given constant, but vz is determined (endogenously) as
% C(Y;
e = fexp (22 ) exp (M ) v 69
X X
with v : R, — R being a given function.

Here, 7y is the social weight on the unemployed workers, and v(Y]) the weight on an employed
worker who has produced Y at time 1. The expected value of v(Y7), g, represents the weight on
the employed workers. The utilitarian case is the one with vy = v(Y) for all Y. To simplify the
exposition, unless otherwise stated, we focus on the case with Vz > 0 in the rest of this section.
Then the planner’s desire for redistribution is captured by a decreasing social weight function,

that is, by assuming +/(Y7) < 0.

The feasibility constraint for the planner is given in the same way as in Section 3:

fon (2o

H(O)Ve + [1 = u(6)]u(A+ 2) = u(A). (42

The planner maximizes the social welfare given by (38) subject to these constraints.

Proceeding in the same way as in Section 3, the constrained efficient allocation is characterized
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5 NON-UTILITARIAN PLANNER AND NON-LINEAR TAXES

by the solution to the following system of equations , (z*, 7%, 0%, v5,, Vi, Vi, C*, X*):

p(0")7" = [1— p(6)] " 43)

o () o (222 -

= esp () exp () 0. 4
X X

n(@*)Ve =k, (46)

e {exp <_%) exp (M) Vit A- c*(}fl)}} v (47)
~EVE —wu(A+2T) (0 pl0)

O At ey we) T T 48

U A+ ) X{wwM+fYHG+T+A}’ “49)
_ vler)] _c Vi .

1= » {Yl—I—A C (}/1)+7Uu’(A+z*)7(Y1)+)\ } (50)

Now let us consider how to implement the constrained efficient allocation by taxes. We use
(2,7y,7(-)), where z is unemployment benefits, 7, is the lump-sum subsidy for vacancy creation,
and 7(Y}) is the income tax for each level of output Y;. A competitive equilibrium is defined as

in Definition 2 in Section 4, with a slight modification. Define the profit function of a firm:

V(o) = max E fesp (-2 ) (ML) (v - i) - )]

w(-) X X

st E {exp (7) (M)} 1

Then define the average income tax, 7z, by

() (2520

X X

Then Definition 2 applies to the model with fiscal policy (z, 7, 7(+)).

As before, a competitive equilibrium allocation is obtained as a solution to the maximization

problem:

max  p(0)Vg + [1— p(0)]u(A+ 2)

(97VE::) n(O)E [exp C%) (M) M —w) =7} 2 k-7,

() (25

where the fiscal policy satisfies the government budget constraint: p(6)7p — 07, = [1 — pu(6)]=.
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5 NON-UTILITARIAN PLANNER AND NON-LINEAR TAXES

Then we can show that a competitive equilibrium allocation is given by ((2, 7,, 7(+)), 0, Vg, Vp,
w(-), \, 7)) which satisfies

exp (_%> (M) #%)

u(0)re — 07, = [1— u(9)]2, (52)

%EEE

; (50

=1, (53)

Uy = |exp <_%) (“V‘ +X’J’(Y1”) Vi — o) — 200}, G4)

N0V =k — 7, (55)

0="Vg—u(A+2)+ 77’(?) H@ AXVFA , (56)
n(6) 1(8) Vie + A

1= +xw<yl)]{Y1 —(Yy) = #(V1) + A} 57)

The following proposition describes how to set the fiscal policy in order to implement a given

constrained efficient allocation.

Proposition 3. Let a constrained efficient allocation, (=*, 7, 0%, v, Vi, Vi, C*, \*), be given. Define

(’27 721}7 7A_<)> as

zZ=2z" (58
T =n(0")(7p — 77), 59
. R Ve .
(Y1) =1Tp — WE—FZ*)[V(YD — 5], (60)

where

N A C NI {'VU — v u(A+ z%)

w W@t T Z*)} ' ©v

Then there exists a competitive equilibrium (3, V, ©, U) such that V = {Vii}, 7({V}) = 0%, O(Vy) = 6~

5.2 'Taxes that are nonlinear in wage

In the model in the previous subsection, the optimal income tax is a function of the level of out-
put, Y7, rather than the wage paid to the worker, w(Y7). It is probably more empirically appealing
if the optimal income tax is specified as a function of the wage payment. In this subsection, we

modify the social welfare function in such a way.

We continue to assume that the planner’s preferences are given by (38), but now the endogenously
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5 NON-UTILITARIAN PLANNER AND NON-LINEAR TAXES

determined social weight on employed workers, vz, is defined by

e =2 fexp (=15 ) exp (U ) 5 (0ry)) ®

In the previous subsection, the social weight function v depends on the level of output, Y3, but
now it reflects the level of consumption, C'(Y7), of each worker. To motivate redistribution, we

assume 7/(c) < 0.

The planner maximizes (38) subject to (40)-(42), and (62). Then the constrained efficient alloca-

tion is given by (2%, 7%, 0%, v5, Vi, Vi, C*, X*) that solves the following system of equations:

- ul6"))=", (63)
[ ( _E*> exp (u (J*(Yl)]” 1, (64)
X X
[ < ) exp (“ ) O*(Yl))} : 65)
T = {exp <—‘;§> exp ( ulc ()] ) {Y1 +A— C*(K)}] -V, 67)
_EVE —wu(A+zT)  n(67) p(d .
= R T o
_ VE 1 EVE e g
O_’)/UU/(A—i-Z*) x{vuu’(AJrZ*)JFVFJFT +A}, (69)
Vi -
1— m7 (C* (1) (70)
_ u[C* (V)] ; Vs .
= T{YHrA—C (}/1)+7Uu’(A+Z*)7(C (Y1>) +A }

Next turn to implementation. We consider (z, 7, 7(-)), where the income tax function 7 is now a
function of the (before-tax) wage rate, w, rather than the level of output, Y;. The profit function
of a firm is written as

Ve(v) = max E {exp <_%) (U[Aer(Yl) —T(w(Yl))]) v —w(Yl)}}

w(-) X

e 8 fop (1) (AT 2OD 0D

The (endogenously determined) average income tax is

Cw {exp (_@) (u[A +w) — T(w(YI))]) 7_<w(Y1)):|

X X

Then Definition 2 applies to the model with fiscal policy (z, 7, 7(+)).
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5 NON-UTILITARIAN PLANNER AND NON-LINEAR TAXES

The associated maximization problem is

max NVe + |1 — w@)|u(A+ 2
S u0)Ve o+ [1= u)]u(4+ 2)

st. n(0)E [exp (-%) (“[A Tt = T(“’W”) {vi - w(Yl)}} >k — 7,

X

E [omp (-2 (MAE 0D D))

X

where the fiscal policy satisfies the government budget constraint: p ()75 — 07,

[1— p(0)]=

Then a competitive equilibrium allocation is given by ((Z, 7, 7(+)), (0, Vig, Ve, (), \, 7)) which

satisfies

Ui\ (uld+ () - sea]y]

o (5 .
U = |exp <_%) (4500 = HEONY 1y _ g1,
U(é)f/ :k‘_ﬁn

sy 1) p0) Vi

A6 ) Ve

1= #ay) = L TEE i) 44

(71)
(72)

(73)

(74)

(75)

(76)

(77)

The following proposition describes how to set the fiscal policy in order to implement a given

constrained efficient allocation.

Proposition 4. Let a constrained efficient allocation, (=*, T*, 0%, v5, Vi, Vi, C*, X*), be given. Define

(2, 7w, T(+)) by the following equations:

[V (A+w—7(w)) = 5],

where

' (0%) n(0%) {7U — g WA+ 2%)
W W(A+z)

—(T*+z*)}.

(78)
(79)
80)

€39)

Then there exists a competitive equilibrium (4, V, ©, U) such that V = {V;}, 7({V;z}) = 6%, 0(V;) = 6*.
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6 Conclusion

In this paper, I consider an optimal taxation problem in a model with labor search and moral
hazard. Workers and firms are matched through a directed search process. Moral hazard arises
from the assumption that effort of workers is unobservable to their employers. The (constrained)
efficient allocation is defined for two kinds of social welfare functions, one “utilitarian” and the
other “non-utilitarian.” The utilitarian welfare function is given by a weighted average of (ex-ante)
expected utilities of individuals. In the non-utilitarian case, the level of social welfare depends
on ex-post distribution of consumption, in addition to expected utilities. I show that in the
utilitarian case, the constrained efficient allocation is implemented by a combination of lump-sum
taxes on income, subsidies for vacancy creation, and subsidies for the unemployed. In the non-
utilitarian case, the constrained efficient allocation implemented similarly, with the exception

that income taxes must be a non-linear function.
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