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Abstract

Since McCallum (1987), it has been well known that in an overlapping

generations (OLG) economy with land, the equilibrium is Pareto efficient

because with balanced growth, the interest rate exceeds the growth rate

(R > G), precluding infinite debt rollover (a Ponzi scheme). We show

that, once we remove knife-edge restrictions on the production function and

allow unbalanced growth, under some conditions an efficient equilibrium

with land bubbles necessarily emerges and infinite debt rollover becomes

possible, a markedly different insight from the conventional view derived

from the Diamond (1965) landless economy. We also examine the possibility

of Pareto inefficient equilibria.

Keywords: infinite debt rollover, land, necessity of land bubble, Pareto

(in)efficiency, Ponzi scheme, unbalanced growth.

JEL codes: D53, D61, E60, G12.

1 Introduction

In recent years, there has been a heated debate in academic and policy circles

about the sustainability of public debt, in particular, the possibility of infinite

debt rollover (Ponzi scheme) in a low interest rate environment (Blanchard, 2019;

Mian et al., 2022; Ball and Mankiw, 2023; Kocherlakota, 2023; Bloise and Vailakis,

2024; Abel and Panageas, 2025). The theoretical basis for such arguments is the
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influential paper by Diamond (1965). He considers an overlapping generations

(OLG) economy with capital and labor and shows that, under certain conditions,

the oversaving problem (R < G, where R is the interest rate and G is the eco-

nomic growth rate) can arise, leading to Pareto inefficient equilibria. In such

circumstances, the perpetual rollover of public debt may eliminate the inefficient

equilibrium, thereby restoring Pareto efficiency.

However, these recent papers and the policy debate miss a critical point raised

a long time ago by McCallum (1987) and Homburg (1991) that in an OLG econ-

omy with a productive, non-reproducible, and non-depreciating asset like land,

such inefficiencies with R < G cannot arise in the first place. Land resolves the

oversaving problem and makes the equilibrium Pareto efficient with R > G, im-

plying that the presence of land dramatically changes the condition of R versus

G. The intuition is that, along a balanced growth path, the land price and rent

grow at the same rate as the output, which necessarily makes the rate of return

(interest rate) higher than the growth rate of the economy (R > G).1 In fact, an

even earlier paper by Nichols (1970) states:

Because the price of land must increase proportionately at the growth

rate of output while the rental yield is also positive, the rate of return

on land must exceed the growth rate. [. . . ] Oversaving or inefficient

accumulation of excess capital in the sense of Phelps is shown to be

impossible. (p. 339)

If this view is correct, the debate on infinite debt rollover would be moot in the

real world where land is present, because R > G would preclude such a Ponzi

scheme.

The purpose of this paper is to study the efficiency properties of an OLG econ-

omy with land and examine whether sustainable infinite debt rollover is possible or

not in the first place. We draw three messages from our analyses. (i) One cannot

ignore the presence of land in analyzing infinite debt rollover: the mere existence

of land fundamentally changes the economic conditions under which sustainable

infinite debt rollover is possible and produces a markedly different insight from the

conventional view derived from the Diamond (1965) landless economy. That is, if

the land economy falls into a sufficiently low interest rate environment, land price

bubbles necessarily emerge in equilibrium, which is Pareto efficient. Contrary to

common understanding, despite Pareto efficiency, infinite debt rollover becomes

1This is not limited to OLG models with land: the same intuition applies to models with
infinitely-lived agents, i.e., R > G holds on a balanced growth path. Otherwise, land prices
would be infinite, which cannot be an equilibrium.
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possible. (ii) Contrary to McCallum (1987)’s claim, even in an OLG model with

land, a Pareto inefficient equilibrium may exist. In addition, a Pareto efficient

equilibrium can exist in which land price bubbles arise. (iii) In a land economy,

the dynamic path with infinite debt rollover requires unbalanced growth, with the

productivities of different production factors growing at different rates. This is

because R > G necessarily holds with balanced growth in a land economy, which

precludes infinite debt rollover.

We derive these findings with the simplest possible two-period overlapping

generations model. The only departure from the standard models such as Samuel-

son (1958) and Diamond (1965) is the introduction of land—a productive, non-

reproducible, and non-depreciating asset. In each period, agents arrive and live for

two periods (young and old age). Agents are endowed with consumption goods

when young and old, which captures relative income levels over the life cycle.

There is a fixed supply of land, which produces some output but also serves as a

means of saving. There is no aggregate uncertainty. This is all that is required to

obtain our main results. Even in this simplest setting, the mere existence of land

yields a markedly different insight. That is, under certain conditions concerning

the relative income levels, the interest rate becomes sufficiently low. Once the

economy falls into such a situation, the only possible equilibrium is one featur-

ing land price bubbles. In other words, in an environment with a sufficiently low

interest rate, land price bubbles are necessary for the existence of equilibrium,

and Pareto efficiency is simultaneously achieved. Despite Pareto efficiency, this

situation makes infinite debt rollover possible. We can obtain this insight only by

considering the existence of land. We establish this result as Theorem 1, with an

example in Proposition 3.1 where labor and land are inputs for production and

the production function takes the constant elasticity of substitution (CES) form.

Moreover, we study the possibility of a Pareto inefficient equilibrium in an

OLG economy with land and show that McCallum (1987)’s result also requires

revision. To illustrate this point, we employ the CES production function and

assume that the growth rate of labor productivity (which includes the population

growth rate) is higher than that of land productivity. We also assume that the

elasticity of substitution between land and non-land factors is greater than one,

which is empirically supported (Footnote 7). In this case, under certain conditions

on relative income levels in the young and old ages, interest rates will not fall

enough to generate the inevitable emergence of land bubbles but enough so that

R < G. More precisely, while the land price grows at the same rate as land rents,

aggregate endowments grow faster. As a result, in the long run, the land price
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becomes negligible relative to aggregate endowments, so the long-run equilibrium

asymptotically behaves like a landless economy as if no trade in land takes place.

If the economy falls into such a circumstance, the long-run interest rate falls below

the economic growth rate (R < G). In addition to such an inefficient equilibrium,

there can also exist a Pareto efficient equilibrium in which land bubbles occur.

Again, despite Pareto efficiency, infinite debt rollover is possible. We derive these

insights in such a way that goes beyond McCallum (1987), whose analysis turns

out to be a knife-edge case of the elasticity of substitution being just equal to one

and/or of equal productivity growth rates across different production factors, e.g.,

in our model, labor and land have the same productivity growth rate.

Our results not only challenge the conventional wisdom on sustainable infinite

debt rollover but also have important implications for its macro-theory construc-

tion. Unlike the standard analysis of infinite debt rollover in a landless econ-

omy, which typically entails balanced growth, the dynamic path with infinite debt

rollover in a land economy entails unbalanced growth. Put simply, as long as there

is land, which is always the case in reality, and the standard no-arbitrage condi-

tion holds, the rate of return on government bonds (the safe interest rate) equals

the rate of return on holding land. We obtain R > G on a balanced growth path,

regardless of whether the model features overlapping generations or infinitely-lived

agents. If R > G, by model construction, infinite debt rollover is impossible, even

if in the corresponding landless economy, R < G holds and a Ponzi scheme appears

to be possible along a balanced growth path: the mere presence of land breaks the

result. Therefore, we cannot ignore the existence of land in the analysis of infinite

debt rollover, and we should be careful in deriving policy implications of infinite

debt rollover in a model without land. Of course, it should be noted that incorpo-

rating various realistic factors may make R < G possible under balanced growth,

even in models with land. However, in such cases, as well as the fact that the key

characteristics of land raised by McCallum (1987) and Homburg (1991) are vio-

lated, the conditions for indefinite rollover of government bonds would no longer

be reduced to a simple relationship of G versus R in the first place. Depending on

the types of friction/market segmentation, the conditions would change accord-

ingly. This suggests that linking the rollover of government bonds to G versus R

in a model without land would not provide a coherent theoretical framework.
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2 Endowment economy

We start the discussion with an overlapping generations endowment economy with

land.

2.1 Model

We consider a standard two-period overlapping generations (OLG) model without

uncertainty. The only departure from Samuelson (1958) and Diamond (1965)

is the introduction of land, which is a productive, non-reproducible, and non-

depreciating asset. Time is denoted by t = 0, 1, . . . .

Demography, preferences, and endowments At time t, a mass Nt > 0 of

new agents are born, who live for two dates. In addition, at t = 0 there is a mass

N−1 of initial old agents.2 The utility function of generation t ≥ 0 is denoted by

Ut(c
y
t , c

o
t+1), where cyt and cot denote the consumption of young and old at time

t. We assume Ut : R2
++ → R is continuously differentiable, quasi-concave, has

positive partial derivatives, and satisfies the Inada condition. The initial old care

only about their consumption co0. At time t, each young and old are endowed

with eyt > 0 and eot ≥ 0 units of the consumption good, which capture the relative

income levels over the life cycle.

Asset There is a unit supply of land, which pays exogenous dividend (rent)

rt ≥ 0 at time t in units of the consumption good. Let Pt be the (endogenous)

ex-dividend land price at time t. We assume rt > 0 infinitely often so that Pt > 0

for all t. At t = 0, land is initially owned by the old.

Equilibrium Generation t maximizes the utility Ut(c
y
t , c

o
t+1) subject to the bud-

get constraints

Young: cyt + Ptxt = eyt , (2.1a)

Old: cot+1 = eot+1 + (Pt+1 + rt+1)xt, (2.1b)

where xt denotes land holdings. A rational expectations equilibrium consists of a

sequence {(Pt, c
y
t , c

o
t , xt)}∞t=0 such that (i) (cyt , c

o
t+1, xt) solves the utility maximiza-

2Diamond (1965) and Tirole (1985) assume exogenous population growth, while fixing the per
capita labor supply (corresponding to endowment here) constant. Hirano and Toda (2025a,c)
assume exogenous endowment or technology growth, while fixing the population constant. Our
setting subsumes both cases.
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tion problem and (ii) the commodity and land markets clear, so

Ntc
y
t +Nt−1c

o
t = Nte

y
t +Nt−1e

o
t + rt, (2.2a)

Ntxt = 1. (2.2b)

Under the maintained assumptions, an equilibrium always exists.3 Using the

budget constraints (2.1) to eliminate cyt , c
o
t+1 from the utility function, the indi-

vidual optimization reduces to maximizing

Ut(e
y
t − Ptxt, e

o
t+1 + (Pt+1 + rt+1)xt)

over land holdings xt. The first-order condition for optimality is

−Ut,1(yt, zt+1)Pt + Ut,2(yt, zt+1)(Pt+1 + rt+1) = 0, (2.3)

where the subscripts 1, 2 denote partial derivatives with respect to the first and

second arguments, and we write (cyt , c
o
t+1) = (yt, zt+1) to simplify the notation. In

equilibrium, the land market clearing condition (2.2b) implies xt = 1/Nt, so

(yt, zt+1) := (eyt − Pt/Nt, e
o
t+1 + (Pt+1 + rt+1)/Nt). (2.4)

2.2 Inevitable emergence of land bubbles

In this section, we provide economic conditions under which land price bubbles

inevitably emerge in equilibrium.

From the first-order condition (2.3), we obtain the gross risk-free rate between

time t and t+ 1 as

Rt :=
Pt+1 + rt+1

Pt

=
Ut,1

Ut,2

(yt, zt+1). (2.5)

Let qt > 0 be the date-0 price (Arrow-Debreu price) of the date-t good defined by

q0 = 1 and qt = 1/
∏t−1

s=0Rs for t ≥ 1. We define the fundamental value of land at

time t by the present value of dividends

Vt :=
1

qt

∞∑
s=t+1

qsrs. (2.6)

Appendix A shows that either Pt = Vt for all t or Pt > Vt for all t. If Pt = Vt

3See, for example, Balasko and Shell (1980, Proposition 3.10) without the asset and Hirano
and Toda (2025a, Theorem 1) with the asset. These papers assume a constant population, but
it is straightforward to adapt the proof for an arbitrary population.
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for all t, there is no land bubble and we say that the equilibrium is fundamental

or bubbleless ; if Pt > Vt for all t, there is a land bubble and we say that the

equilibrium is bubbly.

Among bubbly equilibria, it is of interest to focus on those in which the land

bubble does not vanish in the long run. To make this statement precise, let {at}
be a positive sequence such that

0 < lim inf
t→∞

Nte
y
t +Nt−1e

o
t + rt

at
≤ lim sup

t→∞

Nte
y
t +Nt−1e

o
t + rt

at
< ∞, (2.7)

that is, the ratio of the aggregate resourcesNte
y
t+Nt−1e

o
t+rt to at remains bounded

above and bounded away from zero. There is no shortage of such sequences, for

instance at = Nte
y
t +Nt−1e

o
t +rt. With such a sequence, we say that a bubbly equi-

librium is asymptotically bubbly if the detrended asset price is bounded away from

zero, or lim inft→∞ Pt/at > 0 (Hirano and Toda, 2025a, Definition 2). Clearly, the

notion of asymptotically bubbly equilibrium does not depend on the choice of the

sequence {at} as long as it satisfies (2.7). When all equilibria are asymptotically

bubbly, we say “necessity of bubbles”, implying that the emergence of bubbles is

inevitable (Hirano and Toda, 2025a).

To illustrate the inevitable emergence of land price bubbles in the OLG model

with land, we introduce several assumptions.

Assumption 1. The utility function Ut(c
y, co) = U(cy, co) does not depend on

time, has positive partial derivatives, and is differentiably strictly quasi-concave.

Furthermore, c ≫ 0 and U(c′) = U(c) implies c′ ≫ 0, i.e., indifference curves do

not touch the boundary of R2
+.

The utility function being “differentiably strictly quasi-concave” means that

indifference curves are strictly convex (see Appendix B). We next assume popula-

tion grows at a constant rate and per capita endowments converge.

Assumption 2. Population satisfies Nt = Gt for some G > 0. Endowments

satisfy limt→∞(eyt , e
o
t ) = (ey, eo) for some ey, eo ≥ 0.

The following theorem shows that if the dividend growth rate exceeds the

natural interest rate but is below the economic growth rate, then land price bubbles

necessarily emerge and the economy is Pareto efficient.

Theorem 1. If Assumptions 1, 2 hold, ey > 0, and

R :=
U1

U2

(ey, eo) < Gr := lim sup
t→∞

r
1/t
t < G, (2.8)
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then all equilibria are asymptotically bubbly (lim inft→∞ Pt/G
t > 0) and Pareto

efficient.

In Theorem 1, the necessity of land bubbles directly follows from the Bubble

Necessity Theorem of Hirano and Toda (2025a). If the land price Pt does not

grow at the same rate as the economy, then noting that Nt = Gt, individual

savings Pt/Nt = Pt/G
t converges to zero. Then individual consumption (2.4)

converges to the long-run endowment (ey, eo), and hence the gross risk-free rate

(2.5) converges to the natural interest rate R = (U1/U2)(e
y, eo) in (2.8). But by

assumption R < Gr, so the present value of dividends (the fundamental value of

land) is infinite, which is impossible. Intuitively, without a land bubble, interest

rates become excessively low and lower than the dividend growth rate; under such

conditions, land prices would become infinite, which cannot happen in equilibrium.

In other words, under (2.8), the emergence of land price bubbles is necessary for

equilibrium existence.4

The interesting and novel part of Theorem 1 is Pareto efficiency. It is well

known in OLG models with low natural interest rates like Samuelson (1958) and

Tirole (1985) that the introduction of money (a pure bubble asset without divi-

dends) can restore efficiency. While Theorem 1 somewhat resembles these earlier

contributions, it is substantially different. What the earlier literature shows is

that the introduction of a pure bubble asset can make the equilibrium efficient:

it does not rule out inefficient equilibria (e.g., autarky), so bubbles and efficiency

are a possibility. In contrast, Theorem 1 shows that in the presence of land with

dividend growth rate exceeding the natural interest rate, all equilibria must be

asymptotically bubbly and efficient: bubbles and efficiency are a necessity.

2.3 Bubble necessity and infinite debt rollover

So far, we have considered an economy with a single long-lived asset, i.e., land.

This is without loss of generality, because in deterministic economies, by the ab-

sence of arbitrage, the rate of return on all assets must be equalized, so we can

aggregate the market capitalization of all assets into just one and treat the econ-

omy as if there were a single asset. Hence, it is straightforward to extend the

model to include multiple assets, in which case aggregate bubbles attached to

multiple assets emerge as the equilibrium outcome and the claims in Theorem 1

stand without change.

4Note that Theorem 1 does not imply the uniqueness of equilibrium; it merely claims that
all equilibria of the economy satisfy the stated conditions.
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We now explicitly introduce public debt and consider the case where the fiscal

authority rolls it over indefinitely by issuing new bonds and redeeming existing

bonds every period. Theorem 1 implies that such a Ponzi scheme is possible. The

following corollary clarifies this point.

Corollary 2. Let {(Pt, c
y
t , c

o
t , xt)}∞t=0 be an equilibrium of the economy E in Theo-

rem 1 and let Rt = (Pt+1+ rt+1)/Pt be the corresponding equilibrium interest rate.

Let θ ∈ (0, 1] and Bt := θ(Pt − Vt) > 0, where Vt is the fundamental value of land

(2.6), and let Ẽ be an economy in which the fiscal authority issues debt Bt at time

t. If for all t we let

P̃t := Vt + (1− θ)(Pt − Vt),

(c̃yt , c̃
o
t+1) := (cyt , c

o
t+1),

x̃t := xt = 1/Nt,

and c̃o := co0 − B0/N−1, then
{
(P̃t, c̃

y
t , c̃

o
t , x̃t, Bt)

}∞

t=0
is an equilibrium of Ẽ and

infinite debt rollover is possible: Bt+1 = RtBt for all t.

Proof. The proof is immediate from Theorem 1, so we only provide a sketch. By

(2.5) and the definitions of the date-0 price qt and the fundamental value (2.6),

both Pt and Vt satisfy the same no-arbitrage condition

Pt =
1

Rt

(Pt+1 + rt+1),

Vt =
1

Rt

(Vt+1 + rt+1).

Taking the difference and using the definition of Bt, we obtain Bt = Bt+1/Rt.

Hence infinite debt rollover is possible if this is an equilibrium. Clearly, P̃t satisfies

P̃t + Bt = Pt and P̃t = (P̃t+1 + rt+1)/Rt. Therefore, under the interest rate Rt,

generation t ≥ 0 optimally demands the entire asset P̃t and the public debt Bt,

resulting in the same consumption (cyt , c
o
t+1) as in E . Only the consumption of the

initial old needs to be modified to account for the issuance of initial public debt

B0.

The intuition for Corollary 2 is straightforward. In any bubbly equilibrium,

the bubble component of the asset must grow at the rate of interest. Thus, we

can arbitrarily divide the sequence of bubbles proportionally in two parts, call one

part public debt, and we can construct an observationally equivalent equilibrium.

If the equilibrium is asymptotically bubbly as in Theorem 1, then the bubble
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does not vanish relative to the economy and the fiscal authority is able to sustain

deficits indefinitely by rolling over debt.

The insight derived from Theorem 1 and Corollary 2 is markedly different from

the conventional view derived from Diamond (1965) and the large subsequent

literature. The conventional approach considers a hypothetical world in which

land does not exist. In such an economy, equilibrium usually exists, regardless

of the level of interest rates; if interest rates become sufficiently low and lower

than the growth rate of the economy, a Pareto inefficient equilibrium may arise,

in which case infinite debt rollover is possible. Since Diamond (1965), this has

been the standard argument: it is often claimed that the existence of a Pareto

inefficient equilibrium and the possibility of infinite debt rollover are two sides of

the same coin. However, the mere existence of land fundamentally changes this

view. That is to say, when there is land, which is always the case in reality, if

interest rates become sufficiently low and lower than the dividend growth rate,

there is no equilibrium without a land price bubble in the first place. The land

bubble inevitably emerges, which achieves Pareto efficiency (Theorem 1). Pareto

inefficient equilibria do not exist, so dynamic inefficiency is irrelevant to whether

infinite debt rollover is possible or not. Rather, despite Pareto efficiency, it is

precisely the inevitable land bubble that makes infinite debt rollover possible.5

3 Production economy

We next present a production economy where Theorem 1 and Corollary 2 hold.

The modern economy is transitioning towards a knowledge-based economy where

human capital plays an important role for economic growth. Taking this into

account, we consider a simple production economy where human capital (labor)

is the engine for economic growth.6

5The same applies to monetary (pure bubble) models. Conventionally, monetary (pure bub-
ble) equilibria exist if and only if the economy has a Pareto inefficient equilibrium in the money-
less economy, i.e., R < G. A representative paper is Tirole (1985), and the subsequent large lit-
erature builds on the same argument (see Hirano and Toda (2024) for developments in monetary
(pure bubble) models). In contrast, in a land economy in which a land price bubble inevitably
emerges, the existence of a Pareto inefficient equilibrium is irrelevant for the emergence of land
price bubbles.

6We abstract from capital, as it is not essential for our main results and complicates the
analysis by increasing the dimension of the dynamical system. See Hirano, Jinnai, and Toda
(2022), Hirano and Toda (2024, §6), and Hirano, Kishi, and Toda (2025) for macroeconomic
models with capital including intangible capital that show the inevitable emergence of asset
price bubbles.
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3.1 Model

As in §2, we consider a two-period OLG model. Per capita endowments of the

good are denoted by eyt , e
o
t ≥ 0. In addition, each agent is endowed with one unit

of labor only when young and earns the wage wt. The aggregate supply of land is

X = 1, which is initially owned by the old. We introduce eyt and eot to capture the

relative income levels over the life cycle. For instance, if eot = 0, the young have a

strong incentive to save to smooth consumption, which would lead to low interest

rates. If eot is large, the young have less incentive to save, so interest rates will be

higher. In the examples below, we characterize the equilibrium property with eyt

and eot together with other underlying parameters of the economy.

To simplify the analysis, we introduce parametric assumptions on preferences

and technology.

Assumption 3. The utility function U(cy, co) = u(cy) + βu(co) is additively sep-

arable, where β > 0 governs time preference and the period utility function u

exhibits constant relative risk aversion γ:

u(c) =


c1−γ

1−γ
if 0 < γ ̸= 1,

log c if γ = 1.
(3.1)

As we can see from §2, the CRRA assumption is not essential, but it is useful

to obtain closed-form solutions.

A representative firm produces the consumption good by using human capital

H and land X as inputs for production.

Assumption 4. The production function takes the constant elasticity of substitu-

tion (CES) form

F (H,X) =

A
(
αH1−1/σ + (1− α)X1−1/σ

) 1
1−1/σ if 0 < σ ̸= 1,

AHαX1−α if σ = 1,
(3.2)

where σ > 0 is the elasticity of substitution between labor and land and A > 0,

α ∈ (0, 1) are parameters.

The CES assumption is not essential: see Appendix C.2 for the general case.

Taking partial derivatives, the wage and rental rate are given by

w = FH(H,X) = A
(
αH1−1/σ + (1− α)X1−1/σ

) 1
σ−1 αH−1/σ, (3.3a)

r = FX(H,X) = A
(
αH1−1/σ + (1− α)X1−1/σ

) 1
σ−1 (1− α)X−1/σ. (3.3b)
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Following Hirano and Toda (2025c), assume σ > 1.7 As will become clear in

Proposition 3.1 and Corollary 3, in an OLG economy with land, σ > 1 is essential

for infinite debt rollover. We normalize land supply toX = 1 and setH = Nt = Gt

with G > 1: Nt now represents labor productivity including population growth.

Note that Gt corresponds to the relative productivity between labor and land.

Hence, G > 1 implies that labor productivity grows faster than land productivity,

which is natural.

It follows from (3.3), G > 1, and σ > 1 that the long-run behavior of wage and

rent are given by

wt = A
(
αG(1−1/σ)t + 1− α

) 1
σ−1 αG−t/σ ∼ Aα

σ
σ−1 =: w, (3.4a)

rt = A
(
αG(1−1/σ)t + 1− α

) 1
σ−1 (1− α) ∼ Aα

1
σ−1 (1− α)Gt/σ =: rGt/σ. (3.4b)

Using (3.4b), the asymptotic rent growth rate is

Gr := lim sup
t→∞

r
1/t
t = G1/σ. (3.5)

3.2 Bubble necessity and infinite debt rollover

Applying Theorem 1 and Corollary 2, we obtain the following proposition, with

the same intuition as Theorem 1.

Proposition 3.1. Suppose Assumptions 2–4 hold with G, σ > 1. Let w := Aα
σ

σ−1

and r := Aα
1

σ−1 (1− α). If

R :=
1

β

(
eo

ey + w

)γ

< G1/σ, (3.6)

then all equilibria are asymptotically bubbly and Pareto efficient. Furthermore,

infinite debt rollover is possible.

Proof. Immediate from Theorem 1 and (3.5).

As we can see from (3.6), the parameter space in which land price bubbles

inevitably emerge gets larger as the relative income of the old eo/(ey + w) gets

smaller. The intuition is that when the relative income of the old is small, the

7Hirano and Toda (2025c) cite Epple et al. (2010) and Ahlfeldt and McMillen (2018) for
empirical evidence that the elasticity of substitution between land and non-land factors for
producing real estate is greater than 1. The condition σ > 1 is also natural because the GDP
share of land-intensive industries have declined along with economic development (Hirano and
Toda, 2025c, Figs. 1, 2).
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young have a strong incentive to save to smooth consumption over the life cycle,

which suppresses the natural interest rate.

To illustrate Proposition 3.1, we present an example based on a closed-form

solution. To construct such an example, we start from the price sequence {Pt}
and reverse-engineer endowments {(eyt , eot )}. Let p > 0 and set Pt = pGt. Let

eot = eo be constant. Then the gross risk-free rate (2.5) reduces to

1

β
(zt+1/yt)

γ = G+
rt+1

p
G−t. (3.7)

Solving for yt and using the budget constraint yields

eyt = zt+1

[
β

(
G+

rt+1

p
G−t

)]−1/γ

− wt + p. (3.8)

Letting t → ∞, we obtain

eyt → ey := (eo +Gp)(βG)−1/γ − w + p, (3.9)

where we note that zt → eo+Gp by (2.4), G > 1, σ > 1, Pt = pGt, and rt ∼ rGt/σ

by (3.4b). Therefore, we may construct an equilibrium for large enough t if p

is sufficiently large. Furthermore, this equilibrium is asymptotically bubbly and

Pareto efficient, as the following proposition shows.

Proposition 3.2. Let everything be as in Proposition 3.1. For any p > 0, let

Pt = pGt and choose eo ≥ 0 so that the right-hand side of (3.9) is positive, or

eo > (βG)1/γ(w − p)−Gp. (3.10)

Then there exists t0 ≥ 0 such that eyt in (3.8) is positive for t ≥ t0. The sequence

{(wt, rt, Pt, c
y
t , c

o
t , xt)}∞t=t0

defined by (cyt , c
o
t+1) = (yt, zt+1) in (2.4) and xt = 1/Gt is

an equilibrium for the economy starting at t0 with endowment {(eyt , eo)}
∞
t=t0

, which

is asymptotically bubbly and Pareto efficient.

If in addition

eo <
(βG)1/γ +G

(G1−1/σ)1/γ − 1
p, (3.11)

then all equilibria are asymptotically bubbly and Pareto efficient.

Again, despite the achieving Pareto efficiency, the land bubble makes infinite

debt rollover possible, as Corollary 2 demonstrates. Note that by choosing p

13



sufficiently large, namely

p ≥ (βG)1/γ

(βG)1/γ +G
w,

the right-hand side of (3.10) becomes negative, so any eo ≥ 0 will satisfy (3.10).

The distinctive feature of a model with the inevitable emergence of land bub-

bles and infinite debt rollover is that the dynamics necessarily exhibits unbalanced

growth, i.e., given G > 1 and σ > 1, the productivity growth rates of labor and

land are different and hence wages and land rents grow at different rates. Sup-

pose, instead, that G = 1 or σ = 1. Then wages and land rents will grow at the

same rate, achieving balanced growth, where the wage-output and rent-output

ratios are positive and constant. Since R > G, we have Pt = Vt, the equilibrium

is Pareto efficient, and infinite debt rollover is impossible. The intuition is that,

if R > G but infinite debt rollover is possible, then debt grows faster than the

economy, which is not sustainable. We make this result the following proposition.

Proposition 3.3. Suppose Assumptions 2–4 hold. If (i) G = 1 or σ = 1 and

(ii) (eyt , e
o
t )/G

(α−1)t is constant, then there exists a unique balanced growth path

equilibrium. In this equilibrium, the interest rate exceeds the economic growth

rate, land prices reflect fundamentals, Pareto efficiency is achieved, and infinite

debt rollover is impossible.

Proposition 3.3 implies that in a land economy, there is a fundamental difficulty

in generating a Ponzi scheme with balanced growth. The standard analysis of

infinite debt rollover typically considers an economy without land and focuses on

a balanced growth path or a single dynamic path converging to it. However, as

McCallum (1987)’s analysis precisely demonstrates, once we consider land, we

necessarily obtain R > G on a balanced growth path, which makes infinite debt

rollover impossible. In other words, the mere introduction of land reverses the

relationship from R < G to R > G, even though in the landless economy R < G

could arise on a balanced growth path and a Ponzi scheme appears to be possible.

Therefore, in analyzing infinite debt rollover, one cannot ignore the presence of

land, and we should be careful in deriving policy implications of infinite debt

rollover, including quantitative analyses, in a model without land.

3.3 Pareto inefficient equilibrium

Proposition 3.1 states that, in a low interest rate environment (the endowment of

the old is sufficiently small so that (3.6) holds), land bubbles necessarily arise and

14



all equilibria are Pareto efficient. We next provide an example in which a Pareto

inefficient equilibrium may occur when this condition is not satisfied.8

To construct a Pareto inefficient equilibrium, we start from the price sequence

{Pt} and reverse-engineer endowments {(eyt , eot )}. Let p > 0 and set Pt = pGt/σ,

where σ > 1 is the elasticity of substitution in the CES production function (3.2).

Let eot = eo be constant. Then the gross risk-free rate (2.5) reduces to

1

β
(zt+1/yt)

γ = G1/σ

(
1 +

rt+1

p
G− t+1

σ

)
. (3.12)

Solving for yt and using the budget constraints yields

eyt = zt+1

[
βG1/σ

(
1 +

rt+1

p
G− t+1

σ

)]−1/γ

− wt + pG(1/σ−1)t. (3.13)

Letting t → ∞, we obtain

eyt → ey := eo
[
βG1/σ(1 + r/p)

]−1/γ − w, (3.14)

where we note that zt → eo by (2.4), G > 1, σ > 1, Pt = pGt/σ, and rt ∼ rGt/σ

by (3.4b). Therefore, we may construct an equilibrium for large enough t if eo

is sufficiently large. The following proposition makes this statement precise and

constructs Pareto efficient or inefficient equilibria.

Proposition 3.4. Let everything be as in Proposition 3.1. For any p > 0, let

Pt = pGt/σ. Choose eo > 0 so that the right-hand side of (3.14) is positive, or

eo > w
[
βG1/σ(1 + r/p)

]1/γ
. (3.15)

Then there exists t0 ≥ 0 such that eyt in (3.13) is positive for t ≥ t0. The

sequence {(wt, rt, Pt, c
y
t , c

o
t , xt)}∞t=t0

defined by (cyt , c
o
t+1) = (yt, zt+1) in (2.4) and

xt = 1/Gt is a fundamental equilibrium for the economy starting at t0 with en-

dowment {(eyt , eo)}
∞
t=t0

. Furthermore, the equilibrium is efficient if and only if

R := G1/σ

(
1 +

r

p

)
≥ G ⇐⇒ p ≤ r

G1−1/σ − 1
. (3.16)

The intuition for the condition eo satisfying (3.15) is that with eo large enough,

the young do not have a strong incentive to save because they expect a significant

8See also Abel et al. (1989) and Geerolf (2018), who empirically examine whether Pareto
inefficiency arises or not.
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income when old. Then interest rates will not become low enough to generate the

inevitable emergence of land bubbles, but they may fall enough so that R < G.

More precisely, under (3.15), with a labor productivity growth rate of G > 1 and

a CES production function with elasticity of substitution σ > 1, the wage (3.4a)

converges, and land rent (3.4b) and price grow at rate G1/σ. Since σ > 1 implies

G1/σ < G, the land price becomes negligible relative to aggregate endowments, so

the equilibrium asymptotically behaves like the landless economy as if no trade

in land takes place. Once the economy falls into such a circumstance, the long-

run interest rate falls below the economic growth rate, i.e., (3.16) fails to hold.

Therefore, even in an OLG model with land, a Pareto inefficient equilibrium with

R < G can arise,9 as in Samuelson (1958), Diamond (1965), and Tirole (1985).

Two remarks are in order. First, such a Pareto inefficient equilibrium may

arise in a nonstationary process characterized by unbalanced growth, but not in

a stationary state characterized by balanced growth like in ordinary OLG models

without land (Proposition 3.3). Second, as we discuss later in §4.1, the conclusion
of McCallum (1987) itself is correct in that the presence of land can achieve Pareto

efficiency, but his analysis turns out to be a knife-edge case.

4 Discussion

In this section, we first argue that McCallum (1987)’s conclusion itself is correct,

but the analysis turns out to be a knife-edge case. Then, we analyze from a more

general perspective and discuss the literature.

4.1 Comparison with McCallum (1987)

Concerning the possibility of a Pareto inefficient equilibrium in an OLG model

with land, McCallum (1987, p. 333) explicitly claims “in an economy with land—

a nonreproducible, nondepreciating, and productive asset—this possibility [Pareto

inefficiency] cannot obtain, for the real exchange value of land can and will be as

large as is needed to accommodate desired private saving at an efficient rate of

interest”. McCallum (1987, p. 333) focuses on an equilibrium with steady state

growth by stating “it is assumed that the economy (i.e., [production function] f

9Take large enough T , and for t ≥ T , tax the young by ϵ > 0, which generates a tax revenue of
Ntϵ = Gtϵ at time t. If we transfer this tax revenue to the old, each old receives Ntϵ/Nt−1 = Gϵ.
This transfer effectively lets the young save at the rate of return G, which exceeds the market
interest rate Rt (because Rt converges to R < G as t → ∞). Hence, the equilibrium is Pareto
inefficient. Also, when R < G, issuing and rolling over public debt infinitely may restore Pareto
efficiency if we set the initial bond price appropriately.
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and [utility function] u) is capable of attaining a unique steady state and that

its dynamics are such that this steady state will be approached as time passes”.

Moreover, McCallum (1987, Footnote 20) states that the conjectured steady state

growth condition holds if the production function is Cobb-Douglas.

As in McCallum (1987)’s analysis, consider the Cobb-Douglas production func-

tion with σ = 1 in (3.2). Then, as we have shown in Proposition 3.3, we have

R > G, Pt = Vt, and the equilibrium is Pareto efficient. Therefore, infinite debt

rollover is impossible. This result also holds if we assume that labor and land have

the same productivity growth rates (G = 1 in our setting). However, in either

case, it requires a knife-edge restriction. If we deviate from those knife-edge cases

and consider the case where labor productivity grows faster than land productiv-

ity and σ > 1, we obtain Proposition 3.4, i.e., a Pareto inefficient equilibrium can

arise.10

In the rest of this section, we revisit the analysis of McCallum (1987) from a

more general perspective. On p. 335, McCallum (1987) assumes that the labor

share (aggregate labor income divided by output) converges to a positive value

as the economy grows, which essentially restricts the production function to be

Cobb-Douglas. In fact, we have the following proposition.

Proposition 4.1. Let F (H,X) be a neoclassical production function and f(x) =

F (x, 1). Then the land share FX(H, 1)/F (H, 1) converges to 1−α ∈ (0, 1) as H →
∞ if and only if there exist a constant A > 0 and a function ε with limx→∞ ε(x) = 0

such that

f(x) = Axα exp

(∫ x

1

ε(t)

t
dt

)
. (4.1)

Proof. Since FX(x, 1) = f(x)− xf ′(x), the land share converges to 1− α ∈ (0, 1)

if and only if
tf ′(t)

f(t)
= α+ ε(t)

with ε(t) → 0 as t → ∞. Dividing both sides by t, integrating from t = 1 to t = x,

and taking the exponential, we obtain (4.1) with A = f(1).

Theorem 1.3.1 of Bingham et al. (1987) implies that the exponential part in

(4.1) is slowly varying, so Proposition 4.1 implies that the production function

must be essentially restricted to Cobb-Douglas with elasticity of substitution being

exactly equal to one, which is a knife-edge case.

10O’Connell and Zeldes (1988, Footnote 19) and Abel et al. (1989, Footnote 6) also cast doubt
on the robustness of McCallum (1987)’s claim. However, they did not prove the existence of a
Pareto inefficient equilibrium.
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The following proposition shows that we can recover McCallum (1987)’s result

without assuming the convergence of dynamic paths.11

Proposition 4.2. Let F (H,X) be a neoclassical production function, n = inft Nt,

and N = suptNt. If the endowment-output ratio (Nte
y
t + Nt−1e

o
t )/F (Nt, 1) is

bounded above and the land share satisfies

inf
H∈[n,N ]

FX(H, 1)

F (H, 1)
> 0, (4.2)

then all equilibria are Pareto efficient and have no land bubble.

Applying l’Hôpital’s rule, any f(x) = F (x, 1) with limx→∞ f ′(x) = w > 0 (such

as the CES production function with elasticity of substitution σ > 1) satisfies

xf ′(x)/f(x) → 1 as x → ∞, and since

FH(x, 1)

F (x, 1)
=

f(x)− xf ′(x)

f(x)
= 1− xf ′(x)

f(x)
,

it violates (4.2). If we restrict F to be the CES production function (3.2), by

log-differentiating f(x) = F (x, 1), we obtain

xf ′(x)

f(x)
=

αx1−1/σ

αx1−1/σ + 1− α
.

Hence if 0 < n < N = ∞, (4.2) holds if and only if σ ≤ 1, which leads to the

following corollary.

Corollary 3. In an economy with land and economic growth, σ > 1 is necessary

for infinite debt rollover.

4.2 Related literature

The “land efficiency” result proposed by McCallum (1987) and Homburg (1991)

seems to be well known. However, the literature on infinite debt rollover, includ-

ing the recent papers we cited at the beginning of the introduction, has not given

sufficient attention to the result. In fact, none of those recent papers cite McCal-

lum (1987) or Homburg (1991). To our knowledge, our paper would be the first

11McCallum (1987) assumed eyt = eot = 0 and steady state growth to prove Pareto efficiency.
Homburg (1991, Theorem, p. 456) proves efficiency assuming eyt = eot = 0 and condition (4.2)
(which is Equation (8) of Homburg (1991)) by applying Proposition 5.3 of Balasko and Shell
(1980). Proposition 1 of Rhee (1991) is the same as Homburg (1991), which is acknowledged in
Footnote 3. Proposition 4.2 is more general than these results.
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to study the possibility of infinite debt rollover, i.e., a Ponzi scheme, in an OLG

economy with land.

Regarding the possibility of a Pareto inefficient equilibrium in an OLG model

with land, our paper is related to Rhee (1991), though there are three substantial

differences. First, Rhee (1991)’s main economic question is dynamic inefficiency

in an economy with land, which is indeed the title of his paper, not the possibility

of infinite debt rollover in an economy with land. Hence, he does not examine

whether infinite debt rollover is possible by incorporating public debt. Second,

Rhee (1991) never studies the case where land price bubbles inevitably emerge,

nor the possibility of infinite debt rollover under such circumstances. In other

words, our analyses in §2 and Proposition 3.1 in §3, which are the central results

in the present paper, are absent in Rhee (1991). Third, Rhee (1991)’s analysis

is limited to providing a counterexample to McCallum (1987) under high-level

assumptions: he directly makes an assumption (Assumption A) on the growth

rate on land rent (and endogenous object); he simply claims that the proofs of his

Propositions 2 and 3 are equivalent to Tirole (1985), which itself contains several

issues as recently pointed out by Pham and Toda (2026). In this sense, it would

be fair to say that Rhee (1991) made a good conjecture on the possibility of a

Pareto inefficient equilibrium. Our analysis in §3.3 provides a firmer footing for

his conjecture and makes the economic intuition clear for why a Pareto inefficient

equilibrium may arise.12

5 Conclusion

This paper has studied whether infinite debt rollover is possible in an OLG econ-

omy with land. We can draw three messages from our analyses.

Our central message is that one cannot ignore land in the analysis of infi-

nite debt rollover because its mere existence fundamentally changes the economic

condition under which infinite debt rollover is possible or not. Even if the circum-

stance of R < G arises and a Ponzi scheme appears to be feasible on a balanced

growth path in a landless economy, the relationship reverses from R < G to R > G

once we introduce land. More generally, when the condition R < G matters for

12Note that an equilibrium with land could be inefficient with property taxes (Kim and Lee,
1997; Hellwig, 2020) or transaction costs (Hellwig, 2022). However, these frictions effectively
make land a depreciating asset like physical capital (with depreciation rate corresponding to the
property tax rate) and change one of the key characteristics of land McCallum (1987) raises, i.e.,
non-depreciation. Our Proposition 3.4 provides an example of a Pareto inefficient equilibrium,
while keeping the key characteristics of land.
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the economic analysis, we need to be careful whether the model includes land or

not. Moreover, the existence of land fundamentally alters the conventional view

of infinite debt rollover. In a land economy, if the economy falls into a sufficiently

low interest rate environment, land price bubbles necessarily emerge as the equilib-

rium outcome, and Pareto efficiency is simultaneously achieved. Contrary to the

conventional wisdom, despite Pareto efficiency, infinite debt rollover is possible.

Our second message is that even in an OLG model with land, a Pareto ineffi-

cient equilibrium may arise. Furthermore, a Pareto efficient equilibrium with land

price bubbles can exist. Again, despite Pareto efficiency, infinite debt rollover is

possible. We have derived these results in such a way that goes beyond McCallum

(1987)’s analysis; his analysis is correct in that the presence of land can generate

R > G, Pareto efficiency, and Pt = Vt, but his analysis turns out to require a

knife-edge restriction.

Our third message is that in the economy with land, infinite debt rollover en-

tails unbalanced growth dynamics, where the productivities of different production

factors grow at different rates. The approach with unbalanced growth provides

a new perspective on macro-theory construction in the analysis of infinite debt

rollover.

References

Abel, A. B., N. G. Mankiw, L. H. Summers, and R. J. Zeckhauser (1989). “As-

sessing dynamic efficiency: Theory and evidence”. Review of Economic Studies

56.1, 1–19. doi: 10.2307/2297746.

Abel, A. B. and S. Panageas (2025). “Running primary deficits forever in a dy-

namically efficient economy: Feasibility and optimality”. Econometrica 93.5,

1601–1633. doi: 10.3982/ECTA22749.

Ahlfeldt, G. M. and D. P. McMillen (2018). “Tall buildings and land values: Height

and construction cost elasticities in Chicago, 1870–2010”. Review of Economics

and Statistics 100.5, 861–875. doi: 10.1162/rest_a_00734.

Balasko, Y. and K. Shell (1980). “The overlapping-generations model, I: The case

of pure exchange without money”. Journal of Economic Theory 23.3, 281–306.

doi: 10.1016/0022-0531(80)90013-7.

Ball, L. and N. G. Mankiw (2023). “Market power in neoclassical growth models”.

Review of Economic Studies 90.2, 572–596. doi: 10.1093/restud/rdac029.

20

https://doi.org/10.2307/2297746
https://doi.org/10.3982/ECTA22749
https://doi.org/10.1162/rest_a_00734
https://doi.org/10.1016/0022-0531(80)90013-7
https://doi.org/10.1093/restud/rdac029


Benveniste, L. M. (1976). “A complete characterization of efficiency for a general

capital accumulation model”. Journal of Economic Theory 12.2, 325–337. doi:

10.1016/0022-0531(76)90081-8.

Benveniste, L. M. (1986). “Pricing optimal distributions to overlapping gener-

ations: A corollary to efficiency pricing”. Review of Economic Studies 53.2,

301–306. doi: 10.2307/2297654.

Bingham, N. H., C. M. Goldie, and J. L. Teugels (1987). Regular Variation.

Vol. 27. Encyclopedia of Mathematics and Its Applications. Cambridge Uni-

versity Press. doi: 10.1017/CBO9780511721434.

Blanchard, O. (2019). “Public debt and low interest rates”. American Economic

Review 109.4, 1197–1229. doi: 10.1257/aer.109.4.1197.

Bloise, G. and Y. Vailakis (2024). “Sovereign debt crises and low interest rates”.

Journal of International Economics 150, 103893. doi: 10.1016/j.jinteco.

2024.103893.

Cass, D. (1972). “On capital overaccumulation in the aggregative, neoclassical

model of economic growth: A complete characterization”. Journal of Economic

Theory 4.2, 200–223. doi: 10.1016/0022-0531(72)90149-4.

Diamond, P. A. (1965). “National debt in a neoclassical growth model”. American

Economic Review 55.5, 1126–1150.

Epple, D., B. Gordon, and H. Sieg (2010). “A new approach to estimating the

production function for housing”. American Economic Review 100.3, 905–924.

doi: 10.1257/aer.100.3.905.

Geanakoplos, J. D. and H. M. Polemarchakis (1991). “Overlapping generations”.

In: Handbook of Mathematical Economics. Ed. by W. Hildenbrand and H.

Sonnenschein. Vol. 4. Elsevier. Chap. 35, 1899–1960. doi: 10.1016/S1573-

4382(05)80010-4.

Geerolf, F. (2018). “Reassessing dynamic inefficiency”. Unpublished manuscript.

url: https://fgeerolf.com/r-g.pdf.

Hellwig, M. F. (2020). “Property taxes and dynamic inefficiency: A correction of

a “correction””. Economics Letters 197, 109603. doi: 10.1016/j.econlet.

2020.109603.

Hellwig, M. F. (2022). “Dynamic inefficiency and fiscal interventions in an economy

with land and transaction costs”. German Economic Review 23.1, 21–60. doi:

10.1515/ger-2020-0110.

Hirano, T., R. Jinnai, and A. A. Toda (2022). “Leverage, endogenous unbalanced

growth, and asset price bubbles”. arXiv: 2211.13100 [econ.TH].

21

https://doi.org/10.1016/0022-0531(76)90081-8
https://doi.org/10.2307/2297654
https://doi.org/10.1017/CBO9780511721434
https://doi.org/10.1257/aer.109.4.1197
https://doi.org/10.1016/j.jinteco.2024.103893
https://doi.org/10.1016/j.jinteco.2024.103893
https://doi.org/10.1016/0022-0531(72)90149-4
https://doi.org/10.1257/aer.100.3.905
https://doi.org/10.1016/S1573-4382(05)80010-4
https://doi.org/10.1016/S1573-4382(05)80010-4
https://fgeerolf.com/r-g.pdf
https://doi.org/10.1016/j.econlet.2020.109603
https://doi.org/10.1016/j.econlet.2020.109603
https://doi.org/10.1515/ger-2020-0110
https://arxiv.org/abs/2211.13100


Hirano, T., K. Kishi, and A. A. Toda (2025). “Technological innovation and burst-

ing bubbles”. arXiv: 2501.08215 [econ.TH].

Hirano, T. and A. A. Toda (2024). “Bubble economics”. Journal of Mathematical

Economics 111, 102944. doi: 10.1016/j.jmateco.2024.102944.

Hirano, T. and A. A. Toda (2025a). “Bubble necessity theorem”. Journal of Po-

litical Economy 133.1, 111–145. doi: 10.1086/732528.

Hirano, T. and A. A. Toda (2025b). “Toward bubble clarity”. Econ Journal Watch

22.1, 1–17. url: https://econjwatch.org/1384.

Hirano, T. and A. A. Toda (2025c). “Unbalanced growth and land overvaluation”.

Proceedings of the National Academy of Sciences 122.14, e2423295122. doi:

10.1073/pnas.2423295122.

Homburg, S. (1991). “Interest and growth in an economy with land”. Canadian

Journal of Economics 24.2, 450–459. doi: 10.2307/135633.

Kim, K.-S. and J. Lee (1997). “Reexamination of dynamic efficiency with taxation

on land”. Economics Letters 57.2, 169–175. doi: 10.1016/S0165-1765(97)

00216-4.

Kocherlakota, N. R. (2023). “Infinite debt rollover in stochastic economies”. Econo-

metrica 91.5, 1629–1658. doi: 10.3982/ECTA21090.

McCallum, B. T. (1987). “The optimal inflation rate in an overlapping-generations

economy with land”. In: New Approaches to Monetary Economics. Ed. by

W. A. Barnett and K. Singleton. Cambridge University Press. Chap. 16, 325–

339. doi: 10.1017/CBO9780511759628.017.

Mian, A., L. Straub, and A. Sufi (2022). A Goldilocks Theory of Fiscal Deficits.

Tech. rep. 29707. National Bureau of Economic Research. doi: 10 . 3386 /

w29707.

Montrucchio, L. (2004). “Cass transversality condition and sequential asset bub-

bles”. Economic Theory 24.3, 645–663. doi: 10.1007/s00199-004-0502-8.

Nichols, D. A. (1970). “Land and economic growth”. American Economic Review

60.3, 332–340.

O’Connell, S. A. and S. P. Zeldes (1988). “Rational Ponzi games”. International

Economic Review 29.3, 431–450. doi: 10.2307/2526789.

Okuno, M. and I. Zilcha (1980). “On the efficiency of a competitive equilibrium in

infinite horizon monetary economies”. Review of Economic Studies 47.4, 797–

807. doi: 10.2307/2296945.

Pham, N.-S. and A. A. Toda (2026). “Rational bubbles on dividend-paying assets:

A comment on Tirole (1985)”. Econometrica. Conditionally accepted. arXiv:

2507.12477 [econ.TH].

22

https://arxiv.org/abs/2501.08215
https://doi.org/10.1016/j.jmateco.2024.102944
https://doi.org/10.1086/732528
https://econjwatch.org/1384
https://doi.org/10.1073/pnas.2423295122
https://doi.org/10.2307/135633
https://doi.org/10.1016/S0165-1765(97)00216-4
https://doi.org/10.1016/S0165-1765(97)00216-4
https://doi.org/10.3982/ECTA21090
https://doi.org/10.1017/CBO9780511759628.017
https://doi.org/10.3386/w29707
https://doi.org/10.3386/w29707
https://doi.org/10.1007/s00199-004-0502-8
https://doi.org/10.2307/2526789
https://doi.org/10.2307/2296945
https://arxiv.org/abs/2507.12477


Rhee, C. (1991). “Dynamic inefficiency in an economy with land”. Review of Eco-

nomic Studies 58.4, 791–797. doi: 10.2307/2297833.

Samuelson, P. A. (1958). “An exact consumption-loan model of interest with or

without the social contrivance of money”. Journal of Political Economy 66.6,

467–482. doi: 10.1086/258100.

Santos, M. S. and M. Woodford (1997). “Rational asset pricing bubbles”. Econo-

metrica 65.1, 19–57. doi: 10.2307/2171812.

Tirole, J. (1985). “Asset bubbles and overlapping generations”. Econometrica 53.6,

1499–1528. doi: 10.2307/1913232.

Toda, A. A. (2025). Essential Mathematics for Economics. Boca Raton, FL: CRC

Press. doi: 10.1201/9781032698953.

Villanacci, A., L. Carosi, P. Benevieri, and A. Battinelli (2002). Differential Topol-

ogy and General Equilibrium with Complete and Incomplete Markets. Boston:

Kluwer Academic Publishers. doi: 10.1007/978-1-4757-3619-9.

A Fundamental results on asset price bubbles

In this appendix, we review fundamental results on asset price bubbles (Santos

and Woodford, 1997; Hirano and Toda, 2024, 2025a,b).

Consider a deterministic infinite-horizon economy with time indexed by t =

0, 1, . . . . Let qt > 0 be the date-0 price (Arrow-Debreu price) of the date-t good

with normalization q0 = 1. Suppose an asset pays dividend Dt and trades at price

Pt > 0 at time t. The absence of arbitrage implies

qtPt = qt+1(Pt+1 +Dt+1).

Iterating over t, for any T > t we obtain

qtPt =
T∑

s=t+1

qsDs + qTPT . (A.1)

Since qt > 0, Pt ≥ 0, and Dt ≥ 0 for all t, the partial sum
{∑T

s=t+1 qsDs

}
is

increasing in T and bounded above by qtPt, so it is convergent. Therefore, letting

T → ∞ in (A.1) and dividing both sides by qt > 0, we obtain

Pt =
1

qt

∞∑
s=t+1

qsDs +
1

qt
lim
T→∞

qTPT . (A.2)
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Comparing (A.2) and the fundamental value Vt in (2.6), we have Pt ≥ Vt for all

t. We say that the asset price contains a bubble at time t if Pt > Vt, or in other

words, the asset price Pt exceeds its fundamental value Vt defined by the present

value of dividends. Note that Pt = Vt for all t if and only if

lim
T→∞

qTPT = 0. (A.3)

We refer to (A.3) as the no-bubble condition.

The following Bubble Characterization Lemma plays a fundamental role in

determining the existence of bubbles.

Lemma A.1 (Bubble Characterization, Montrucchio, 2004, Proposition 7). In

any equilibrium, the asset price exhibits a bubble if and only if

∞∑
t=0

Dt

Pt

< ∞. (A.4)

See Hirano and Toda (2025a, Lemma 1) for a simple proof of Lemma A.1.

Lemma A.1 states that a bubble emerges if and only if the price-dividend ratio

Pt/Dt grows sufficiently fast.

B Fundamental results on Pareto efficiency

In this appendix, we review fundamental results that characterize Pareto efficiency

in infinite-horizon economies.

Consider an infinite-horizon economy with time indexed by t = 0, 1, . . . and

agents indexed by i ∈ I, where I is either a finite or countably infinite set. To

ease the burden of notation, suppose that there is no uncertainty and let qt > 0 be

the Arrow-Debreu price (with normalization q0 = 1), although this assumption is

inessential. Let q = (qt)
∞
t=0 be the price vector, Pt the asset price, and D = (Dt)

∞
t=0

the dividend stream. Let ei = (eit)
∞
t=0 be the endowment vector of agent i and

xi0 be the endowment of the asset, where we normalize
∑

i∈I xi0 = 1. Agent

i has a locally nonsatiated utility function Ui over consumption ci = (cit)
∞
t=0.

A competitive equilibrium consists of state prices q, initial asset price Pt, and

consumption allocation (ci) such that ci maximizes utility Ui subject to the date-0

budget constraint q·ci ≤ q·ei+(P0+D0)xi0 and markets clear, so
∑

i ci =
∑

i ei+D.

The following result is an adaptation of the bubble impossibility result of San-

tos and Woodford (1997) (see also Hirano and Toda (2024, §3.4)) and the standard
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proof of the first welfare theorem.

Proposition B.1. If in equilibrium the present value of aggregate endowment

q ·
∑

i ei is finite, then there is no bubble (the asset price P0 equals the present

value of dividends
∑∞

t=1 qtDt) and the allocation (ci) is Pareto efficient.

Proof. Since Ui is locally nonsatiated, the budget constraint holds with equality:

q · ci = q · ei + (P0 +D0)xi0.

Summing across i and noting that
∑

i xi0 = 1, we obtain

q ·
∑
i

ci = q ·
∑
i

ei + P0 +D0.

Using the market clearing condition
∑

i ci =
∑

i ei +D, we obtain

q ·

(∑
i

ei +D

)
= q ·

∑
i

ei + P0 +D0.

Noting that q0 = 1 and hence q0D0 = D0, we obtain

q ·
∑
i

ei +
∞∑
t=1

qtDt = q ·
∑
i

ei + P0.

Since q ·
∑

i ei < ∞, we have P0 =
∑∞

t=1 qtDt, so there is no bubble.

To show that (ci) is Pareto efficient, suppose to the contrary that there is a

feasible allocation (c′i) that Pareto dominates it. Then by the principle of revealed

preference, we have

q · c′i ≥ q · ei + (P0 +D0)xi0

for all i, with at least one strict inequality. Summing across i, we obtain

q ·
∑
i

c′i ≥ q ·
∑
i

ei + P0 +D0,

with strict inequality if q ·
∑

i c
′
i < ∞. But since (c′i) is feasible and the present

value of aggregate endowment is finite, it follows that

∞ > q ·

(∑
i

ei +D

)
> q ·

∑
i

ei + P0 +D0.

Canceling q ·
∑

i ei < ∞ from both sides and using P0 =
∑∞

t=1 qtDt, we get the
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contradiction 0 > 0.

In the context of the model in §2, we obtain the following corollary.

Corollary 4. Let qt be the date-0 price and {at} be as in (2.7). If
∑∞

t=0 qtat < ∞,

then the equilibrium is fundamental and Pareto efficient.

Proof. Condition (2.7) implies

∞∑
t=0

qtat < ∞ ⇐⇒
∞∑
t=0

qt(Nte
y
t +Nt−1e

o
t + rt) < ∞.

The rest of the proof is essentially the same as Proposition B.1 by letting the set of

agents be I = {−1, 0, . . .}, letting agent i = −1 be the initial old, agent i = t ≥ 0

be generation t, and accounting for population growth.

Proposition B.1 is often sufficient to establish the efficiency of an equilibrium

without bubbles. However, it is useless for studying bubbly equilibria that are

potentially efficient, because it rules out inefficiency and bubbles simultaneously.

For this purpose, we need more powerful tools.

In overlapping generations models, there is a well-known efficiency criterion

called the Cass criterion
∞∑
t=0

1

qt
= ∞, (B.1)

first introduced by Cass (1972) for the neoclassical growth model and adapted to

other settings by Benveniste (1976), Balasko and Shell (1980), Okuno and Zilcha

(1980), among others.

Let Ui be the utility function of agent i, which we assume to be strictly quasi-

concave. Let (ci) and (c′i) be two feasible allocations and di := c′i − ci be the

difference. If (c′i) Pareto dominates (ci), then by definition we have Ui(ci + di) =

Ui(c
′
i) ≥ Ui(ci) for all i with a strict inequality for at least one i. Since (ci) and (c′i)

are both feasible and Ui is strictly quasi-concave, for any ϵ ∈ (0, 1], the allocation

(ci + ϵdi) is feasible and Ui(ci + ϵdi) ≥ Ui(ci) for all i with a strict inequality for

at least one i. This argument shows that to find a Pareto improvement over (ci),

we may focus on feasible allocations that are arbitrarily close to (ci).

Let U : RL
++ → R be a general utility function, where L is the number of

commodities (L = 2 in the two-period OLG model with homogeneous goods). We

recall that U is called differentiably strictly increasing if it has positive partial

derivatives, i.e., ∇U(c) ≫ 0 for all c ∈ RL
++. Furthermore, if U is twice continu-

ously differentiable, we say that U is differentiably strictly quasi-concave if for all
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c ∈ RL
++ and 0 ̸= v ∈ RL, we have

⟨∇U(c), v⟩ = 0 =⇒
〈
v,∇2U(c)v

〉
< 0, (B.2)

where ⟨·, ·⟩ denotes the inner product in RL. Intuitively, differentiably strictly

quasi-concavity implies that upper contour sets are convex and their boundaries

are nowhere “flat”: see Villanacci et al. (2002, p. 14, Definition 29) and Toda

(2025, p. 155, Proposition 11.11(ii)).

In the two-good case, such utility functions imply that indifference curves are

downward sloping and have convex graphs (i.e., the second derivative is strictly

positive). To see why, write c = (y, z) and consider the indifference curve U(y, z) =

constant. Setting z = ϕ(y) and differentiating, we obtain

U1 + U2ϕ
′(y) = 0 ⇐⇒ ϕ′(y) = −U1

U2

< 0.

Differentiating once more, we obtain

U11 + 2U12ϕ
′(y) + U22(ϕ

′(y))2 + U2ϕ
′′(y) = 0

⇐⇒ ϕ′′(y) = −U11 − 2U12(U1/U2) + U22(U1/U2)
2

U2

= −⟨v,∇2Uv⟩
U2

> 0 (B.3)

for v = (1,−U1/U2) using (B.2).

We can show that if we can uniformly bound the “elasticity” of indifference

curves, then any equilibrium that satisfies the Cass criterion is Pareto efficient.

Proposition B.2. Consider the model of §2 with constant population (Nt = 1)

and bounded endowments (supt(e
y
t + eot + rt) < ∞). Suppose each utility function

Ut is twice continuously differentiable, differentiably strictly increasing, and dif-

ferentiably strictly quasi-concave. Let {(cyt , cot )}
∞
t=0 be an interior allocation such

that cyt + cot = eyt + eot + rt and qt be the corresponding date-0 price. Let z = ϕt(y)

be the indifference curve of generation t obtained by solving Ut(y, z) = Ut(c
y
t , c

o
t+1)

and suppose there exists µ > 0 such that the elasticity satisfies

−yϕ′′
t (y)

ϕ′
t(y)

> 2µ (B.4)

uniformly over t and y in a neighborhood of cyt . If the Cass criterion (B.1) holds,

then {(cyt , cot )}
∞
t=0 is Pareto efficient.

Proof. The proof is essentially the same as Theorem 3A of Okuno and Zilcha

(1980), which builds on Benveniste (1976).
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We prove the contrapositive. Suppose {(cyt , cot )}
∞
t=0 is Pareto inefficient and

let {(yt, zt)}∞t=0 be a feasible Pareto improvement. By the definition of ϕt and

applying Taylor’s theorem, we have

zt+1 ≥ ϕt(yt) = cot+1 + ϕ′
t(c

y
t )(yt − cyt ) +

1

2
ϕ′′
t (c

y
t + θ(yt − cyt ))(yt − cyt )

2

for some θ ∈ (0, 1). By an earlier remark, without loss of generality we may

assume that (yt, zt) is arbitrarily close to (cyt , c
o
t ). Hence using (B.4), we obtain

zt+1 ≥ cot+1 + ϕ′
t(c

y
t )(yt − cyt )−

ϕ′
t(c

y
t )

cyt
µ(yt − cyt )

2.

Individual optimality implies ϕ′
t(c

y
t ) = −qt/qt+1, so

qt(yt − cyt ) + qt+1(zt+1 − cot+1) ≥
µ

qtc
y
t

[qt(yt − cyt )]
2. (B.5)

Equation (B.5) corresponds to Equation (1) in Okuno and Zilcha (1980).13

Note that because generation t weakly prefers (yt, zt+1) to (c
y
t , c

o
t+1), by revealed

preference the left-hand side of (B.5) is nonnegative. The fact that indifference

curves have uniformly bounded elasticities implies that we can bound the left-hand

side from below by a quadratic term. Noting that endowments are bounded from

above, by redefining µ if necessary, we obtain

qt(yt − cyt ) + qt+1(zt+1 − cot+1) ≥
µ

qt
[qt(yt − cyt )]

2, (B.6)

i.e., we may drop cyt in the denominator of (B.5). Define (δt, ϵt) := (qt(yt −
cyt ), qt(zt − cot )). By feasibility, we have yt + zt ≤ eyt + eot + rt = cyt + czt , so

δt + ϵt ≤ 0. (B.7)

Since {(yt, zt)}∞t=0 Pareto improves over {(cyt , cot )}
∞
t=0, by revealed preference we

have ϵ0 ≥ 0 and

δt + ϵt+1 ≥ 0, (B.8)

13This equation contains a typographical error: p∗t (t)(ct − c∗t ) on the right-hand side should
be p∗t (t)(c

∗
t − ct).
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with at least one strict inequality. Combining these inequalities, we have

δt+1 − δt = (δt+1 + ϵt+1)− (δt + ϵt+1) ≤ 0,

ϵt+1 − ϵt = (δt + ϵt+1)− (δt + ϵt) ≥ 0,

so

δt ≤ · · · ≤ δ0 ≤ −ϵ0 ≤ 0 ≤ ϵ0 ≤ · · · ≤ ϵt. (B.9)

If ϵt = 0 for all t, then 0 ≥ δt = δt + ϵt+1 ≥ 0 for all t, which is a contradiction

to a Pareto improvement. Therefore ϵt > 0 for at least one t, and because {ϵt} is

monotone, we have ϵt > 0 for large enough t, say t ≥ t0. Similarly, δt ≤ −ϵt < 0

for t ≥ t0. Using (B.6) and −δt ≥ ϵt ≥ 0 from (B.7) and (B.9), we obtain

ϵt+1 ≥ −δt +
µ

qt
δ2t ≥ ϵt +

µ

qt
ϵ2t ,

which is positive for t ≥ t0. Let et := ϵt/qt = zt − cot > 0 for t ≥ t0. Then

qt+1et+1 ≥ qtet + µqte
2
t .

Taking the reciprocal yields

1

qt+1et+1

≤ 1

qtet(1 + µet)
=

1

qtet
− µ

1 + µet

1

qt
.

Noting that et = zt − cot is bounded from above (because aggregate endowment is

bounded), we can take e > 0 such that et ≤ e for all t. Therefore,

1

qt+1et+1

≤ 1

qtet
− µ

1 + µe

1

qt
.

Taking the sum from t = t0 to t = T , we obtain

µ

1 + µe

T∑
t=t0

1

qt
≤ 1

qt0et0
− 1

qT+1eT+1

≤ 1

qt0et0
.

Letting T → ∞, we obtain
∑∞

t=t0
(1/qt) < ∞, so the Cass criterion (B.1) fails.

Remark 1. The condition (B.4) can be easily satisfied in special settings. For in-

stance, it suffices that generations have identical preferences (ϕt does not depend

on t), the equilibrium allocation is uniformly bounded away from zero, and indif-

ference curves through the equilibrium allocation does not approach the boundary
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of R2
+ when restricted to feasible allocations. (See the proof of Theorem 1.) Okuno

and Zilcha (1980, p. 805) provide a counterexample to Proposition B.2 if condition

(B.4) is violated.

Remark 2. Although we assumed a two-period OLG model with a single commod-

ity in each period, this assumption is not essential. Benveniste (1986) explains how

we can obtain an analog of (B.5) in a general setting.

C Proofs

C.1 Proof of Theorem 1

To derive the Cass criterion for the model in §2 with arbitrary population, we

detrend the original economy (denoted E) and reduce to a hypothetical economy

(denoted Ẽ) with no population growth and bounded endowments. Let the se-

quence {at} satisfy (2.7). Define the endowment and consumption in Ẽ by

(ẽyt , ẽ
o
t ) := (Nte

y
t /at, Nt−1e

o
t/at),

(c̃yt , c̃
o
t ) := (Ntc

y
t /at, Nt−1c

o
t/at).

Dividing the resource constraint (2.2a) by at yields

c̃yt + c̃ot = ẽyt + ẽot + dt,

where dt := rt/at is detrended dividend. Eliminating (cyt , c
o
t+1) from the utility

function yields

Ut(c
y
t , c

o
t+1) = Ut((at/Nt)c̃

y
t , (at+1/Nt)c̃

o
t+1) =: Ũt(c̃

y
t , c̃

o
t+1).

Using (2.5), the gross risk-free rates in E and Ẽ are related as

R̃t :=
Ũt,1

Ũt,2

(c̃yt , c̃
o
t+1) =

at
at+1

Ut,1

Ut,2

(cyt , c
o
t+1) =

at
at+1

Rt.

Therefore, the date-0 prices are related as

q̃t :=
1

R̃0 · · · R̃t−1

=
at
a0

1

R0 · · ·Rt−1

=
at
a0

qt.
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Consequently, the Cass criterion (B.1) for Ẽ is equivalent to

∞∑
t=0

1

qtat
= ∞, (C.1)

which we refer to as the Cass criterion for E . See Geanakoplos and Polemarchakis

(1991, Theorems 5a, 5b) for condition (C.1).

With this definition, we can connect the Cass criterion (hence efficiency) to

asset price bubbles as follows.

Lemma C.1. Let qt be the date-0 price and {at} be as in (2.7). In any asymp-

totically bubbly equilibrium, the Cass criterion (C.1) holds.

Proof. Take any asymptotically bubbly equilibrium. By definition (see Appendix

A), limt→∞ qtPt > 0 exists and lim inft→∞ Pt/at > 0. Therefore

lim inf
t→∞

1

qtat
=

(
lim
t→∞

1

qtPt

)(
lim inf
t→∞

Pt

at

)
> 0,

so (C.1) holds.

While the Cass criterion is not sufficient for Pareto efficiency, it is almost so

(Proposition B.2). Thus, Lemma C.1 implies that asymptotically bubbly equilibria

are almost efficient.

Proof of Theorem 1. The claim that all equilibria are asymptotically bubbly fol-

lows from Hirano and Toda (2025a, Theorem 2). However, because population

grows but endowments converge in our setting, while population is constant but

endowments grow in Hirano and Toda (2025a), we provide a formal correspon-

dence.

Let Ẽ be an economy with constant population (mass 1) with endowment,

consumption, asset holdings, and utility

(ẽyt , ẽ
o
t+1) = (Gteyt , G

teot+1),

(c̃yt , c̃
o
t+1) = (Gtcyt , G

tcot+1),

x̃t = Gtxt,

Ũt(y, z) = U(y/Gt, z/Gt).

Multiplying the budget constraints (2.1) of the original economy E by Gt, we

obtain the budget constraints of Ẽ . Using Nt = Gt, the market clearing condition
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(2.2) for E is identical to that for Ẽ . By the definition of Ũt, we have

Ũt(c̃
y
t , c̃

o
t+1) = U(c̃yt /G

t, c̃ot+1/G
t) = U(cyt , c

o
t+1).

Since the utility maximization problems in E and Ẽ are equivalent, there is a

one-to-one correspondence between equilibria of E and Ẽ .
To prove that all equilibria of E are asymptotically bubbly, it suffices to prove

it for Ẽ . We verify the assumptions of Theorem 2 of Hirano and Toda (2025a)

(henceforth HT). By Assumption 1, Ũt is continuous, quasi-concave, continuously

differentiable, and has positive partial derivatives, so Assumption 1 of HT holds.

By Assumption 2, young’s endowment growth satisfies ẽyt+1/ẽ
y
t → G as t → ∞

and the endowment ratio satisfies ẽot/ẽ
y
t → eo/(Gey) ≥ 0, so Assumption 2 of

HT holds. The forward rate function (reciprocal of marginal rate of substitution)

satisfies

f̃t(y, z) :=
Ũt,1

Ũt,2

(Gty,Gtz) =
U1

U2

(y, z),

which is independent of t, so Assumption 3 of HT clearly holds.14 Condition (2.8)

corresponds to condition (20) of HT. Therefore, by Theorem 2 of HT, all equilibria

are asymptotically bubbly.

We next show the Pareto efficiency of the equilibrium. By Lemma C.1, the

Cass criterion (C.1) holds. Hence by Proposition B.2, it suffices to check the

elasticity condition (B.4). Let pt = Pt/G
t and dt = rt/G

t be the detrended asset

price and dividend. In equilibrium, the young holds 1/Nt = 1/Gt shares of the

asset, so pt equals savings. The consumption of generation t is therefore

(cyt , c
o
t+1) = (eyt − pt, e

o
t+1 +G(pt+1 + dt+1)).

By Assumption 2, we have (eyt , e
o
t ) → (ey, eo) and dt → 0. Since the equilibrium

is asymptotically bubbly, we can take p > 0 such that lim inft→∞ pt ≥ p. The

budget constraint of the young also implies lim supt→∞ pt ≤ ey. Now let the

young purchase half of the equilibrium asset holdings, which is obviously feasible

(and suboptimal). This trade will result in consumption

(eyt − pt/2, e
o
t+1 +G(pt+1 + dt+1)/2),

which is asymptotically bounded below by (ey/2, eo+Gp/2) ≫ 0. By Assumption

14In HT, at is young’s endowment, while we scale by Gt here, but the distinction is clearly
unimportant.
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1, indifference curves do not touch the boundary of R2
+. Since consumption is

bounded above, any Pareto improving allocation over (cyt , c
o
t+1) is contained in a

compact subset of R2
++. By minimizing the elasticity (the left-hand side of (B.4))

over this compact set, we obtain a strictly positive number, so condition (B.4)

holds.

C.2 General production function

Let F (H,X) be a general neoclassical production function. The elasticity of sub-

stitution is defined by the percentage change in relative inputs with respect to a

percentage change in relative price:

σ := −∂ log(H/X)

∂ log(w/r)
,

where w = FH and r = FX . Let h = log(H/X) and σ(h) be the elasticity of

substitution corresponding to h. Then

∂

∂h

w

r
= − 1

σ(h)
.

Integrating h0 to h and applying the intermediate value theorem for integrals, we

obtain

log
w

r
(h)− log

w

r
(h0) = − 1

σ((1− θ)h0 + θh)
(h− h0)

for some θ ∈ (0, 1). Suppressing the dependence of σ on h, we obtain

w

r
(h) =

w

r
(h0)(H/H0)

−1/σ, (C.2)

where we recall h = log(H/X) and h0 = log(H0/X). Therefore, if

w := lim
H→∞

FH(H, 1) = lim
H→∞

F (H, 1)

H
> 0,

it follows from (C.2) shows that

r = FX(H, 1) ∼ FX(H0, 1)(H/H0)
1/σ

for large H. Thus, if the elasticity of substitution is bounded away from 1 at high

input level H, then the rent r grows slower than the input H, which generalizes

the analysis in §3.1. For an analysis along these lines, see Hirano and Toda (2025c,

§3).
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C.3 Proof of Proposition 3.2

If (3.10) holds, then we have ey > 0 in (3.9). Therefore, there exists t0 ≥ 0

such that eyt > 0 for t ≥ t0. We then obtain an equilibrium starting at t0 by the

argument preceding Proposition 3.2. Since rt ∼ rGt/σ and Pt = pGt with σ > 1,

we have
∑∞

t=t0
rt/Pt < ∞. By Lemma A.1, the equilibrium is bubbly, and it is

asymptotically bubbly because Pt/G
t = p > 0. Pareto efficiency follows from

Lemma C.1 and Proposition B.2.

The natural interest rate in (3.6) is given by

R :=
1

β

(
eo

ey + w

)γ

=
1

β

(
eo

(eo +Gp)(βG)−1/γ + p

)γ

,

where we have used (3.9). Making R less than G1/σ and solving for eo, we obtain

(3.11). By Proposition 3.1, all equilibria are asymptotically bubbly and Pareto

efficient.

C.4 Proof of Proposition 3.3

Regardless of σ = 1 or G = 1, under the maintained assumptions, using (3.3),

there exist constants ey, eo ≥ 0 and w, r > 0 such that

(eyt , e
o
t , wt, rt) = (eyG(α−1)t, eoG(α−1)t, wG(α−1)t, rGαt).

In a balanced growth path equilibrium, we must have Pt = pGαt for some p > 0.

Using (2.4), the equilibrium consumption of generation t is

(yt, zt+1) = (ey + w − p, eoGα−1 + (p+ r)Gα)G(α−1)t.

Therefore, the gross risk-free rate (2.5) reduces to

R =
1

β

(
eoGα−1 + (p+ r)Gα

ey + w − p

)γ

=

(
1 +

r

p

)
Gα. (C.3)

Let

f(p) :=
1

β

(
eoGα−1 + (p+ r)Gα

ey + w − p

)γ

−
(
1 +

r

p

)
Gα.

Then f is continuous and strictly increasing in p. Since f(0) = −∞ and f(ey +

w) = ∞, by the intermediate value theorem, there exists a unique p ∈ (0, ey + w)

such that f(p) = 0. This p satisfies (C.3), so there exists a unique balanced growth

path equilibrium.
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In this equilibrium, by (C.3) we have R = (1+r/p)Gα > Gα, so the interest rate

exceeds the economic (output) growth rate and infinite debt rollover is impossible.

Setting qt = 1/Rt and at = Gαt in Corollary 4, the equilibrium is fundamental

and Pareto efficient.

C.5 Proof of Proposition 3.4

If (3.15) holds, then we have ey > 0 in (3.14). Therefore, there exists t0 ≥ 0

such that eyt > 0 for t ≥ t0. We then obtain an equilibrium starting at t0 by

the argument preceding Proposition 3.4. Since rt/G
t/σ → r and Pt/G

t/σ = p, we

have rt/Pt → r/p > 0 as t → ∞. Since
∑∞

t=t0
rt/Pt = ∞, by Lemma A.1 the

equilibrium is fundamental.

We next show that the equilibrium is Pareto efficient if and only if (3.16) holds.

By (3.4b), we have

rtG
−t/σ = A

(
α + (1− α)G−(1−1/σ)t

) 1
σ−1 (1− α) ≥ r

always. If (3.16) holds, then

Rt = G1/σ

(
1 +

rt+1

p
G− t+1

σ

)
→ G1/σ

(
1 +

r

p

)
= R (C.4)

and Rt ≥ R ≥ G for all t. Since 1/qt = R0 · · ·Rt−1 ≥ Rt ≥ Gt, it follows that

∞∑
t=0

1

qtGt
≥

∞∑
t=0

(R/G)t = ∞

and the Cass criterion (C.1) holds. By the same argument as the proof of Theorem

1, the equilibrium is Pareto efficient.

Conversely, suppose (3.16) fails and hence R < G. Suppose we tax the young at

time t by ϵ > 0, which generates a tax revenue of Ntϵ = Gtϵ. If we transfer this tax

revenue to the old, each old receives Ntϵ/Nt−1 = Gϵ. As t → ∞, the equilibrium

consumption allocation (cyt , c
o
t+1) = (yt, zt+1) converges to (ey +w, eo) ≫ 0, so this

transfer is feasible for small enough ϵ > 0. Using (3.12), the first-order effect of

this transfer on generation t’s utility is

∂

∂ϵ
U(cyt − ϵ, cot+1 +Gϵ)

∣∣∣∣
ϵ=0

= −U1(yt, zt+1) +GU2(yt, zt+1)

→ (G−R)U2(e
y + w, eo) := D > 0
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as t → ∞, where the last line follows from (yt, zt+1) → (ey + w, eo) and (C.4).

Let ft(ϵ) := U(cyt − ϵ, cot+1 +Gϵ). Take δ ∈ (0, D). Since f ′
t(0) → D as t → ∞

and ft is continuously differentiable, we can take T ≥ t0 large enough and ϵ > 0

small enough such that f ′
t(ϵ) > D − δ > 0 for t ≥ T . Since ft is concave, we have

ft(0)− ft(ϵ) ≤ f ′
t(ϵ)(0− ϵ) ⇐⇒ ft(ϵ)− ft(0)

ϵ
≥ f ′

t(ϵ) > D − δ,

so ft(ϵ) > ft(0) for t ≥ T . Therefore, by implementing the transfer of ϵ for dates

t ≥ T only, we can make a Pareto improvement.

C.6 Proof of Proposition 4.2

Since F is neoclassical (increasing, concave, and homogeneous of degree 1), we

have

F (H,X) = HFH(H,X) +XFX(H,X),

so FH(x, 1) = f ′(x) > 0 and FX(x, 1) = f(x)−xf ′(x) > 0. Therefore, xf ′(x)/f(x) ∈
(0, 1). By (4.2), we can take δ ∈ (0, 1) such that

sup
x∈[n,N ]

xf ′(x)

f(x)
≤ 1− δ. (C.5)

Take any equilibrium. Let

wt = FH(Nt, 1) = f ′(Nt) > 0,

rt = FX(Nt, 1) = f(Nt)−Ntf
′(Nt) > 0

be the wage and rent. Let qt > 0 be the date-0 price, V0 =
∑∞

t=1 qtrt ≤ P0 < ∞
the fundamental value of land, and at = f(Nt) the output. By assumption,

Nte
y
t +Nt−1e

o
t + f(Nt)

at
= 1 +

Nte
y
t +Nt−1e

o
t

f(Nt)

is bounded above and bounded away from 0, so (2.7) holds. Since F is neoclassical,

we have at = wtNt + rt. By (C.5), we have

1 =
wtNt + rt

at
≥ rt

at
≥ δ.
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Therefore,
∞∑
t=0

qtat ≤
1

δ

∞∑
t=0

qtrt =
1

δ
(r0 + V0) < ∞.

By Corollary 4, the equilibrium is fundamental and Pareto efficient.
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