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Abstract

This study extends the Barro-Becker model of endogenous fertility and intergenerational
transfers by incorporating human capital investment in children and life-cycle savings deci-
sions. Furthermore, this study transforms the model to a Bewley-type heterogeneous agent
OLG-dynasty model by incorporating idiosyncratic shocks to labor income, human capi-
tal, and wealth. Calibrating the model to the U.S. economy, this study quantitatively ana-
lyzes the potential impacts of child-related policies—such as child allowances, education
subsidies, and estate tax cuts—on heterogeneous households’ decision-making, economic
growth, and income and wealth distribution. Policy experiments in this study suggest that
child allowances would increase the fertility rate in the short run but decrease human cap-
ital investment and wealth accumulation in the long run. Therefore, the long run effects
of child allowances on the fertility rate would likely be small. The effects of child-related
policies on income and asset inequality and intergenerational mobility is generally limited.
One reason for this is that optimal decisions by altruistic households involve intergenera-

tional risk sharing.

JEL Classification Numbers: C61, D15, H31, 124, J13.
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1 Introduction

Over the past several decades, numerous child-related policies have been introduced in
many countries. These policies aim to improve the welfare of children and young households,
reduce poverty rates and inequality, and promote economic growth. In some countries, they
also aim to prevent further declines in birth rates. However, the outcomes of these diverse
child-related policies are difficult to predict empirically, except for short-term direct effects.
Therefore, the purpose of this study is to provide a comprehensive theoretical and quantitative

analysis of child-related policies to complement existing empirical research.
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The present study extends the Barro—Becker model (Becker and Barro, 1988; Barro and
Becker, 1989) on endogenous fertility and intergenerational transfers by incorporating educa-
tion expenditure or human capital investment in children and life-cycle saving decisions (De
la Croix and Doepke, 2003). Furthermore, this study transforms this extended model into a
Bewley-type incomplete market model by incorporating idiosyncratic labor income shocks,
human capital shocks, and wealth shocks Calibrating the model to the U.S. economy, this
study quantitatively analyzes the potential effects of child-related policies—such as child al-
lowances, education subsidies, and estate (inter vivos transfer) taxes—on heterogeneous house-
hold decision-making, economic growth, and the distribution of income and wealth.

The model economy in this study consists of heterogeneous households living through two
adult periods, a representative firm, and the government. Households are heterogeneous regard-
ing initial assets, human capital (labor productivity), and idiosyncratic labor income shocks. In
each period, young households choose their consumption, savings, number of children (fertil-
ity), inter vivos transfers to children, and education expenditures (human capital investment) for
children to maximize their lifetime utility and dynastic value. Child-related policies first affect
each household’s number of children, inter vivos tranfers, and education expenditure. Second,
the decisions of young (parent) households influence the initial assets and human capital of the
next generation (children), amplifying or dampening the policy effects in the second period and
beyond.

The contributions of this study are as follows. First, it constructs a Barrow—Becker—Bewley
model incorporating human capital investment to serve as a foundation for comprehensively
analyzing various child-related policies concerning fertility rates, intergenerational transfers,
and education expenditures. Second, it empirically verifies that both the income elasticity
and working ability elasticity of the number of children are positive, though not particularly
high. Third, by combining this model with empirical findings, it quantitatively demonstrates
the potential short-run and long-run effects of child-related policies on household behavior and
the aggregate economy.

The policy experiments in the present study suggest that behavioral responses to child-
related policies in the model economy vary across households depending on their human cap-
ital and wealth. However, the average impact of these policies on income and wealth inequal-
ity is limited. This is due to the low income (working ability) elasticity of fertility and the
fact that altruistic households’ optimal decisions involve intergenerational risk sharing, which
is likely to mitigate income and wealth inequality. Policy experiments also suggest that any
child-related policy aimed at promoting economic growth and improving the welfare of future
generations will ultimately raise fertility rates, not only in the long run but even in the short
run. Furthermore, because the calibrated economy is dynamically efficient, child-related poli-
cies that promote capital accumulation, physical capital, human capital, or both are likely to

raise fertility rates in the second period and beyond.

!Children do not inherit labor income shocks but partially inherit human capital shocks of their parents.
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The previous literature that the present study is based on are as follows. Loury (1981)
and Laitner (1988, 1991) construct Bewley-type OLG-dynasty models with intergenerational
transfers. Becker and Barro (1988) and Barro and Becker (1989) construct deterministic dy-
nasty models of optimal fertility, consumption, and intergenerational transfers in a small-open
economy and a closed economy, respectively. Alvarez (1999) combines the above features and
constructs a Bewley-type dynasty model, in which households choose their optimal fertility,
consumption, and intergenerational transfers.

Nishiyama (2002) constructs a altruistically linked four-period OLG-dynasty model , in
which the parents and their (adult) children are altruistically linked, and these households strate-
gically choose the optimal sizes of inter vivos transfers (in both directions) and bequests. De
la Croix and Doepke (2003) construct a two-period deterministic OLG model, in which the
young households (parents) receive a warm-glow utility from the children and choose the opti-
mal number of children and education spending for children.

More recent studies that construct an OLG model or a dynasty model with fertility decision,
intergenerational transfers, and/or education spending include the following. Stantcheva (2015)
constructs a dynasty model, in which the households are heterogeneous with respect to their
initial wealth and human capital, and they choose the education spending and bequests; and
this study analyzes the effects of income, education, and bequest taxes. Cérdoba et al. (2016)
constructs a dynasty model, in which the households are heterogeneous with respect to their
initial wealth and labor productivity, and they choose the optimal number of children and be-
quests per child; and this study evaluates the effect of endogenous fertility on social mobility
and long-run inequality.

Daruich and Kozlowski (2020) construct a altruistically linked OLG model, in which the
adult households in each period are heterogeneous with respect to their wealth, human capital,
education attainment, human capital shocks, and they choose the number of children, chil-
dren’s consumption, and inter vivos transfers that affect the children’s education choices; and
this study evaluates the effect of endogenous fertility and transfers on intergenerational mobil-
ity. Zhou (2022) constructs a warm-glow OLG model, in which the adult households in each
period are heterogeneous with respect to their wealth and human capital, and they choose the
number of children, at-home childcare, market childcare, and education spending for their chil-
dren to maximize the warm-glow utility from children; and this study evaluates the effect of
endogenous fertility, childcare, and education spending on macroeconomic variables.

The rest of this paper is presented as follows: Section 2 provides the empirical background
of the quantitative model, Section 3 describes the Barro-Becker—Bewley model with human
capital investment, Section 4 describes the calibration strategy to the U.S. economy and shows
the baseline economy, Section 5 explains the possible effects of six child-related policies in
equilibrium transition paths, and Section 6 concludes the paper. Appendix describes the com-
putational algorithms used to find the optimal decisions of heterogeneous households and to

solve the model for equilibrium transition paths.



2 Empirical Background

This section first discusses the empirical relationship between the number of children in
each married household and the household’s total income, labor income, or hourly wages.
Next, this section discusses the effects of hourly wages and the number of children on the

working hours of husbands and wives.

2.1 Income and Hourly Wages on the Number of Children

We first estimate the effects of total income, labor income, and hourly wages on the number
of children in each married household, using the combined cross-section data from the Survey
of Consumer Finances (SCF) of years 2016 and 2019. We only use the data of married house-
holds with wives’ ages between 35 and 54 and with strictly positive income and labor income.

The models we estimate are

(1) kids = By + p1Inincome + yX + u,
(2)  kids = By + B Inwageinc + yX + u,
(3)  kids = By + B1In hwage + yX + u,

4) kids = By + B1In hwage,, + B2 In hwagey + yX + u,

where kids is the number of children, income is the household’s total income, wageinc is
the household’s total labor income, hwage is the household’s hourly wage, and hwage,, and

hwagey are the hourly wages of husband and wife, respectively; and X are the controls,
(5) vX=myages+ 7 agefc + 3 educ_hs,, + ys educ_hsy + 5 race_wh + v year 2016,

where agey is the wife’s age, educ_hs,, and educ_hs; are dummy variables for the husband
and wife having a high school diploma (or higher), respectively, race_wh takes the value 1 if
the husband is white and non-hispanic, and year oy takes the value 1 if the household is from
the 2016 SCF.

The top panel of Table|l|shows the summary statistics of the SCF subset of married house-
holds with wives’ ages between 35 and 54, and the first four columns of Table [2|show the results
of the weighted least squares (WLS) regressions on the number of children. The income semi-
elasticity of (the effect of the rate of change in income on) the number of children is 0.1613,
the wage income semi-elasticity is 0.1279, the hourly wage semi-elasticity is 0.1947, and the
semi-elasticity with respect to the husband’s hourly wage is 0.1628. These estimates imply that
children are normal goods, and the household’s income effects are in general positive. The co-
efficient of the wife’s hourly wage is negative but insignificant. This is partly because a larger

share of wives, relative to husbands, are not working in the market and their hourly wages
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Table 1: Summary Statistics of the Subsets of SCF 2016 and 2019

Mean SD Min Max N

Married Households with Wives’ Ages between 35 and 54

kids 1.5541 1.2449 0. 7. 2606
In¢ncome 11.7285 0.8479 7.7666 18.8776 2606
In wageinc 11.5352 0.9126 2.4683 16.1175 2606
In hwage 3.2668 0.6848 2.3026 8.1069 2606
In hwagen, 3.2376 0.7630 2.3026 8.4780 2606
In hwagey 2.9109 0.6540 2.3026 7.5104 2606
agey 44.1600 5.7351 35. 54. 2606
educ_hsp, 0.8834 0.3210 0. 1 2606
educ_hsy 0.9144 0.2798 0. 1 2606
raceyh 0.6440 0.4789 0. 1 2606
Married Households with Wives’ Ages between 25 and 54

hoursm, 2151.95 882.62 0. 6760. 3563
hours 1473.30 994.98 0. 5200. 3563
kids 1.5010 1.2598 0. 7. 3563
In hwagen, 3.1769 0.7125 2.3026 9.0628 3563
In hwagey 2.8697 0.6178 2.3026 7.5104 3563
healthy, 1.9564 0.7190 1. 4. 3563
healthy 1.8770 0.7230 1. 4. 3563
agem 41.9362 9.8801 21. 86. 3563
agefs 39.3668 8.3633 25. 54. 3563
educ_hsp, 0.8910 0.3116 0. 1 3563
educ_hsy 0.9236 0.2658 0. 1 3563
raceyh 0.6391 0.4803 0. 1 3563

Note: Numbers of mean and standard deviation are calculated with the SCF weights. Numbers of income and
wage income are bottom coded at $1, and numbers of hourly wages are bottom coded at $10. Hourly wages of
those with zero working hours are set to $10. The health states are set to 2 (Good) if they are 0 (inappropriate).

are imputed to be $10. Yet, this is also possibly because wives tend to spend more time for
childcare, and the wives’ working ability is positively related to the cost of raising children.
When we divide the above semi-elasticities by the average number of children, 1.5541, in
Table[I] the income elasticity of the number of children is 0.1038, the wage income elasticity is
0.0823, the hourly wage elasticity is 0.1253, and the husband’s wage elasticity is 0.1048. This
study uses one of these elasticities of the average number of children to construct the initial

steady-state (baseline) economy in Section 4.

2.2 Hourly Wages and the Number of Children on Working Hours

Next, we estimate the effects of the couple’s hourly wages and the number of children
on each spouse’s working hours, using the cross-section data from the Survey of Consumer
Finances of years 2016 and 2019. We only use the data of married households with wives’

ages between 25 and 54 and with strictly positive income and labor income. The models we
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Table 2: The Effects of Income, Labor Income, and Hourly Wages on the Number of Children
and Working Hours

kids hours,, hours
(1) (2) 3) “4) (0) (7)
In income 0.1613
(0.0238)
In wageinc 0.1279
(0.0220)
In hwage 0.1947
(0.0287)
In hwage, 0.1628 356.94 -275.17
(0.0260) (19.48) (19.73)
In hwage -0.0145 -125.87 758.63
(0.0335) (19.86) (26.95)
kids 34.27 -113.77
(8.85) (10.91)
health, -155.86 35.68
(18.05) (19.81)
health ¢ 56.36 -57.40
(18.94) (19.21)
agem 56.41
(8.24)
age?, -0.75
(0.10)
agey 0.2344 0.2355 0.2472 0.2426 62.99
(0.0762) (0.0759) (0.0763) (0.0767) 14.77)
agefc -0.0034 -0.0034 -0.0035 -0.0035 -0.81
(0.0009) (0.0009) (0.0009) (0.0009) (0.18)
educ_hsm, -0.2941 -0.2758 -0.2782 -0.2834 172.14 92.06
(0.0682) (0.0669) (0.0643) (0.0648) (42.59) (44.61)
educ_hsy -0.0910 -0.0703 -0.0553 -0.0157 -78.51 409.50
(0.0769) (0.0766) (0.0756) (0.0757) (54.12) (50.76)
race_wh -0.1518 -0.1361 -0.1383 -0.1372 109.70 -26.03
(0.0462) (0.0457) (0.0453) (0.0454) (26.11) (24.29)
Year 016 0.0135 0.0116 0.0300 0.0233 19.47 15.99
(0.0426) (0.0425) (0.0430) (0.0432) (20.89) (22.26)
intercept -3.5009 -3.1816 -2.6097 -2.4116 385.62 -1244.96
(1.6765) (1.6558) (1.6696) (1.6754) (187.71) (282.36)
N 2606 2606 2606 2606 3559 3559
R? 0.1145 0.1122 0.1149 0.1136 0.1518 0.2953
SD 0.0004 0.0003 0.0003 0.0002 0.0011 0.0015

Note: All regression results are estimated by weighted least squares (WLS) using the merged data set of SCF 2016
and 2019.

estimate are

(6) hours,, = By + b1 In hwage,, + B2 In hwagey + B3 kids 4+ 8X,,, + u,



(7Y  hoursy = By + B1 In hwage,, + B2 In hwagey + B3 kids + 86X + u,

where hours,, and hours; are annual working hours of husbands and wives, respectively, and

X, and X are the controls,

8) 8X,, = 01 health,, 4 d2 healthy + 63 age,, + 4 age?n + 05 educ_hs,, + 0¢ educ_hsy
+ 07 race_wh + dg year o016,
9)  8Xy = 01 health,, + 02 healthy + 03 agey + d4 agefc + 05 educ_hs,, + o educ_hsy

+ 07 race_wh + dg year g1,

where age,, is the husband’s age, and health,, and health are the health conditions of husband
and wife, respectively, each of which takes 1 when the condition is excellent, 2 when it is good,
3 when it is fair, and 4 when it is poor.

The bottom panel of Table [I] shows the summary statistics of the SCF subset of married
households with wives’ ages between 25 and 54, and last two columns of Table 2| show the
results of the WLS regressions on the working hours of husband and wife. The hourly wage
semi-elasticity of husband’s working hours 356.94 hours, and the hourly wage semi-elasticity
of wife’s working hours 758.63 hours. The cross elasticity of the working hours with respect to
their spouses’ hourly wages are both negative, which supports the assumption that the married
households determine their labor supply jointly and altruistically. The effect of an additional
child on the husband’s working hours is +34.27 hours and that on the wife’s working hours is
—133.77.

If there were no time costs of raising children at all but only financial costs of that, this study
presumes, both the husband and wife would increase their labor supply equally by 34.27 hours.
However, the wife would reduce her working hours by 113.77, according to the estimate, and
the wife would spend the difference, 34.27 4 113.77 = 148.07 hours, for the at-home childcare
of the additional child. It might be the case that the husband would also spend some additional
hours for the childcare in addition to working longer hours. It is also likely that they would
purchase some additional childcare services from the market. Therefore, this study assumes
that the lower bound of the time cost of childcare per child to be 148 hours or 4.1% of the
average working hours of married households, 2152 + 1473 = 3625 hours, in Table m

3 Model Economy

The economy consists of a large number of heterogeneous and overlapping households
that are altruistically linked to their descendants, a large number of representative firms with
constant-returns-to-scale production technology, and a government that can commit to its fiscal

policy schedule. Time is discrete, and all variables are growth adjusted with the long-run



growth rate p in this model economy. Households live through two periods, and there are
two types of households, young (working-age) and old (partially-retired), in each period in the
economy. Households are heterogeneous with respect to their initial wealth, a;, human capital,
h¢, and a working (earning) ability shock, ;. These households can work for 1 + ( periods,
where ¢ € [0, 1]. Representative firms, in each period, choose the capital input and the labor
input to maximize their profits. The government follows the fiscal policy rule from period ¢ and
onward.

Let §2; be a time series of the government policy variables and the factor prices,

00
(10) Qt = {Tkz,sy Th,sy Te,ss Tn,sy Thysy Te,ss Tp,s) trp,w 1957 wsy sy Tsy ws}szt )

where 7, 1s a capital income tax rate, 7, is a labor income tax rate, 7., iS a consumption tax
rate, 7, is a child tax (allowance if negative) rate, 7, is an estate (inter vivos transfer) tax rate,
T+ 1s an education tax (subsidy if negative) rate, 7, is a payroll tax rate for public pension,
trp s 1s a public pension benefit, ¥, is public education spending per child, ¢/, is childcare and
paid leave subsidies (in hours) per child, g; is the other government spending per household, r;

is the real interest rate, and w; is the real wage rate per efficiency unit of labor.

3.1 Heterogeneous Households’ Problem

Let’s consider a young household born in period ¢. Let a; € A = [0, 00) be the initial
wealth of this household, let h; € H = (0, 00) be the human capital, let ¢, > 0 be the i.i.d.
working ability shock, where the expected value of exp(e;) is normalized to unity. Let ¢; be the
consumption per unit of family members in the first period, let s; be the wealth at the end of the
first period, let d; .1 be growth-adjusted consumption in the second period, let n; be the number
of children of this household, let b; be the inter vivos transfer per unit of children, and let e; be
the education spending per unit of childrenE] Then, the household’s optimization problem is

(1) U(at, hy, €4; Qt) = max {U(Ct) + Bu(dt+1) + 7(I>(nt)Et[U(at+17 hiy1, €ey1; Qt+1) }}

Ct,St,Nt,bt et
subject to the budget constraint and the laws of motion of the state variables,
(12) (1 + Tc,t)(l + nt>ECt + St + Tmnt =+ (1 + Tb7t)btnt + (1 + Te,t)etnt

=14+ (1 =7e)re)ar + (1 = Thp — Tpe)wihe exp(es) (1 — (¢ — Yy)ny),
(13) (1 + 7er1)dir

Sy hiexp(es) ¢
= (1 1-— 1-— — —_— 2 ¢
(T+( Tk7t+1)7“t+1)1+p+( Thit+1 — Tpt+1)We1 T+ + 1Tp 41,
1
(14) a1 = by eXP(Ea,tH) >0, €at+1 ~ N(—Ui/Qan)a
L+p

>The unit of children, n;, in the model economy is 2.0 in the real economy.
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(15) hipr = Aes, hy, Uy f_lt) exp(€nr1) > 0, Eht+1 ™ N(—Ufh/lafh),

1
1+p
(16) &1 ~ N(—02/2,02),

(17) Ct > OJ St Z 07 Uz Z 07 bt Z 07 €t Z 07

where v(ay, hy, ;) is a value function, u(c,) is a period utility function, 3 € (0,1) is a growth-
adjusted discount factor, 7 € (0, B] is the growth-adjusted and discounted degree of altruism,
®(n;) is a scale function of n; children, (1 + n;)¢ is the adult-equivalent number of family
members, ¢ is the time cost of childcare per dependent child, A(e;, hy, Vy; ﬁt) is a human capital
accumulation function; and €,; and €, are the i.i.d. shocks to inter vivos transfers to their
children and the human capital of their children, respectively.

The period utility function is one of constant relative risk aversion,

(18) u(c) = , u'(¢g) > 0, u"(c;) < 0,

where o is the coefficient of relative risk aversion, and c,,;, is @ minimum (existing) level of
consumption

When the discount factors per period are /3 and +, the growth-adjusted discount factors are

(19) B=(1+p)"78,  F=(1+p' .

The scaling function of n; children is a standardized version of exponential child discounting
as in Cérdoba et al. (2016),

1 —exp(—“"t), ®(0)=0, ®(1)=1, lim ®(n,)= !

(20) ®(ny) = —— oxp(—11) ne—>o0 1 —exp(—p)’

where  is intersely related to the elasticity of ®(n,) with respect to n,, and for all n, > 0,

}g% O(ny) = ny, uh_g)lo O(ny) = 1.

The inter-generational law of motion of human capital is one in De la Croix and Doepke (2003),
(21) A(Gt, ht, ?925, }_lt> = B(ﬁt + et)ﬁ h;’ }_l?,

where B is the scale parameter of human capital and h; is the average level of human capital in
period ¢.
Appendix to this paper describes the Kuhn-Tucker conditions and the complementarity

3The elasticity of inter-temporal substitution, 1/0, must be less than one; otherwise, the household’s total
consumption would be negatively correlated to the number of family members. Yet, the utility value, u(c;), must
be mostly positive; otherwise the optimal number of children would be zero.
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problem to solve the household’s optimization problem, (II)—(I7). Solving this problem for the
optimal decisions yields the decision rules, ¢;(a¢, hy, €45 ), S¢(ag, by, €3 ), ne(ag, he, €654 )s
be(ag, he, g5 $%), ei(ag, he, €5 €Y), and

1

I+ 741

se(ag, he, g5 )
IL+p

(22) dir1(ae, by, e ) =

hy exp(e4)C
L+p

+ trp,t—i—l .

X (T4 (1 = Top1)741) (1 = That1 — Tpe+1)Wesa

The value function of the household born in period ¢ is also obtained as

(23) U(at, hy, € Qt) = U’(Ct(atv hy, €4 Qt)) + Bu(dt-i-l(ah hy, &4 Qt))
+ ’?q)(nt(at, hy, €4 Qt))Et [U(at-i-l(ata hi, €, €at1; Qt), ht+1(at> hi, &ty €nq1; Qt), Et+1; Qt—i—l)} )

where
1
(24) at+1(at,ht,€t,€a,t+1;9t) = 1 +pbt(ataht75t;9t) eXP(€a,t+1)a
1 _
(25) ht+1(ata hy, &, €h,t+1; Qt) = m/\(et(auht,f‘?t; Qt)7 by, Uy; ht) eXp(€h7t+1)~

3.2 The Joint Distribution of Households

The population of young households is growth adjusted and normalized to unity in each
period. Let X;(ay, hy, ;) be a cumulative distribution function of the heterogeneous households

born in period ¢, and let x;(ay, hy, €;) be the corresponding density function, where

(26) dXt((lt, ht, €t) =1.
AxHxR

Let n; be the total (and average) number of children of young households in period ¢,
27 ne = / ng(ag, he, €65 Q) dX(ag, by, €r),
AxHxR
which is equal to the gross population growth rate from period ¢ to period ¢ + 1. Then, the law

of motion of x;(ay, hy, &) is

1

(28) xt—i—l(at-‘rlv ht-‘rl?gt—i-l) = _/ ]l{at+1:at+1(at7ht7€t,6a,t+1;ﬂt)}ﬂ{ht+1:ht+1(at,ht,8ta€h,t+1;9t)}
Nt J Ax HxR3

X nt(at7 hy, e; Qt) dFa(Ga,tH) th(Gh,t+1) dXt(am D, 5t)7

where F'(¢,) and F'(ep, ) are the cumulative distribution functions of inter vivos transfer shock,

€q,t» and human capital shock, e, ;, respectively.
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Then, total private consumption, other than education spending, in period ¢, C}, is

(29) C; = / (1 + nt(at7 Iy, e¢; Qt))gct(ah Iy, &¢; Qt) dXt<ata D, 5t>
AxXxHxXR
1

ng_1

+ / di(as—1, he—1,e0-1; Q1) dX—1(ar—1, he—1,€0-1),
AxHxXR

where 1/, is the population of old households in this period. Total private wealth at the

beginning of period ¢, W, is

30) W = / a0 dX(ap, b, 21)
AxHxR

1 _ _1, he_ 1
n / St 1(at 15 M—1,E0—15 34 1) dXt—1(at—1,ht—1,€t—1),
AxHxR

N1 L+p

and total labor supply in efficiency units in period ¢, L7, is

Bl Li= / hy eXp<5t)(1 - (¢ - wt)nt(at, hy, e; Qt)) dXt(@u Dy, Et)
AxHxR

1 hi_q exp(es_
b / t—1 p( t I)C dXt—l(at—h ht—17 gt—l)'
Ni—1 JAxHxR 1 + P

Total inter vivos transfers at the end of period ¢, B, is

(32) By = / bi(ag, he, €6 Q)ne(ag, he, €65 Q) dX(ag, by, €1),
AxHxR

and total private education spending in period ¢, E}, is

(33) E = / er(ag, he, €65 Qe)ng(ag, by, €4 ) dX(ag, by, &)
AxHXR

3.3 The Representative Firm’s Problem

The production function is assumed to be one of Cobb—Douglas,
(34) Y= F(K;, L)) =AKL,™“,

where Y; is total output, K is the capital input, and L, is the labor input, all of which are
population and productivity adjusted, and A is total factor productivity.

The representative firm’s profit maximization problem is

(35) ?aLXAKtaLtlia — (Tt -+ 5>Kt — tht7
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where 0 is the depreciation rate of the capital stock, and the first order conditions are

B Kt a—1 B Kt a
36) rn=aA (E) — 0, wy=(1—a)A (E) :

The market clearing conditions of the capital and labor markets are

(37 K, =W, L =L

3.4 The Government’s Budget

Total government consumption, other than public education spending in period ¢, G, is

(38) G, = (1+ ! )gt,

Ny—1

total public education spending in period ¢, ©,, is

39 ©6,= / Ving(ag, he, €05 ) dXi(ag, by, €r) = Oy,
AxHxR

total cost of childcare and paid leave subsidies in period ¢, Wy, is

40) ¥, = / wthtwtnt(ata he, e ) dXy(ay, by, er) = wihyyny,
AxHxXR

where h, is the average human capital of the young households,

@ b= [ bt
AxHxR

and total public pension benefits to old households in period ¢, P, is

t,rp,t

1
42) P —- / 0 dXo (a1, hyryer ) = 22
Ni—1 JAxHxR Nt

Let’s assume, for simplicity, that the government’ net wealth or debt is zero. Then, the

government’s budget constraint of the general account is
@43) 7.0 + T Ky + Thpwi Ly + Ty By + Te i By A oty = Gy + O + Uy,
and the budget constraint of the public pension account is

(44) Tp,ttht =P

12



When the government budget constraints hold, gross investment in period ¢, I, is
“45) L=Y,—C—E -G — 6, —V,,

and the low of motion of growth-adjusted capital stock is

1 1
46) Ky = ——— | L +(1=90)K:|.
@) Ko = e [+ (1= 0K

3.5 Recursive Competitive Equilibrium

The recursive competitive equilibrium of this model economy is defined as follows.

DEFINITION Recursive Competitive Equilibrium: Let (a;, ¢, £;) be the individual state of

households, and let €2; be a time series of the government policy variables and the factor prices,

9]
Qt - {Tk,sa Th,s; TC,S7 Tn,s> Tb,57 Te,s; Tp,s; trp,& 7957 %7 Gs,Ts, ws},g:t .

The value functions of young households, {v(as, hs, €5;€2s) }or,, the decision rules of house-
holds,

{d(a57 hs; Es; Qs)}oo = {C(CLS, hs> Es; Qs)a S(Clsa hsa €s5 Qs)7

s=t

n(as, hs, €53 Qs), b(as, hs, €53 Qs), e(as, hs, 5 ) Yoo

s=t

[e.9]

and the distribution of households, {x,(as, hs,€5)} o
rium if, forall s = ¢, . . ., 0o, each household solves the optimization problem, (T1))—(17), taking
(2, as given; the firm solves its profit maximization problem, (35)—(36); the government policy

are in a recursive competitive equilib-

schedule satisfies conditions (38)—(44); and the factor markets are cleared as shown in equation
(37). The economy is in a steady-state equilibrium, and thus on the balanced growth path, if,

in addition, Q1 = Qg and x4 1 (asy1, hsi1,Es01) = Ts(as, hs, e5) forall s = ¢, ... oo.

4 Calibration and the Baseline Economy

We assume that the baseline economy is in a steady-state equilibrium, so that the economy

is on a balanced-growth path with the current-law tax and pension systems.

4.1 Main Parameter Values and Government Policy Assumptions

Table [3] shows the main parameter values and baseline government policy values of the
model economy. The capital income share, «, of the production function is set to 0.36. The

annual capital depreciation rate is assumed to be 5%, and the capital depreciation rate per

13



Table 3: Main Parameter Values and Baseline Government Policy Values

Main Parameters

Share parameter of capital income

Discount factor

Growth-adjusted discount factor
Growth-adjusted discount and altruism factor
Capital depreciation rate

Share of working years in the old period

0.3600

0.5277 K/Y = 3.0/30 (baseline)
0.4545 (1+p)'—7p

0.3636 0.8

0.7854 1 — 0.95%° (5% annual rate)
0.3333  10/30 (retire at age 65)

QA VU MET I A I NS TIHm ™ R

Education elasticity of human capital 0.5000

Parents’ human capital elasticity of human capital 0.2000 De la Croix and Doepke (2003)
Average human capital elasticity of human capital 0.0000

Hazard rate of exponential child discount factor 1.7397  Wage elasticity of n; = 0.125
Adult equivalent scale for consumption 0.5000

Long run productivity growth rate 0.3478  1.01%° — 1 (1% annual rate)
Coefficient of relative risk aversion 1.5000

Time cost of childcare per unit of children 0.1000

Scaling and Other Parameters
Scaling parameter (TFP) of production function A 3.0482 w; = 1.0 (baseline)

Scaling parameter of human capital function A B 3.2810 hy = 1.0 (baseline)
Shifting parameter of utility function u Cmin  0.1014 7y = 1.0 (baseline)
SD of log labor income shocks ¢; o 0.2000

SD of log wealth shocks €, ¢ Oq 0.1000

SD of log human capital shocks ¢y, ; op 0.1000

Baseline Government Policies

Capital income tax rate Tre  0.1000

Labor income tax rate The  0.1000

Consumption tax rate Tet 0.1000

Child tax rate Tnt  0.0000

Estate (gift inter vivos) tax rate Th,t 0.0000

Education tax rate Te t 0.0000

PAYG public pension (payroll) tax rate Tpt  0.1000

PAYG public pension benefit trp:  0.1146

Public education spending per child W 0.0716 ¥n; = 0.04Y;
Childcare and paid leave subsidies per child Uy 0.0000

Other government consumption Gt 0.1069

Note: A unit of the number of children, n;, in this study is 2 children in the real economy. Thus, 7; = 1 in
the baseline economy is corresponding to the total fertility rate of 2.0. The child tax and the education tax are
considered as allowance and subsidy, respectively, when the tax rates are negative.

period, d, is set to 1 — 0.95%° = 0.7854. The annual productivity growth rate is assumed to
be 1%, and the productivity growth rate per period, p, is set to 1.01%0 — 1 = (0.3478. The
households in this economy are assumed to work for 40 years, and the old households work
for 10 years out of 30 years. Thus, the share of working years in the old period, ¢, is set to
10/30 = 0.3333.

The annual capital-output ratio is assumed to be 3.0, and the capital-output ratio, K;/Y;,

is targeted to be 3.0/30 = 0.10 in the baseline (initial steady-state) economy. The subjective
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discount factor of time, (3, is set to 0.5277 so that K;/Y; = 0.10. The coefficient of relative risk
aversion, o, of the utility function is assumed to be 1.5. Then, the growth-adjusted discount
factor, 3, is set to (14 p)'=7 B = 0.4545. The annual discount factor is 0.4545'/30 = 0.9741.
The degree of parental altruism toward their children is assumed to be 0.8, that is, the parents
care about their children 20% less than they care about themselves. Then, the growth-adjusted
discount and altruism factor, 7, is set to 0.85~ = 0.3636.

The education elasticity of child’s human capital, 7, is set to 0.5. The parents’ human capital
elasticity of children’s human capital, 7, is set to 0.2, following the estimates in De la Croix
and Doepke (2003). The average human capital elasticity of child’s human capital, x, is set to
0, that is, the model economy abstracts from the externality of human capital investment. The
hazard rate, p, of the exponential discount factor, ®(n;), of children’s value is set to 1.7397
so that the hourly wage (working ability) elasticity of the number of children is 0.125, which
is equal to the estimated income semi-elasticity, 0.1613, divided by the average number of
children, 1.5541, in Section Zﬂ When g is 1.7397, lim,, o, ®(n;) = 1.2130. The parameter, ¢,
of the adult-equivalent number of family members for consumption is set to 0.5. The time cost
of childcare per unit of children, ¢, is set to O.IOE]

The wage rate per effective labor, w;, the average level of human capital, &, and the average
number of children, n;, are all normalized to unity in the baseline economy. The scaling param-
eter, A, of the production function is set so that w; = 1.0 when K;/Y; = 0.10 in the baseline
economy. The scaling parameter, B3, of the human capital function is set so that ~, = 1.0 in
the baseline economy, and the shifting parameter, c,,;,, of the utility function is set to 0.1014
so that n, = 1.0 in the baseline economy. The average consumption of young households per
unit of adult family members, ¢;, is 0.4244 as in Table 4. So, in this economy, parents do not
want to raise children if they expect their children’s future consumption to be less than 24% of
the average consumption.

The standard deviation of log labor income shocks, ¢;, is assumed to be 0.20. The standard
deviations of log wealth (inter vivos transfer) shocks, €, ;, and log human capital shocks, €, ¢,
are both assumed to be 0.10. Without the latter two shocks, the household’s wealth, a;, and
human capital, h;, are perfect substitutes, that is, either inter vivos transfers, b;, or education
spending, e;, is binding at the lower bound 0. The sizes of the standard deviations of these
shocks determines the elasticity of substitution between b; and e;.

The capital income tax rate, 75, the labor income tax rate, 73, and the consumption tax

rate, 7., are all set to 10% in the baseline economy. The child tax rate, Tn,t» the estate (inter

4If we calibrate the model so that the income elasticity of the number of children is 0.104 instead, the hazard
rate, ., is increased to 1.9560. Yet, the effects of this parameter change on policy responses are modest. For
example, introducing the child allowance of 0.01 would increase the number of children by 2.4% and 2.1% in the
first two periods rather than 2.6% and 2.2% as in Tablein Section 5.

>The lower bound of the time cost of childcare per child is estimated to be about 140 hours per child or 4.1%
of the average working hours of married households, as discussed in Section 2, and it is 8.2% per unit of children
in the model economy. Considering a possible depreciation of human capital during the childcare, ¢ is set to
10.0% or 0.10 in this study.
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vivos transfer) tax rate, 7,;, and the education tax rate, 7., are all normalized to 0% in the
baseline economy. The payroll tax rate, 7, ;, for the pay-as-you-go public pension is assumed
to be 10%, and the public pension benefit per old household, tr,, is set to 0.1146 so that the
government pension budget is balanced in the baseline economy. Public education spending
per child, v, is set to 0.0716 so that total public education spending, 97, is 4.0% of GDPE]
Childcare and paid leave subsidies (in hours) per child, ¢;, are normalized to 0. The other
government consumption per household is set to 0.1069 so that the rest of the government

budget is also balanced in the baseline economy.

4.2 Baseline Economy

Table {4 shows the averages of individual variables, aggregate variables, and inequality
statistics in the baseline economy. The average initial (beginning-of-period) wealth of young
households, a;, is 0.0801, which is 8.0% of the average human capital, wyhy, in the baseline
economy. The average consumption of young households per unit of adult family members, ¢,
1s 0.4244, and the average saving is 0.1335. The average number of children, 7, is normalized
to unity, and one unit of children in the model economy is corresponding to two children in the
real economy. The average inter vivos transfer to children, by, is 0.1040 per unit of children,
and the average private education spending, €, is 0.0964 per unit of children.

The average consumption of old households, dy, is 0.6022, and it is larger than ¢;, because
the equilibrium interest rate is higher than the subjective discount rate of time. The average
initial wealth of children, a1, is 0.0771 per unit of children, and the average human capital of
children, Bt—l—l’ 1s 0.9921. Both a;,; and i_th are smaller than a; and h, because the former two
averages are calculated without considering the number of children of each household. The
value or the lifetime dynastic utility of young households, v, is 7.4946. Total consumption
(excluding education spending), C;, is 1.2043, total capital stock, K, is 0.1791, total labor
supply in efficiency units, L;, is 1.1463, and total output, Y;, is 1.7912. The interest rate, r,
is 2.8146 per period or 4.56% annual rate, and the wage rate, wy, is normalized to unity in the
baseline economy.

Regarding inequalities, the Gini coefficient of consumption (including private education
spending) is 0.1628, the Gini coefficient of labor income (both young and old households) is
0.3053, and the Gini coefficient of beginning-of-period wealth of young and old households is
0.3318. The wealth Gini coefficient is much smaller than that observed in the data because the
present study assumes that all intergenerational transfers are inter vivos transfers rather than
bequests. If we calculate the wealth Gini coefficient just before inter vivos transfers are made,
the Gini coefficient is calculated as 0.6698 in the baseline economy. Regarding intergenera-

tional mobility, the intergenerational correlation of human capital is 0.7707, and the correlation

®Total expenditures for public elementary and secondary schools in the United States were $870 billion in
2019-20 and $927 billion in 2020-21, according to Institute of Education Sciences (2023, 2024), which are about
4.0% of GDP in these years.
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Table 4: Main Variables and Inequality Statistics in the Baseline Economy

Individual Variables (population weighted average)

Initial wealth (young) at 0.0801

Human capital hy 1.0000 normalized to unity
Consumption (young) Ct 0.4244

Saving St 0.1335

Number of children Tt 1.0000 normalized to unity
Inter vivos transfer per unit of children by 0.1040

Education expenditure per unit of children e, 0.0964

Consumption (old) d_t+1 0.6022

Initial wealth of children Qi1 0.0771

Human capital of children hiy1 0.9921

Value (lifetime utility) Uy 7.4946

Aggregate Variables (per young household)

Consumption Cy 1.2043 Gt + di /7y

Capital stock K, 0.1791 a + 5t/ (ne(1 + p))
Labor supply Ly 1.1463

Output Y, 1.7912

Gross interest rate 14 3.8146 4.56% annual rate
Wage rate Wi 1.0000 normalized to unity
Gini Coefficients

Consumption (ct,dy) 0.1763

Consumption and education (ct+eny, dy) 0.1628

Labor income (young) (haly) 0.1511

Labor income (young and old) (ﬁtlt, Bt_lg“ ) 0.3053

Wealth (young and old) (at, St—1) 0.3318

Wealth before inter vivos transfers (0,bi—1+5t-1) 0.6698

Intergenerational Correlations

Human capital (hey hig1) 0.7707

Working ability (Rt his1) 0.4573

Labor income (ﬁtlt, Bt+1lt+1) 0.4324

OLS Coefficients (Semi-elasticities)

Income elasticity of n; (ny, 1n(l~ztlt—|—rtat)) 0.1489

Labor income elasticity of n; (ng, In ﬁtlt) 0.1235

Working ability elasticity of n; (ng,In hy) 0.1250

Note: The aggregate consumption, C, includes the consumption of dependent children. The average total con-

sumption of young households, &, is the population weighted average of (1 + n;)%c;. The working ability is

defined as Bt = h.e®?, and the labor income of a young household is ﬁtlt, where I, = 1 — (¢ — ¥)n;. The

variables in ¢ + 1 and ¢t — 1 are productivity growth adjusted.

of labor income of young households is calculated as 0.4324. The income elasticity of the num-

ber of children is 0.1489, the wage income elasticity is 0.1235, and the working ability (hourly

wage) elasticity is targeted to 0.1250 in the baseline economy.

Figure [I] shows the averages of individual variables of the young households conditional

on the human capital, h;, as well as the marginal distribution of human capital in the baseline
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Figure 1: The Household Behaviors by Human Capital in the Baseline Economy

economy. The average consumptions of young and old households are both increasing and
slightly concave in h;. The average number of children is also increasing in h;, but it is more
strongly concave by the assumption of ®(n,) and p. The upper bound of the average number
of children by 7, is around 1.25 in the baseline economy or 2.5 children in the real economyﬂ
As Table[2]in Section 2 shows, the number of children is increasing in the husband’s working
ability but decreasing in the wife’s working ability. Yet, it is increasing in combined human

capital, as the permanent income measure of a household. Thus, children are normal goods in

"In the model economy, the household’s wealth, a;, and working ability shocks, ¢, affects the number of
children. In the real economy, in addition, the preference heterogeneity would affect the number of children as
well.
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this model economy.

The inter vivos transfer, b;, and education spending, e;, are highly substitutable. The cost
of the inter vivos transfer is independent of the parent’s h;, but the return to education spending
is increasing in h; (or the cost of children’s human capital is decreasing in h;). Therefore, inter
vivos transfers per unit of children, b;, are on average increasing and slightly concave in h;.
The average education spending per unit of children, e;, is increasing and slightly convex in h;.
The parents’ education spending generates a skewed distribution of human capital in the long

run.

5 Policy Experiments

The altruistic (child-related) part of the household’s optimization problem is, abstracting

from all shocks, productivity growth, and human capital externality,

(47) max P (ny)v(aii1, hiyr)

ng,bt,et

subject to the budget constraint,

48) (1+74)[(1+m) —1]e
+ [Tt + L+ 70)be + (L4 Ter)er + (1 — Thy — Tpp)wel (6 — Uy) [y

=1—-9) [+ (1 —me)re)ar + (1 — Ty — Tpr)wihy | = incy,
and the laws of motion of the state variables,
49) a1 =0,>0, hiy1 = B(U: +e)"hy >0,

where ¢ is the share of disposable income and wealth used for the parents’ own consumption
and saving.

The first order conditions for the interior solution are
(50) n: ’?q)/(”t)v(atﬂ, ht+1) = A [ (1 + Tc,t)f(l + nt)filct
+ Tt + (L4 72)0e + (14 Te)er + (1 — Thy — Tpe)wihy (¢ — ¢t)] = \mey,
(51) b : ’?(I)(nt)va(at—i-la ht+1) = )\t<1 + Tb,t)nt = Atmcb,ta
(

(52) [ :}/(I)(nt)vh A1, ht+1)B7/](7.9t + et)"fl h: = )\t<1 + T€7t>nt = )\the,ta

where \; > 0 is the Lagrange multiplier and

u'(cy)

(14 7o) (1 4+ ny)é

)\t:
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in the full model. Let’s call the left-hand sides the marginal values of n;, b;, and e;, and call
the right-hand sides the marginal costs of of n,, b;, and e¢;. Note that the marginal cost of n,
is increasing in by, e; and h;, and that the marginal costs of b; and e; are both increasing in n;.
This property generates the trade off between the quantity and quality of children (Becker and
Lewis, 1973).

This section analyzes various policy reform plans aimed to reduce the marginal costs (or
increase the marginal values) of raising children, making inter vivos transfers, and providing
education spending on the individual decisions and the aggregate economy. More specifically,

this section conducts the following three sets of policy experiments:

1. increasing child allowances (reducing 7, ; by 0.01 or 1% of baseline wyhy) versus increas-

ing education subsidies (reducing 7. ; by 10.10 percentage points);

2. increasing inter vivos transfer subsidies (reducing 7, by 9.10 percentage points) versus

decreasing labor income taxes (reducing 75, + by 1.10 percentage points);

3. increasing public education expenditure (increasing ¥; by 0.01 from 0.0716) versus in-
creasing childcare and paid leave subsidies (increasing v; by 0.0127 or 1.27% of time

endowment).

The costs of each policy reform are assumed to be financed by raising the consumption tax rate,
Te,t» 50 that the government’s combined budget, the sum of equations (43)) and (@4)), is balanced

each period, that is,

(53) 7t = [(Gr + Ou(Vy) + Ve (¢r) + Pi(trpy))
— (Tt Kt + Thpwi Ly + 751 By + Te t By + TotTit) | Ct_l

The sizes of the policy changes are set so that the policy costs during the first period are the

same, a 1.09 percentage point increase in 7 ;.

5.1 Increasing Child Allowances vs. Education Subsidies

This subsection compares the possible effects of increasing child allowances (reducing 7,, +
by 0.01, or 1.0% of the average human capital of young households in the baseline) and increas-
ing education subsidies (reducing 7. ; by 10.10 percentage points), both financed by increasing
consumption taxes (adjusting 7. to balance the government’s budget in each period). Figure [2]
shows the behavioral effects of these two policy changes in the first period by human capital,
and Table [ shows the individual, aggregate, and distributional effects of these policy changes
over the transition paths.

When the child tax rate, 7, ;, was reduced permanently by 0.01, the marginal cost of chil-

dren, mc,, ¢, fell by 0.01 (on average by 1.9%), and the average number of children, 7;, would
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Figure 2: Policy Experiments: Child Allowances vs. Education Subsidies (policy effects by
human capital in the first period)

increase by 2.6% in the first period. The increase in the number of children, n;, however, is
heterogeneous and decreasing in the household’s human capital, h;. The increase in n; is on
average around 5.9% when h; = 0.6, and it is 0.8% when h; = 2.0. The increase in n; would
increase the marginal costs of inter vivos transfers per child, mc;;, and education spending
per child, mc, ;, proportionately, and it would decrease both b; and &; by on average 1.7% and
2.5%, respectively, in the first period. The decreases in b; and e, are also heterogeneous and
positively correlated to the increases in n; for each h;.

These changes in b; and e; in the first period would decrease the initial wealth of children,
at+1, and the human capital of children, h;,,. The averages of these, a;, and h,, at the beginning
of the second period would decrease by 2.5% and 0.9%, respectively. Because of the negative
income effect, inc;, of decreasing @, and h; in the second period, the population growth rate
or the increase in the average number of children, 7;, would fall to 2.2% (from the baseline
economy) in the second period. Total capital stock (per young household) at the beginning of
the second and third periods would decrease by 1.6% and 2.6%, respectively. Total effective
labor (per young household) in the second and third periods would decrease by 1.4% and 2.2%,
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respectively, and total output (per young household) would decrease by 1.5% and 2.3%, re-
spectively, in these periods. The consumption tax rate, 7.;, would increase by 1.09 percentage
points in the first period, and it would increase by 1.06 and 1.41 percentage points (from the
baseline economy) in the second and third periods.

The policy reform would improve the welfare of young households with h; < 1.2 and de-
cline the welfare of those with h; > 1.2 slightly in the first period. The welfare of young
households would improve by 0.2% in period 1 and decline by 0.1% as a percentage of total
wealth (capital stock) per young household under the compensating variation measure. The
welfare of initial old households would decline on average by 0.9% in the same welfare mea-
sure because of the increase in the consumption tax rate. The effect of this policy reform on
labor income inequality is small, and the Gini coefficient of labor income of young households
would increase only from 0.151 to 0.152 in the first and second periods. The intergenerational
correlation of human capital would increase from 0.457 to 0.466 in the first period and to 0.468
in the second period. The Gini coefficient of household wealth would increase from 0.670 to
0.674 in the second period and 0.676 in the third period. This is because the inter vivos transfers
of households with h; < 1.5 would decrease but those with h; > 1.5 would slightly increase.

When the education tax rate, 7.,, was reduced permanently by 10.1 percentage points,
the marginal cost of education, mc. ,, fell by 10.1%, and the marginal cost of children, mc,, ;,
would fall on average by 1.8%. The average education spending per child, &;, would increase by
22.0%, the average inter vivos transfers per child, b;, would decrease by 3.2%, and the average
number of children, 7;, would decrease by 0.8% in the first period. The percent increase in
education spending, e, is heterogeneous and decreasing in the household’s human capital, h;.
The increase in e, is on average 44% when h; = 0.6, and it is 17% when h; = 2.0. The number
of children, n;, would on average decrease slightly from the baseline economy.

These changes in b; and e; in the first period would decrease the initial wealth of children,
a;+1, and increase the human capital of children, h; ;. The average wealth of children, a;,
would decrease by 2.7%, and the average human capital of children, h,, would increase by
6.2%, at the beginning of the second period. Because of the positive income effect, inc;, of
increasing a; and h; combined in the second period, the average number of children, 7;, would
increase by 0.2% (from the baseline economy) in the second period. Total capital stock at the
beginning of the second period would decrease by 0.6% and that at the beginning of third period
would increase by 1.5%. Total effective labor in the second and third periods would increase by
5.0% and 8.2%, respectively, and total output would increase by 2.9% and 5.7%, respectively,
in these periods. The consumption tax rate, 7., would increase by 1.09 percentage points in the
first period, but it would increase only by 0.32 percentage points (from the baseline economy)
in the second period and decrease by 0.66 percentage points in the third period.

The policy reform would decline the welfare of young households with /; < 0.7 and im-
prove the welfare of those with h; > 0.7 in the first period. The welfare of young households in

period 1 would improve on average by 1.6% as a percentage of total wealth per young house-

22



Table 5: Policy Experiments: Child Allowances vs. Education Subsidies

Baseline Child Allowances Education Subsidies
Period ¢ 0 1 2 3 00 1 2 3 00
Individual Variables (population-weighted average, % ch. from the baseline)
at 0.080 -0.0 -2.5 -3.6 -6.9 -0.0 -2.7 1.5 15.6
hy 1.000 0.0 -0.9 -1.8 -4.3 0.0 6.2 9.0 19.9
Ct 0.424 -0.5 -1.5 -2.5 -5.3 -1.5 1.4 4.4 15.7
St 0.133 1.7 0.3 -0.5 -3.1 0.2 1.6 4.4 14.5
g 1.000 2.6 2.2 1.8 0.9 -0.8 0.2 1.3 4.7
by 0.104 -1.7 -2.9 -3.8 -6.4 -3.2 1.2 4.2 15.7
€y 0.096 -2.5 -4.8 -6.4  -11.2 22.0 27.6 33.8 58.9
diy1 0.602 -0.0 -1.3 -2.2 -4.9 1.0 4.7 7.7 19.1
Q41 0.077 -1.7 -2.9 -3.8 -6.4 -3.2 1.2 4.2 15.7
his1 0.992 -0.7 -1.6 2.2 -4.1 6.1 8.9 11.1 19.7
Ut 7.495 0.1 -0.5 -1.0 2.4 0.3 1.8 3.2 7.7
CUy 0.000 0.2 -0.1 -0.8 -2.6 1.6 24 4.0 11.0
Initial Old Households (population-weighted average, % ch. from the baseline)
dy 0.602  -1.0 -1.0
() 7.495 -0.0 0.0
CUt—1 0.000 -0.9 0.5
Aggregate Variables (per young household, % ch. from the baseline)
Cy 1.204 -0.5 -1.8 2.7 -5.5 -1.3 1.7 4.6 154
K 0.179 0.0 -1.6 -2.6 -5.3 0.0 -0.6 1.5 12.2
Ly 1.146 -0.2 -1.4 2.2 -4.5 0.1 5.0 8.2 18.2
Y, 1.791 -0.1 -1.5 -2.3 -4.8 0.0 29 5.7 16.0
147 3.815 -0.1 0.1 0.3 0.5 0.0 34 4.0 32
n 1.000 0.1 -0.1 -0.2 -0.3 -0.0 -2.0 -2.3 -1.9
Government Policy Variables (%, ch. in p.p. from the baseline)
Tt 0.00 -1.00 -1.00 -1.00 -1.00 0.00 0.00 0.00 0.00
Teit 0.00 000 000 000 000 -10.10 -10.10 -10.10 -10.10
Tet 0.00 1.09 1.06 1.41 2.52 1.09 032 -0.66  -3.88
Gini Coefficients
gini(cy, dy) 0.176  0.177 0.179 0.180 0.181 0.179 0.176  0.177  0.183
gim‘(ﬁtlt) 0.151 0.152 0.152 0.153 0.153 0.151 0.151  0.152  0.157
gini(ag, S¢—1) 0.332 0332 0.338 0342 0353 0332 0330 0.324 0315
gini(0,by—1+s,-1) 0.670 0.670 0.674 0.676 0.678 0.670 0.668 0.667  0.672
Intergenerational Correlations
corr(ﬁt, Btﬂ) 0457 0466 0468 0469 0469 0461 0467 0475 0.531
corr(ﬁtlt, INthltH) 0432 0443 0445 0446 0445 0435 0442 0449 0.508
OLS Coefficients
3(nt,ln(ﬁtlt+rtat)) 0.149 0.111 0.112 0.112 0.113 0.170 0.168 0.167 0.163
B(nt, In ﬁtlt) 0.124 0.083 0.084 0.085 0.087 0.146 0.145 0.143  0.145
3(nt, In ﬁt) 0.125 0.085 0.086 0.087 0.089 0.147 0.146 0.145 0.146

Note: The compensating variation in wealth, c¢vy, in each period is the negative of population-weighted average as
a percentage of baseline wealth per young household, K. The compensating variations of initial old households
are measured at the beginning of period 1.
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hold under the compensating variation measure. The welfare of initial old households would
also improve on average by 0.5% in the same welfare measure because of the welfare gains of
the children. The effect of this policy reform on labor income inequality is small, and the Gini
coefficient of labor income of young households would increase from 0.151 to 0.152 in the third
period. The intergenerational correlation of human capital would increase more significantly
from 0.457 to 0.461 in the first period and to 0.467 in the second period. The Gini coefficient
of household wealth would decrease only slightly from 0.670 to 0.668 in the second period and
to 0.667 in the third period.

The Winner: Education Subsidies

5.2 Cutting Estate Taxes vs. Labor Income Taxes

This subsection compares the possible effects of cutting estate (inter vivos transfer) taxes
(reducing 7, ; by 9.10 percentage points) and cutting labor income taxes (reducing 73, ; by 1.10
percentage points), both financed by increasing consumption taxes. Figure [3| shows the behav-
ioral effects of these two policy changes in the first period by human capital, and Table [6] shows
the individual, aggregate, and distributional effects of these policy changes over the transition
paths.

When the estate tax rate, 7,;, was reduced permanently by 9.10 percentage points, the
marginal cost of inter vivos transfers, mc,,, fell by 9.10%, and the marginal cost of children,
mc,, ¢, would fall on average by 1.8%. The average inter vivos transfers per child, b;, would
increase by 17.6%, the average education spending per child, &;, would decrease by 5.5%, and
the average number of children, 72;, would increase by 0.4% in the first period. The percent
increase in inter vivos transfers, by, is heterogeneous and decreasing in the household’s human
capital, h;. The increase in b, is on average 41% when h; = 0.6, and it is 12% when h; = 2.0.

Then, these changes in b; and ¢; in the first period would increase the initial wealth of chil-
dren, a;,1, and decrease the human capital of children, h;;;. The average wealth of children,
a;, would increase by 17.3%, and the average human capital of children, h:, would decrease
by 1.6%, at the beginning of the second period. Because of the positive income effect, inc;, of
increasing @, and h; combined in the second period, the average number of children, 7,, would
increase by 1.8% (from the baseline economy) in the second period. Total capital stock at the
beginning of the second and third periods would increase by 6.0% and 9.3%, respectively. Total
effective labor in the second and third periods would decrease by 1.5% and 0.7%, respectively,
and total output would increase by 1.2% and 2.8%, respectively, in the second and third peri-
ods. The consumption tax rate, 7.+, would increase by 1.09 percentage points in the first period,
and it would increase by 0.89 and 0.16 percentage points (from the baseline economy) in the
second and third periods.

The policy reform would decline on average the welfare of young households with h; < 0.7

and improve the welfare of those with A, > 0.7 in the first period. The welfare of young
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Figure 3: Policy Experiments: Estate Tax Cuts vs. Labor Income Tax Cuts (policy effects by
human capital in the first period)

households would improve on average by 0.6% and 2.2%, respectively, in the first and second
periods, as a percentage of total wealth per young household under the compensating variation
measure. The welfare of initial old households would decline on average by 0.6% in the same
welfare measure because of the increase in the consumption tax rate. The effect of this policy
reform on labor income inequality is very small, and the Gini coefficient of labor income of
young households would increase slightly from 0.151 in the baseline economy to 0.152 in the
third period. The intergenerational correlation of human capital would increase steadily from
0.457 to 0.460 and 0.465 in the first and second periods, respectively. The Gini coefficient of
household wealth before making inter vivos transfers would increase from 0.670 to 0.673 and
0.674 in the second and third period, and the Gini coefficient of household wealth after making
transfers would decrease temporarily from 0.332 to 0.328 in the second period.

When the labor income tax rate, 7, was reduced permanently by 1.10 percentage points,
the disposable labor income for child-related expense, (1 — 7, — 7,¢)wihi(1 — <), would
increase by 1.4%, and the marginal cost of children, mc, ;, would increase on average by

0.6%. In addition, the marginal values of education and children would both rise. The average
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Table 6: Policy Experiments: Estate Tax Cuts vs. Labor Income Tax Cuts

Baseline Estate Tax Cuts Labor Income Tax Cuts
Period ¢ 0 1 2 3 00 1 2 3 00
Individual Variables (population-weighted average, % ch. from the baseline)
at 0.080 -0.0 17.3 19.3 30.7 -0.0 -1.2 -0.7 0.6
hy 1.000 0.0 -1.6 0.2 7.3 0.0 0.8 1.1 2.0
Ct 0.424 -1.0 2.1 4.1 12.1 -0.1 0.2 0.5 1.6
St 0.133 -2.7 3.0 4.8 12.0 1.1 1.1 1.4 2.3
g 1.000 0.4 1.8 2.4 4.8 0.1 0.2 0.3 0.7
by 0.104 17.6 19.6 22.0 31.2 -1.2 -0.7 -0.4 0.5
€y 0.096 -5.5 2.1 5.9 21.0 2.9 3.2 3.8 5.7
diy1 0.602 -3.6 -1.0 0.9 8.5 0.3 0.6 0.9 1.9
Q41 0.077 17.6 19.6 22.0 31.2 -1.2 -0.7 -0.4 0.5
his1 0.992 -1.6 0.3 1.7 7.2 0.8 1.1 1.3 2.0
Ut 7.495 0.1 1.4 2.3 5.6 0.1 0.3 0.4 0.9
CUy 0.000 0.6 2.2 4.0 9.4 0.7 0.9 1.0 1.6
Initial Old Households (population-weighted average, % ch. from the baseline)
dy 0.602  -1.0 -0.6
() 7.495 -0.0 0.0
CUt—1 0.000 -0.6 0.0
Aggregate Variables (per young household, % ch. from the baseline)
Cy 1.204 -0.9 -0.7 1.0 8.5 -0.3 0.2 0.5 1.5
K 0.179 0.0 6.0 9.3 17.5 0.0 0.0 0.2 1.1
Ly 1.146 -0.0 -1.5 -0.7 5.8 -0.0 0.6 1.0 1.8
Y; 1.791 -0.0 1.2 2.8 9.8 -0.0 0.4 0.7 1.6
147 3.815 -0.0 -4.3 -5.6 -6.1 -0.0 0.4 0.5 0.4
ny 1.000 0.0 2.7 3.5 39 0.0 -0.2 -0.3 -0.2
Government Policy Variables (%, ch. in p.p. from the baseline)
Th,t 0.00 -9.10 -9.10 -9.10 -9.10 0.00 0.00 0.00 0.00
Tht 10.00 0.00 0.00 0.00 0.00 -1.10 -1.10 -1.10 -1.10
Tet 0.00 1.09 0.89 0.16  -2.29 1.09 0.92 0.82 0.46
Gini Coefficients
gini(cy, dy) 0.176  0.178 0.168 0.169 0.174 0.176 0.176 0.176  0.177
gini(ﬁtlt) 0.151  0.151  0.151  0.152 0.156 0.151 0.151 0.151 0.152
gini(ag, S¢—1) 0.332  0.332 0.328 0327 0322 0332 0333 0332 0.333

gini(0,by—1+s,-1) 0.670 0.670 0.673 0.674 0.678 0.670 0.670 0.670 0.671

Intergenerational Correlations

corr(ﬁt, Bt—i—l) 0.457 0460 0465 0474 0519 0459 0460 0462 0.467
corr(hiy, hysrlie1) 0432 0435 0441 0449 0496 0434 0436 0437 0442
OLS Coefficients

ﬁ(nt, ln(ﬁtlt—l—rtat)) 0.149 0.146 0.147 0.147 0.146 0.150 0.150 0.150 0.150
B(nt,ln hely) 0.124 0.121  0.119 0.121 0.125 0.125 0.125 0.125 0.126
ﬁ(nt,ln ﬁt) 0.125 0.122  0.121 0.122 0.126 0.126 0.126 0.127 0.128

Note: The compensating variation in wealth, c¢vy, in each period is the negative of population-weighted average as
a percentage of baseline wealth per young household, K. The compensating variations of initial old households
are measured at the beginning of period 1.
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education spending per child, €;, and the average number of children, n;, would increase by
2.9% and 0.1%, respectively, and the inter vivos transfers per child, b;, would decrease by 1.2%
in the first period. The percent increase in education spending, e;, is decreasing modestly in
the household’s human capital, h;. The change in the number of children, n;, and the percent
change in inter vivos transfers, b;, do not depend on the household’s human capital level very
much.

These changes in b; and e; in the first period would decrease the initial wealth of children,
a;y1, and increase the human capital of children, h;;;. The average wealth of children, a,,
would decrease by 1.2%, and the average human capital of children, h,, would increase by
0.8%, at the beginning of the second period. The average number of children, 7;, would in-
crease by 0.2% (from the baseline economy) in the second period. Total capital stock would
not change in the second period and would increase by 0.2% in the third period. Total effective
labor would increase by 0.6% and 1.0%, respectively, in the second and third periods, and total
output would increase by 0.4% and 0.7%, respectively, in these periods. The consumption tax
rate, 7.;, would increase by 1.09 percentage points in the first period, and it would increase by
0.92 and 0.82 percentage points in the second and third periods.

The welfare of young households in the first period would improve on average by 0.7% as a
percentage of total wealth per young household under the compensating variation measure. The
welfare of initial old households would not change. The effect of this policy reform on labor
income inequality is very small, and the Gini coefficient of labor income of young households
would stay at 0.151 through the third period. The intergenerational correlation of human capital
would increase a little from 0.457 to 0.459 and 0.460 in the first and second periods. The Gini
coefficient of household wealth would stay at 0.670 through the third period.

The Winner: Cutting Estate Taxes

5.3 Increasing Public Education vs. Childcare Paid Leave Subsidies

This subsection compares the possible effects of increasing public education (increasing
¥ by 0.01, or 1.0% of the average human capital of young households in the baseline) and
increasing childcare and paid leave subsidies (increasing ; by 0.0127, or 1.27% of the time
endowment of young households), both financed by increasing consumption taxes. Figure
shows the behavioral effects of these two policy changes in the first period by human capital,
and Table [/| shows the individual, aggregate, and distributional effects of these policy changes
over the transition paths.

When the public education per child, ¥;, was increased permanently by 0.01, it would gen-
erate almost the same effect of decreasing the child tax rate per child, 7, ;, by the same amount.
This is because the public education, 1J;, and private education, e;, are perfect substitutes in
the model economy, and the private education spending is larger than 0.01 for all households

except for those with very small wealth, a;, and very low human capital, h;, in the baseline
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Figure 4: Policy Experiments: Public Education vs. Childcare Paid Leave Subsidies (policy
effects by human capital in the first period)

economy. So, the increase in public education would mostly be canceled out by the decrease in
private education, and the reduction in the cost of private education would have the same effect
of child subsidiesFl

When childcare and paid leave subsidies per child, i;, were increased permanently by
0.0127, the marginal cost of children, mc,,;, would fall by on average 1.9%. So, the average
number of children, 7;, would increase by 1.8% in the first period. The increase in 7; would
increase the marginal costs of inter vivos transfers, mc;;, and the education spending, mc, ,
and b, and &, would both decrease by 0.7% in the first period. Then, these decreases would
lower the average wealth of children, a;, by 1.0% and the average human capital of children,
h:, by 0.3% in the second period. Because the negative income effect, inc;, of decreasing a,
and h, in the second period, the population growth rate, 72,, would fall slightly to 1.7% in the
second period.

Total capital stock at the beginning of the second and third periods would decrease by

8Public education as well as many other paternalistic policies would be more important if the degree of
parental altruism is heterogeneous and positively correlated to the parents’ income or human capital.
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Table 7: Policy Experiments: Public Education vs. Childcare Paid Leave Subsidies

Baseline Public Education Childcare Paid Leave Subsidies
Period ¢ 0 1 2 3 00 1 2 3 00
Individual Variables (population-weighted average, % ch. from the baseline)
at 0.080 -0.0 -2.5 -3.5 -6.6 -0.0 -1.0 -1.3 -2.3
hy 1.000 0.0 -0.9 -1.7 -4.0 0.0 -0.3 -0.5 -1.3
Ct 0.424 -0.5 -1.5 24 -5.1 -0.8 -1.0 -1.3 2.2
St 0.133 1.6 0.4 -0.5 -2.9 1.3 0.9 0.6 -0.2
g 1.000 2.5 2.1 1.8 0.9 1.8 1.7 1.6 1.3
by 0.104 -1.7 -2.8 -3.7 -6.2 -0.7 -1.1 -14 2.2
€y 0.096 -12.8 -150 -166 -21.1 -0.7 -1.4 -1.9 -3.4
diy1 0.602 -0.0 -1.2 -2.1 -4.7 0.1 -0.3 -0.6 -1.5
Q41 0.077 -1.7 -2.8 -3.7 -6.2 -0.7 -1.1 -1.4 2.2
his1 0.992 -0.7 -1.5 -2.1 -39 -0.2 -0.5 -0.7 -1.2
Ut 7.495 0.1 -0.5 -0.9 -2.3 0.0 -0.1 -0.3 -0.7
CUy 0.000 0.2 -0.1 -0.7 2.4 0.3 0.3 0.1 -0.4
Initial Old Households (population-weighted average, % ch. from the baseline)
dy 0.602  -1.0 -0.8
() 7.495 -0.0 -0.0
CUt—1 0.000 -0.8 -0.6
Aggregate Variables (per young household, % ch. from the baseline)
Cy 1.204 -0.5 -1.8 -2.7 -5.2 -0.6 -1.2 -1.5 -2.3
K 0.179 0.0 -1.6 -2.5 -5.1 0.0 -0.7 -1.0 -1.9
Ly 1.146 -0.2 -1.4 2.1 -4.3 1.0 0.4 0.2 -0.5
Y, 1.791 -0.1 -1.4 2.2 -4.6 0.6 -0.0 -0.3 -1.0
147 3.815 -0.1 0.1 0.3 0.5 0.6 0.7 0.7 0.8
ny 1.000 0.1 -0.1 -0.2 -0.3 -0.4 -0.4 -0.4 -0.5
Government Policy Variables (%, ch. in p.p. from the baseline)
Iy 7.16 1.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00
Py 0.00 0.00 0.00 0.00 0.00 1.27 1.27 1.27 1.27
Tet 0.00 1.09 1.05 1.39 2.44 1.09 0.96 1.06 1.38
Gini Coefficients
gini(cy, dy) 0.176  0.177 0.179 0.180 0.180 0.178 0.179 0.179  0.179
gini(ﬁtlt) 0.151  0.152 0.152 0.152 0.152 0.151 0.152 0.152  0.152
gini(ag, S¢—1) 0.332 0332 0.337 0342 0351 0332 0334 0336  0.338

gini(0,by—1+s,-1) 0.670 0.670 0.674 0.675 0.678 0.670 0.673 0.673  0.674

Intergenerational Correlations

corr(ﬁt, Bt—i—l) 0457 0464 0464 0464 0461 0460 0461 0461  0.460
corr(hiy, hys1lie1) 0432 0441 0441 0441 0437 0439 0439 0439 0439
OLS Coefficients

ﬁ(nt,ln(ﬁtlt+rtat)) 0.149 0.115 0.116 0.116 0.117 0.140 0.140 0.140 0.140
B(nt, In hyly) 0.124 0.087 0.088 0.090 0.091 0.117 0.118 0.118 0.119
ﬁ(nt, In ﬁt) 0.125 0.089 0.090 0.091 0.093 0.118 0.119 0.119  0.120

Note: The compensating variation in wealth, c¢vy, in each period is the negative of population-weighted average as
a percentage of baseline wealth per young household, K. The compensating variations of initial old households
are measured at the beginning of period 1.
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0.7% and 1.0%, respectively. Total effective labor would increase by 1.0% and 0.4% (from the
baseline economy) in the first and second periods, respectively. Total output would increase by
0.6% in the first period and decrease very slightly in the second period. The consumption tax
rate, 7.+, would increase by 1.09 percentage points in the first period, and it would increase by
0.96 and 1.06 percentage points in the second and third periods.

The policy reform would on average decline the welfare of young households with /; < 0.8
and improve the welfare of those with ~; > 0.8 in the first period. The welfare of young house-
holds would improve on average by 0.3% in the first period as a percentage of total wealth per
young household under the compensating variation measure. The welfare would improve by
0.3% and 0.1% in the second and third periods. The welfare of initial old households would
decline on average by 0.6% in the same welfare measure because of the increase in the con-
sumption tax rate. The effect of this policy reform on labor income inequality is very small,
and the Gini coefficient of labor income would increase from 0.151 to 0.152 in the second and
third periods. The intergenerational correlation of human capital would increase from 0.457 to
0.460 in the first period and to 0.461 in the second period. The Gini coefficient of household
wealth would increase a little from 0.670 to 0.673 in the second and third periods. This is be-
cause childcare and paid leave subsidies would benefit high income households more than low

income households.

The Winner: Childcare and Paid Leave Subsidies (with a small margin)

6 Concluding Remarks

The present study constructs a Barro—Becker—-Bewley model with parental human capital
investment of De la Croix and Doepke (2003). In the model economy, heterogeneous house-
holds choose the number of children, education spending for children, and inter vivos transfers
to children, in addition to they choose their own consumption and saving. Calibrating the model

to the U.S. economy, this study then analyzes the possible effects of family-related policies.

* Increasing child allowances reduce the marginal cost of raising children. This policy
increases the number of children but decreases per-child education expenditures and inter
vivos transfers. Therefore, this policy declines the average welfare of both existing initial

old households and future young households.

* Increasing education subsidies reduce both the marginal cost of child-rearing and the
marginal cost of education expenditure. While this policy increases education spending
in the short run, it reduces the number of children and inter vivos transfers. However, this
policy improves the average welfare of both current households (including early elderly

households) and future households.

* Increasing inter vivos transfer subsidies reduce both the marginal cost of child rearing
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and the marginal cost of inter vivos transfers. This policy increases inter vivos transfers
and the number of children while reducing education expenditures in the short run. This
policy improves the average welfare of current and future young households but declines

the average welfare of initial old households.

Because the number of children, education spending for children, and inter vivos transfer
to children are highly substitutable to each other, known as the quantity—quality tradeoff, the
optimal policy implied by the quantitative analysis would be a combination of the above three
policy changes. For example, if child, education, and inter vivos transfer subsidy rates are set to
(Tts Tet, o) = (—0.003, —0.047, —0.030), the marginal cost of children, education, and inter
vivos transfers would decrease, more proportionately, by 2.0%, 4.7%, and 3.0%, respectively.
Then, this policy would increase the number of children, education spending, and inter vivos
transfers both in the short run and in the long run, and it would also improve the welfare, on
average, of all current and future households.

The model developed in the present study is highly stylized and, to keep its transparency, it
intentionally abstracts from several aspects that are possibly important to analyze the behaviors

of married households.

* The model does not consider the timings of childbirths, education spending, and inter-
generational transfers. One period in the model economy is one generation, and a married

couple determine the number of children, education spending, and inter vivos transfers.

* The model does not incorporate the human capital heterogeneity (earning ability dispar-
ity) between a husband and wife. Accordingly, the model does not consider the allocation

of working and childcare hours between them either.

* The model does not incorporate single households and decisions on marriages and di-
vorces. Most single households without children would be worse off from any child-

related policies unless they were appropriately compensated.

These aspects of the household’s decisions will be addressed in the future. Regarding the
lack of single households in the model economy, the average number of children is normalized
to unity in the baseline economy, that is, the average total fertility rate is normalized to 2.0.
Suppose, more realistically, that the 50% of all households are married and the other 50%
are single (male or female) households. Then, the two thirds of women in the economy are
married, and the total fertility rate will be 1.33. Even though this study abstracts from all
the above aspects, the policy implications provided in the present study would not change the

policy implications significantly.

A Solving the Bewley-type Dynastic OLG Model

This study solves the Bewley-type dynastic OLG model for a steady state equilibrium and
an equilibrium transition paths with Gauss-Jacobi iterations to obtain the fixed point of €2,. The
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study solves the altruistically dynastic households’ optimization problem by using the marginal
value function iteration. The individual household’s optimal decisions at each state in each
period are obtained by solving the Kuhn-Tucker conditions (or the corresponding complemen-
tarity problem) with a nonlinear equation solver, hybrd1, in MINPACK of Fortran90. For more
details of the computational algorithm and methods, see Nishiyama and Smetters (2014).

A.1 The Complementarity Problem of Each Household

Lets; = (as, hs,&;) be the household’s state vector, and let d; = (ct, 8¢, 0, by, €4) " be its
decision vector. Let f(d;s;, €2;) be the objective function on the right-hand-side of equation

(TT), that is,
(54) f(dt; St Qt) = U(Ct) + Bu(dt—i-l) + :Y(I)(nt)]Et [U(at-i-l; hiy1, €e1; Qt+1) ]»
and let g(dy; sy, €;) = 0 be the budget constraint in equation (12)), that is,

(55) g(ds;se, %) = (L+ 7)) (1 + nt)éct + 8¢+ Tty + (L4 7o) by + (1 + 7o p)erny
- (1 + (1 - Tk,t)rt)at - (1 — Thit — Tp,t)wtht(l - (925 - ¢t>nt)'

Let \; be the Lagrange multiplier for the budget constraint, let j1; = (fte.t, fis.ts fnts fb ts ,ue’t)T
be the Lagrange multipliers for the inequality constraints in equation (17, and let d,;,, =
(€,€,0,0,0)" be the lower bound of d;, where ¢ is a small number, such as 1073, Then, the
Lagrangian of this one period problem is

(56) £(dt, Aty [t St Qt) = f(dt; St, Qt) - )\tg(dt; St, Qt) - MI(dmin - dt)

subject to equations (I3)—(15)), and the Kuhn-Tucker conditions are the first order (stationary)
condition,

(57) Vf(ds;se, Qt)T — Vg(ds; sy, Qt)T)\t + e = 0,
and the complementarity slackness conditions,

(58) g(dt, St, Qt) S 0, >\t Z 0, )\tg(dt, S¢, Qt) = 0,
(59) dt 2 dmina Mt > 07 ,ui,t(di,min - di,t) =0 Vi.

The above complementarity problem can be expressed compactly as the nonlinear system
of equations,

. vf(dta S¢, Qt)T - Vg(dtv S¢, Qt)TAt dmin - dt dmax - dt
(60)  min {maX {( g(dy; s, ) 7 0— N "\ Amax — At
= 0,

where d,.x and A\, are the upper bounds of d; and )\;. Adding non-binding constraints,
d; < dnac and Ay < A, usually improves the computational stability when we solve the
problem of wide-range of heterogeneous households with a Newton-type nonlinear equation
solver. We also replace the min(a,b) and max(a, b) operators with the Fischer-Burmeister
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functions,
(61) ¢_(a,b) =a+b—v a? + 1)2, ¢+(a’b> =a+b+Vaz+ b27

respectively, to make the above system of equations differentiable without affecting the solu-
tions.

A.2 The first Order Conditions

The first order conditions for an interior solution, V f(dy; s, Q)T — Vg(ds; ss, Q) T A = 0,
of the household’s problem in each period are

62) c;: () = MN(1+ 7o) (1 +n)* =0,

~ od
(63) si: [u(ds) 8”1 A\ =0,
St
64 ny AV () By [v(asn, b, €ev1; Qurr) | — N[ (L4 7)€L+ ny) ey

+ Tn,t + (1 + Tb,t)bt + (1 + Te,t)‘et + (1 — Tht — Tpﬂg)wtht exp(é‘t)(gb — wt)} = 0,

8at+1
oby

Ohi i1
aet

(65) b : 7‘13(7%) E, [Ua<at+17 Pitr, €ea; Qt+1) } - )\t(l + Tb,t)nt =0,

(66) er: FP(ny)E; |:Uh(at+17 hit1, €415 Qeg1) ] — M1+ 7o)y =0,

where the value function is (23)), the marginal value functions are (70) and (71)), and

Ody 11 I 14 (1= Thpq1)remn

67 = ,
67 dsy L+p L+ 7o
oa
(68) a;;:l — 1 n P exp(eaﬂH_l),
8ht+1 n—11 71K
(69) Bn(Y; + ;)" "h{hy exp(ept+1)-

Oey :1+p

Note that the marginal cost of n; includes the terms with b, and e;, and the marginal costs of b,
and e; are both proportional to n;. These create the trade-off between the quantity and quality
of children.

The marginal value functions of the household born in period ¢ are

(70) Ua(ata Iy, €4 Qt) = (1 + (1 - Tk,t)Tt>/\t<ata Iy, €4 Qt);

(71) Uh(atv hy, €¢; Qt) = (1 — Tht — Tp,t)wt exp(st)(l - (¢ - %Ut)”t(at, hy, e4; Qt)>)‘t(ata hy, e; Qt)

) exp(‘gt)cu,(d?H»l(a/t?htagt;Szt))
+ 1 — T — w
ﬁ( h,t+1 7p,t+1) t+1 1 1 i1

Ah(et(at7 Iy, €4 Qt>7 hy, Oy }_lt)

N 1
+ 3D (ny(ar, hey €65 8%)) T

x [y [ eXp(eh,t)'Uh(at+l<ata hy, &, €at+15 Qt), ht+1(at7 hi, €t €h,t+1; Qt), Et41; Qt+1) } .
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where

U/(Ct(at, Iy, €4 Qt))
(14 704) (1 + ne(ag, e, et Qt))g.

(72) Ae(ag, by, ;) =

A.3 Solving the Bewley Model for an Equilibrium

Steady-State Equilibrium. The computational algorithm for solving the Bewley dynastic
model for a steady-state equilibrium with a time-invariant government policy schedule, §2, is as
follows.

1. Set the initial guesses of government’s policy variables and factor prices,

0 __ o_,0_0_0_0_0 _0O 0 90 ,,0 0 .0 0
Q _(TkﬂTh?Tc7Tn7Tb’Tevaatrp719a¢ y g, T ,’U)).

2. Given 0, find the decision rules and value function of households and the distribution
of households.

(a) Set the initial guesses of the value and marginal value functions,
vO(a, h,e; Q%) = (v%(a, h,e;Q°),0%(a, h,e;Q°), v} (a, b, £; Q%)).

(b) Given v%(a, h,e;02°), find the decision rules of households and the state transition
functions,

d(a, h,e;9Q%) = (c(a, h,e;Q°), 5(a, h,e;Q°), n(a, h,e;9Q°), b(a, h,e;Q°),
e(a, h,e;Q°%),d (a,h,e;Q°),d (a, h,e;Q°), 1/ (a, h,e; Q).

(c) Find the value and marginal value functions, v!(a, h, ; Q°), that are corresponding
to the decision rules, d(a, h, €; Q°), as fixed points by policy function iterationﬂ

(d) If the relative difference, || v!(a, h, e; Q°)—v°(a, h, &; Q%) || /[ 1+V°(a, h, €; Q)] o>
is small enough, then move to Step 3. Otherwise, update v°(a, h, &; Q°) by using
vl(a, h,e;Q°) and return to 2 (b).

3. Find the steady-state distribution of households z(a, h, €) by fixed-point iteration.

4. Compute aggregate variables, (C, W, L°, B, E, K, L,Y,G,0,V, P), and the government’s
policy variables and factor prices,

1 _ r 1 1 1 1 1 1 1 91 1 1 .1 1
Q = (Tk77—h77_c?TanbaTeanatTpaﬁ 7w g, T, W )

5. If the relative difference, [|Q' — Q% /(1 + [|©°]|«), is small enough, then stop. Other-
wise, update Q° by using Q! and return to Step 2.

It will suffice to iterate the economy with (K/L) instead of (r°, w°) in Step 5.

9We need to update the value function with policy function iteration, in each iteration step, because the Kuhn—
Tucker conditions include not only the marginal value functions but also the value function itself.
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Equilibrium Transition Path. Assume that the economy is in the initial steady-state equi-
librium in period 0 and that a new policy schedule, €2y, is introduced at the beginning of period
1. Choose a sufficiently large number 7" such that the economy is said to reach the new steady-
state equilibrium within 7" period. Let €2, be the time series of government’s policy variables
and factor prices as of period ¢,

T
Qt {Tk sy Th,sy Te,sy Tnyss Thysy Te,sy Tp,s) trp,& 1957 ¢s7 Js,Ts, ws}s =t*

Then, the computational algorithm for solving the model for an equilibrium transition path,
from the initial steady state to the final steady state, is as follows.

1. Set the initial guesses of government’s policy variables and factor prices,
0_yf0 0 0 0 _0 0
0 = {Tk:,t?Th,t7Tc,t7Tnt7Tbt7Tet7 pt’trpt719t’¢t’gt7rt7 }t 1

2. Given Q9, compute the final steady-state equilibrium in period 7.

3. Forperiodt =T — 1,7 — 2,...,1, compute backward the decision rules of households
and the state transition functions,

di(a,h,e; Q) = {c,(a,h,e;9Y), s:(a, h,e;Q%), n(a, h,e;Q0), by(a, h,e; QY),
ei(a, h,e; ), dir(a, hye;Q%), arpr(a, hye;Q°), by (a, by e; QO

and update the value and marginal value functions,

vi(a, h,e; Q) = {vi(a, h,e;9), va(a, b, e; QD) v (a, by e; QO L

4. Set the initial distribution of households x1(a, h,e) = xo(a,h,e). For period t =
1,2,....,T— 1 compute forward aggregate variables, {Cy, Wy, L;, By, Ey, Ky, Ly, Yy, Gy,
@t, \I/t, Pt I-!, and the government’s policy variables and factor prices,

1.1 1 1 _1 1
Q {TkthhtvTct77—nt77—bt77—et7 pt’trrptvﬁt’qu)t’gt??ntv }t 1
by computing the distribution function, {z;1(a, h, )} %, recursively.

5. If the relative difference, |7 — Q9| /(1 + [|Q29]|o0), is small enough, then stop. Other-
wise, update Q¥ by using Q{ and return to Step 2.
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