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Abstract

Historical trends suggest the decline in the importance of land as a pro-
duction factor, as evidenced by the decline in the employment and GDP
shares of land-intensive industries. However, land continues to be a promi-
nent store of value, as over half of household wealth in major countries is
real estate. To explain this apparent disconnection between land output
and land value, in a plausible economic model with land and aggregate
risk, we theoretically study the long-run behavior of land prices and iden-
tify economic conditions under which land becomes overvalued relative to
the fundamentals defined by the present value of land rents. Unbalanced
growth together with the elasticity of substitution between production fac-
tors plays a critical role. We establish the Land Overvaluation Theorem:
when the elasticity of substitution between land and non-land factors ex-
ceeds 1 (which is natural because we can create more space by constructing
taller buildings with fixed land) and technological progress is faster in non-
land sectors, land overvaluation necessarily emerges. As applications of the
Theorem, we present three examples. (i) Land overvaluation emerges along
the long-run transition from the Malthusian agricultural economy to the
modern knowledge- and service-based economy. (ii) With aggregate un-
certainty, land prices exhibit recurrent stochastic fluctuations around the
trend, with expansions and contractions in the size of land overvaluation.
(iii) In modern economies, land use is also changing and urban land has
high value. We present a model of urban land prices and show that land
overvaluation emerges in the process of urban formation characterized by

unbalanced growth.
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1 Introduction

As economies develop and per capita incomes rise, the importance of land as a
factor of production diminishes. Figure 1 plots the employment share of agricul-
ture in the United States against time (left panel) and real per capita GDP (right
panel). These graphs show that the employment share of agriculture has signifi-
cantly declined over the past three centuries along economic development.! The
trend is similar if we define the “land-intensive” sector by combining agriculture,
mining, and construction. This trend is not specific to the United States: Figure
2 plots the GDP share of agriculture (left panel) and the employment share of
agriculture (right panel) against per capita GDP for 173 countries in 2023.
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Figure 1: Employment share of land-intensive sectors in the United States.

The decline in the importance of land as a factor of production is partly due
to biological constraints regarding the amount of food people can consume (where
land produces agricultural products) or the amount of leisure time people can
spend (where land produces amenities like tennis courts and national parks). Al-
though people living in modern capitalistic societies have tremendously benefited
from technological progress over the past decades such as the development of com-

puters, Internet, smartphones, and electric vehicles, introspection suggests that

1See Appendix B.1 for data description. Figure 1 updates Kongsamut et al. (2001, Figure 2).
2See Appendix B.2 for data description. Figure 2 updates Echevarria (1997, Figure 2).
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Figure 2: GDP and employment share of agriculture across countries in 2023.

our dining and outdoor experiences—the quality of “land-intensive products”—
have not changed much.

At the same time, land also plays a significant role as a scarce means of sav-
ings. Figure 3, which reproduces OECD (2022, Figure 2.1),* shows that among 29
OECD countries, real estate (owner-occupied housing and secondary real estate)
comprises more than 50% of household wealth in 27 countries. Land possesses a
few characteristics that make it suitable as a store of value. First, unlike cryptocur-
rency, land has an intrinsic value because it can be used as a factor of production
in agriculture, construction, housing, and leisure. Second, unlike gold (which is
chemically homogeneous), each land parcel is immobile and unique and hence
property rights are well-defined, which makes it difficult to steal. Third, relative
to durable goods such as vehicles, land is more durable as it cannot be destroyed
absent natural disasters, sea level rise, and pollution.

This paper theoretically studies the long-run behavior of land prices in modern
economies where the importance of land as a factor of production diminishes, yet,
land remains to play a significant role as a store of value. In a plausible economic
model with land and aggregate risk, we establish a theorem showing the tight
link between unbalanced (uneven) productivity growth, elasticity of substitution
between production factors, and overvaluation of land, meaning that the equilib-
rium land price exceeds its fundamental value defined by the present value of land
rents.

To derive these findings, we consider a two-period stochastic overlapping gen-
erations (OLG) model with land and establish the Land Overvaluation Theorem.

We identify economic conditions under which land overvaluation will necessarily

3Data are available at https://stat.link/z60j0i.
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Figure 3: Composition of gross household wealth in OECD countries.

emerge in equilibrium. Let us denote the labor and land productivities at time
t by Apgy and Axy, respectively. Let us also denote by o (a lower bound of) the
elasticity of substitution between land and labor at sufficiently high input levels

and assume o > 1. The main result of this paper, Theorem 1, shows that if

o

Eo Z(félHt/AXt)l/(F1 < 00,

t=1

then land is overvalued in equilibrium. Noting that ¢ > 1 and hence 1/0 —
1 < 0, this land overvaluation condition holds whenever labor productivity Apg,
grows faster than land productivity Ay, in the long run, i.e., unbalanced growth
occurs. The intuition is as follows. Because the young save a fraction of income
by purchasing land, along the equilibrium path, the land price increases together
with wages, whose growth rate will be the same as labor productivity growth. On
the other hand, the growth rate of land rents will be suppressed if the elasticity of
substitution between land and labor exceeds 1, in which case land prices, pulled
up by growing incomes, grow faster than land rents and therefore land will be
overvalued, with an upward trend in the price-rent ratio. Moreover, since the
equilibrium is unique, land overvaluation necessarily emerges.

There are three important implications to be drawn from our Land Overvalua-

4To be precise, the ratio increases over time depending on whether the elasticity of substitu-
tion exceeds 1 at high input levels, not necessarily globally. In §4.2, we justify our assumption
of o > 1 in several ways based on both empirical and theoretical grounds.
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tion Theorem. First, our analysis illustrates the key mechanism of how land over-
valuation emerges, where unbalanced growth and elasticity of substitution play a
crucial role. Second, unlike the usual perspective on land overvaluation (sometimes
called land bubbles) as short-run phenomena with boom-bust cycles, our analysis
shows the emergence of land overvaluation on the long-run trend along economic
development. In reality, as economies develop, structural transformation occurs
from the land-intensive agricultural economy to the labor- or knowledge-intensive
economy. During this transition, while the importance of land as a factor of pro-
duction diminishes, as long as land remains important as a store of value, land
necessarily becomes overvalued. To illustrate this point clearly, in §5.1, we present
a two-sector model as a special case and show that land overvaluation will occur
as the unique equilibrium outcome in the major historical trend of the transition
from a Malthusian economy to a modern economy. In addition to the shift from
the agricultural economy to the labor- or knowledge-intensive economy, land use is
also changing. In §5.3, we present another special case in which land overvaluation
emerges with urban formation with unbalanced growth. Third, our theorem in an
economy with aggregate risk also provides a new insight on short-term fluctuations
that deviate from the long-run trend. When productivities fluctuate, so do land
prices. In standard asset pricing models, these valuations and fluctuations always
reflect fundamentals. In contrast, our analysis shows that land is always overval-
ued in the long-run trend, associated with expansions and contractions in the size
of overvaluation over short periods of time that may appear to be the emergence
and collapse of large land bubbles. Our model provides a theoretical foundation
for recurrent stochastic bubbles. We emphasize that this insight can only be ob-
tained in an economy with aggregate risk. In a deterministic economy, if the land
price-rent ratio converges, it implies that the land price reflects fundamentals. In
contrast, in an economy with aggregate risk, even if the ratio appears to be stable
for an extended period of time, it does not necessarily mean land prices reflect
fundamentals. So long as the condition satisfying the Theorem is satisfied, the
price of land is always overvalued, and the extent of the overvaluation is constantly
changing. §5.2 illustrates these points by considering that productivity changes in

labor and land stochastically evolve according to a Markov chain.

2 Related literature

We employ a standard two-period OLG model with land as in McCallum (1987),
Rhee (1991), Hansen and Prescott (2002), Mountford (2004), and Stiglitz (2015),



where land plays the dual role of factor of production and store of value. Our
paper is different because we focus on asset pricing, unbalanced growth, and land
overvaluation. Rhee (1991) shows the importance of elasticity of substitution
exceeding one for the possibility of dynamic inefficiency.” In contrast, we show the
importance of this condition for the necessity of land overvaluation but dynamic
inefficiency is irrelevant.’

There is also a literature that emphasizes the role of land as collateral (Kiyotaki
and Moore, 1997; Krishnamurthy, 2003; Kocherlakota, 2013). We abstract from
this role to clarify the mechanism of how land overvaluation necessarily occurs in
a bare-bones model where land plays the dual role of production factor and store
of value. While land prices reflect fundamentals in Kiyotaki and Moore (1997),
land is intrinsically useless like fiat money or cryptocurrencies and may have a
positive value in Kocherlakota (2013), so land can be overvalued. In contrast, in
our model, land is a productive asset used as an input for production, in which case
land is shown to be inevitably overvalued. We identify the underlying economic
conditions.

As in Lucas (1978) and the large subsequent literature, we study asset pricing
in an economy with aggregate uncertainty. In macro-finance, it is well known
since Santos and Woodford (1997) that there is a fundamental difficulty in gen-
erating asset overvaluation (sometimes called asset bubbles) in dividend-paying
assets.” Perhaps due to this difficulty, progress in macro-finance models that de-
scribe realistic asset overvaluation in land, housing, and stocks has been slow.
Indeed, the literature on rational bubbles has almost exclusively focused on pure
bubbles like fiat money. However, applications to policy, quantitative, and empir-
ical analyses using pure bubble models are severely limited due to the following
reasons. First, in reality, it is hard to find pure bubble assets other than fiat

money or cryptocurrencies. Second, there exist a continuum of bubble equilibria

®Note that some of the analysis in Rhee (1991) is loose, as his Assumption A involves en-
dogenous objects and the proof is claimed to be equivalent to Tirole (1985), which also involves
high-level assumptions as discussed in Hirano and Toda (2024a, §5.2). The recent paper Pham
and Toda (2025) proves that the main result of Tirole, 1985 (Proposition 1) requires some
qualifications.

¢Following Diamond (1965) and Tirole (1985), it is often noted that dynamic inefficiency
is important for the existence of asset bubbles. A typical approach considers a hypothetical
economy in which there is no dividend-paying asset like land, and then shows that under some
conditions, dynamic inefficiency can arise, in which case pure bubble assets can circulate. How-
ever, once we introduce land from the beginning, under some conditions land bubbles emerge as
the unique equilibrium outcome, so it is meaningless to think about a bubbleless world.

"Bubbles cannot arise in rational equilibrium models if dividends comprise a non-negligible
fraction of aggregate endowments. See Santos and Woodford (1997, Theorem 3.3) and Hirano
and Toda (2024a, §3.4) for details.



as well as fundamental equilibria, which makes model predictions non-robust.®
Third, the price-dividend ratio, which is used as a bubble detector in the econo-
metric literature (Phillips et al., 2015; Phillips and Shi, 2018), cannot even be
defined. Hence, connecting pure bubble models to the bubble detection litera-
ture is impossible. Wilson (1981, §7), Le Van and Pham (2016, §6.1.2), and Bosi
et al. (2022, §4.1) provide examples of asset price bubbles when dividends shrink
relative to the economy. Tirole (1985) and Bosi et al. (2018) study asset price
bubbles in an OLG model with capital accumulation. In a recent paper, Hirano
and Toda (2025) identify the economic conditions under which asset price bubbles
attached to dividend-paying assets necessarily emerge and establish the concept of
the necessity of bubbles in modern macro-finance models including Bewley-type
infinite-horizon models.” Since land in our model is used as a factor of production
yielding positive rents, land may be interpreted as a Lucas tree with endogenous
dividends. We build on the insight of Hirano and Toda (2025) but the crucial
differences are that we make the land rent endogenous and allow for aggregate
uncertainty.

Concerning unbalanced growth, Baumol (1967) points out the implications for
economic development when different sectors have different productivity growth
rates. Hansen and Prescott (2002) consider a two-sector OLG model with un-
even productivity growth rates across the capital-intensive (Solow) sector and the
land-intensive (Malthus) sector and argue that land becomes unimportant as a
factor of production as the economy develops. Acemoglu and Guerrieri (2008)
show in a two-sector model that differences in factor proportions across different
sectors combined with capital deepening leads to unbalanced growth. The elastic-
ity of substitution between the two sectors play a key role for growth dynamics.
Matsuyama (1992), Buera and Kaboski (2012), Boppart (2014), and Fujiwara
and Matsuyama (2024) use non-homothetic preferences to generate unbalanced
growth. A crucial difference between our work and this literature is that we show
the tight theoretical link between unbalanced growth, elasticity of substitution,
and land overvaluation, while the literature abstracts from asset pricing. In con-
trast, we clarify the mechanism of how unbalanced growth dynamics plays a key
role in generating asset overvaluation. Finally, our example in §5.3 is also re-

lated to the literature on urban formation (Krugman, 1991; Glaeser et al., 1992).

8This statement is often true but not always, as Scheinkman (1980) and Santos (1990) provide
counterexamples of indeterminacy in endowment economies. Hirano and Toda (2024c) examine
if their result also holds in production economies and prove that there exist a continuum of
monetary equilibria.

9For more discussion of these contributions, see Hirano and Toda (2024a, §5).



Obviously, urban formation is characterized by unbalanced growth. While this lit-
erature abstracts from asset pricing, our Theorem can be applied to study urban

land prices.

3 Fundamental value and bubble

Our paper studies land overvaluation. To this end, we need to define the fun-
damental value of assets and asset price bubbles. Although the definitions are
standard, which we discussed elsewhere Hirano and Toda (2024a, 2025), to make
the paper self-contained, we present the definitions in a general setting following
Hirano and Toda (2024d).

Consider an infinite-horizon economy with a homogeneous good and time in-
dexed by t =0, 1,.... Consider an asset with infinite maturity that pays dividend
D, > 0 and trades at ex-dividend price P, both in units of the time-t good. Let-
ting my_,+11 be the stochastic discount factor (SDF) of an agent holding the asset

at time t, the no-arbitrage asset pricing equation is given by

P, = Ey[my_i11(Pip1 + Dyt (3.1)

where E,[-] denotes the expectation conditional on time ¢ information. Define the
state price deflator by 7y = 1 and 7, = HZ;%) Mms_sy1 for t > 1. Multiplying m; to

both sides of (3.1) and using the definition of 7, we obtain
TPy = B[00 (Pry1 + Diya)).

Iterating forward yields

T
mP,=E; Y _ m.D,+ EyfrrPr). (3.2)

s=t+1

Because all terms are nonnegative, the sum in (3.2) from s =t +1tos =T
is increasing in 7" and bounded above by m, P, so it converges almost surely as
T — oo. Therefore the fundamental value of the asset (the present value of
dividends)

1
Vii=—E ) mD, (3.3)

is well-defined. Letting 7" — oo in (3.2), we obtain P, = V; + B;, where we define



the asset price bubble as

B, = Jm % Fyfry Py > 0. (3.4)
Two remarks are in order. First, the economic meaning of the bubble component
B, in (3.4) is that it captures a speculative aspect, that is, agents buy the asset
now for the purpose of resale in the future, rather than for the purpose of receiving
dividends. When limy_,, E;[r7Pr] = 0, the aspect of speculation becomes negligi-
ble and asset prices are determined only by factors that are backed in equilibrium,
namely future dividends. On the other hand, if limy_, ., E;[mrPr] > 0, equilibrium
asset prices contain a speculative aspect. Second, although the definition is the
same, there is a discontinuity in proving the existence of a bubble between the
cases with D; = 0, i.e., fiat money or cryptocurrencies, and D, > 0 such as land,
housing or stocks. In other words, as noted in Footnote 7, there is a fundamental

difficulty in generating a bubble attached to an asset with D; > 0.

4 Land Overvaluation Theorem

In what follows, following Baumol (1967), we refer to a situation with uneven
productivity growth between different production factors or different sectors as
“unbalanced growth”. In this section, we uncover the mechanism of how land
overvaluation necessarily emerges with unbalanced growth dynamics. We also
highlight the role of the elasticity of substitution between land and other produc-

tion factors.

4.1 Model

We consider a stochastic two-period OLG model. Uncertainty is resolved according
to a filtration {F;},2, over a probability space (2, F, P). We denote conditional
expectations by E;[-] = E[- | F].

Preferences At each time ¢, a unit mass of agents are born, who live for two

periods and derive utility

(1—B)logc] + B Eflog cf, ] (4.1)



from consumption (c¢/,c7,;) when young and old, where 3 € (0,1) dictates time
preference.'’ Each period, the young are endowed with one unit of labor, while
the old have none. At t = 0, there is a unit mass of initial old agents who only
care about their consumption ¢j. The initial old is endowed with a unit supply of

land, which is durable and non-reproducible.'!

Technologies There are two factors of production, labor (denoted by H) and
land (denoted by X). Although we call H “labor”, it may be interpreted as human
or intangible capital in a modern economy. To illustrate the point of how unbal-
anced growth necessarily generates land overvaluation, we focus on human capital
and abstract from physical capital such as buildings and machinery.'? As we will
show below, the point that different factors for production have different produc-
tivity growth rates plays a crucial role, as well as the elasticity of substitution
between them.

Without loss of generality, we only specify the aggregate production function,
as it is well known that if each sector or firm is competitive and markets are
frictionless, profit maximization at the individual and aggregate levels are equiv-
alent. (See the example in §5.1 below.) Below, we say that a production function
F(H,X) is neoclassical if F': R — R, is homogeneous of degree 1, concave,

continuously differentiable, and satisfies Fy, F'x > 0.

Assumption 1. The time t aggregate production function takes the form
Fy(H,X) = F(AuH, Ax X),

where F is a neoclassical production function and Apy, Axy > 0 are Fi-measurable

factor-augmenting productivities.

Equilibrium Let w; > 0 be the wage, r; > 0 the land rent, and P, > 0 the land

price (excluding rent), all in units of the current consumption good. Generation ¢

10The logarithmic (Cobb-Douglas) utility (4.1) is convenient for obtaining closed-form solu-
tions. This assumption is not essential, as shown by Hirano and Toda (2025, Theorem 2).

11 Although we call the asset “land”, within the context of the model, it is best to understand
as an abstract asset which is durable and productive and whose supply is relatively inelastic.

12For a model in which both physical capital and land serve as a store of value, see Hirano
and Toda (2024b, §6).
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seeks to maximize the utility (4.1) subject to the budget constraints

Young;: ¢ + Pixy = wy, (4.2a)
Old: Cg+1 = (Pt+1 -+ TtJrl)Q:t’ (42b)
where z; is the demand for land. The definition of equilibrium is standard.

Definition 1. A rational expectations equilibrium consists of adapted processes of
prices {(wy, 14, P)}oo, and allocations {(cf, ¢}, xs, Hy, Xt)} ooy, such that, for each

t,

(i) (Utility maximization) (cf, ¢f,,, x¢) maximizes the utility (4.1) subject to the

budget constraints (4.2),
(ii) (Profit maximization) (H;, X;) maximizes the profit Fy(H;, X;) —w,H;—r X,
(iii) (Market clearing) H; = 1, Xy = 1 = x4, and ¢ + ¢ = F;(Hy, Xy).

Due to log utility, the existence and uniqueness of equilibrium are immediate.
Here and elsewhere, we denote partial derivatives using subscripts, e.g., Fg =

OF /OH. Below, all proofs are deferred to Appendix A.

Proposition 1. If Assumption 1 holds, then the economy has a unique equilib-

rium, which is characterized by the following equations.

Wage: wy = Fy(Age, Axe) An, (4.3a)
Rent: re = Fx(Ame, Axe) Axe, (4.3b)
Land price: P, = By, (4.3¢)
Young consumption: cl = (1= Pwy, (4.3d)
Old consumption: ¢; = Pw, + 1. (4.3e)

4.2 Elasticity of substitution

The elasticity of substitution turns out to play a crucial role in generating land
overvaluation. Recall that the elasticity of substitution o between production
factors is defined by the percentage change in relative factor inputs with respect

to the percentage change in relative factor prices

dlog(H/X)

T dlog(w/r)’ (4.4)

11



where the derivative is taken along the production possibility frontier F'(H, X) =
constant. (See Appendix A.2 for details.) For neoclassical production functions,
the elasticity of substitution is given by op = (FyFx)/(FFux) (Lemma A.1).

To derive asset pricing implications, we restrict o as follows.

Assumption 2. The elasticity of substitution of the neoclassical production func-

tion F' exceeds 1 at high input levels:

liminfop(H,1) >0 > 1.

H—oo

We justify Assumption 2 in several ways.

The first justification is empirical. Epple, Gordon, and Sieg (2010) find that
the elasticity of substitution between land and non-land factors for producing
housing service is 1.16 for residential properties and 1.39 for commercial properties
in Allegheny County, Pennsylvania. Ahlfeldt and McMillen (2014) argue that
the estimation approach of Epple, Gordon, and Sieg (2010) is less susceptible to
measurement error than older estimates, which are likely biased downwards. They
find that the elasticity of substitution is around 1.25 for Chicago and Berlin.

The second justification is the pathological behavior of interest rates with
o < 1. To see this, suppose for simplicity that the production function exhibits

constant elasticity of substitution (CES)
F(H,X) = (aH'™ + (1 — a) X' ™7 | (4.5)

where o = 1/p is the elasticity of substitution and « € (0, 1). Suppose productiv-
ities are given by
(Ant, Axi) = (G, G) (4.6)

with Gy > G, and assume 0 < 1. Gy > G x means that the productivity growth
rate of human capital is greater than that of land. Using (4.3), we can bound the

gross risk-free rate from below as

Wy +r T
Rt _ 5 t t Z t '
Bw_y Bw_y

12



Using (4.3a) (4.3b), (4.5), (4.6), and p > 1, we obtain

L
Wy = o (O‘Gg_p)t +(1- a)Ggi—P)t> =5 Gg_p)t
~a(l— a)1%ﬂ)(;531r—p)tG,;§7
p
re=(1-a) <aGg_p)t +(1— a)Gg””) 1= Gg—p)t

~(1—a) TP Gl

Therefore .
T — ) (t—
R, > ~ G (G /Gy )P D)
"2 Buy ~ ap X Gn/6Y) .

because Gy > Gx and p > 1. An interest rate diverging to infinity is counterfac-

tual and pathological.

4.3 Unbalanced growth and land overvaluation

We now establish Land Overvaluation Theorem as the main result of this paper.

Theorem 1 (Land Overvaluation). Suppose Assumptions 1, 2 hold and

Eoi(AHt/AXt)l/"‘l < 00 (4.7)

t=1
almost surely. Then land is overvalued in equilibrium.

The condition (4.7) can be understood as follows. Suppose for simplicity that
(A, Axt) = (GYy, GY), so productivity growth is exponential. Then the ¢-th term
in the sum (4.7) is (Gg/Gx) 7~V which is summable if ¢ > 1 and Gy > Gx.
Thus condition (4.7) roughly says that labor productivity growth is higher than
land productivity growth in the long run. The intuition for Theorem 1 is similar to
that noted in the introduction, so we do not repeat it. It is important to note that
since the equilibrium is unique by Proposition 1, under the conditions in Theorem
1, there are no equilibria in which the land price equals its fundamental value.
In other words, in this economy with aggregate uncertainty, the only possible
equilibrium is one that features land overvaluation.?

In our model, land is the primary store of value. A natural question is what

happens if there are multiple assets that serve as a store of value such as stocks,

13By a symmetric argument, if the elasticity of substitution is bounded above by ¢ < 1 and
Gy < Gx, a land bubble also inevitably occurs. If 0 = 1 or Gy = Gx, then bubbles do not
occur, but these cases are obviously knife-edge.

13



gold and cryptocurrency. In this case, the extent of overvaluation in individual
assets could be indeterminate. However, the aggregate amount of overvaluation
and the equilibrium outcome are determinate and identical, as in the present
model. Hence, from a macroeconomic perspective, this equilibrium indeterminacy
in individual assets does not matter. This is basically the same as the “bubble
substitution” argument in Tirole (1985, §5); see also Hirano and Toda (2024b,
§6) for an example of overvaluation in the aggregate value of stocks and land.
Nonetheless, we emphasize the role of land as a means of savings because as noted
in the introduction, land is a focal point due to its characteristics.

Theorem 1 has three important implications. First, it clarifies the role of
unbalanced growth and elasticity of substitution for generating land overvaluation.
Second, we can derive a new insight on the long-run behavior of land prices in
a modern economy. The conventional view is that on the long-run trend, the
land price should reflect its fundamental value, even if it may deviate from the
fundamental value temporarily. In sharp contrast with this widely-held view,
Theorem 1 implies that during the process of economic development characterized
by unbalanced productivity growth, land overvaluation will necessarily arise. We

discuss the third implication of Theorem 1 by specializing it in the next section.

5 Examples

In this section, we illustrate Theorem 1 by discussing three special cases.

5.1 Land price from Malthusian to modern economy

We present a simple example to illustrate the inevitability of land overvaluation
in the context of a major historical trend involving structural changes. To demon-
strate this, we employ the two-sector model of Hansen and Prescott (2002), simpli-
fied without capital. This model can be interpreted as capturing how land prices
are determined during the transition from a land-intensive Malthusian economy
to a knowledge-intensive modern economy. It is also similar to the example in
Hirano and Toda (2025, §3.2) but extended to include aggregate uncertainty and

an endogenous structural change.
Model Instead of an aggregate production function as in §4, we suppose there

are two production sectors denoted by 7 = 1,2. Sector 1 is a traditional land-

intensive industry where both labor and land are used as inputs for production,
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such as agriculture and construction. Sector 2 is a modern industry where labor
(human capital) is the primary input for production, such as technology, finance,
and information and communication. The time ¢ production function of sector j
is Fj;(H, X). For simplicity, we suppose that technologies in sectors 1 and 2 are

Cobb-Douglas and linear, respectively:

Flt(Hy X) = AltHaXl_a, (51&)
th(H, X) — AQtH, (51b)

where A;; > 0 denotes the productivity in sector j at time ¢t and a € (0, 1).

Equilibrium As usual, an equilibrium is defined by utility maximization, profit
maximization, and market clearing. We omit the formal definition as it is similar
to Definition 1. Since in equilibrium, we have X;; = 1 and X5 = 0, using the
functional form of the production functions (5.1), profit maximization implies the

first-order conditions

Wt = OéAltHﬁil, (52&)
re = (1 —a)AnHy, (5.2b)
w > Agg, with equality if Hoyy > 0. (5.2¢)

There are two cases to consider. If Hy > 0, then (5.2¢) implies w; = Ay,
and (5.2a) then implies Hy; = (aAlt/Agt)ﬁ. For Hy > 0, we need Hy; < 1, or
equivalently Ay > aAy;. Otherwise, we have (Hyy, Ho) = (1,0) and w; = aeAy; by

(5.2a). Combining the two cases and using (5.2), we always have

wy = max {aAy, Ay}, (5.3a)
Hy, = min {aAy /Ay, 1177 (5.3b)
ro = (1 — a)Aymin {ady /Ay, 1} 70 . (5.3¢)

Unbalanced growth and land overvaluation Although this two-sector model
appears rather different from the model in §4, the former is actually a special case
of the latter.

As is well known, profit maximization at the individual sector or firm level
is equivalent to that at the aggregate level. Consider the aggregation of the two

production functions in (5.1). Suppressing the ¢ subscript and setting (X, Xy) =
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(X,0), it suffices to solve

F(H,X) = max {Z Fi(Hj;, X;) : i:Hj — H,ixj = X} :

j=1 j=1

Applying the Karush-Kuhn-Tucker theorem, it is straightforward to show that the

aggregate production function is

AltHaXl—a if OéAlt/AQt Z (H/X)l_a,

F (H7 X) = o1
t {A%H 41— a)aTw (A JAS) TR X if ady /Ay < (H/X)10

Therefore if we define
F(H, X) = min {H“Xl‘a, H+(1- a)aﬁx}

and (AHt, AXt) = (Agt, (Alt/Agt)ﬁ)y we obtain E(H, X) = F(AHtH7 AXtX) and

Assumption 1 holds. Furthermore, because
F(H X)=H+(1-a)aiaX

is linear for H > at™a X , in which case the elasticity of substitution is o = o0,
Assumption 2 also holds. The relative productivity is Ag:/Ax: = (A /Alt)ﬁ,

so condition (4.7) (with o = 0o) reduces to

Eo i(Alt/A%)lla < 0. (5.4)

t=1

This result implies that a land price bubble emerges if and only if the productiv-
ity growth in sector 2 is sufficiently faster than that in sector 1 so that (Ay;/Aa) =
is summable. Thus, a land price bubble emerges with economic development. For
instance, suppose productivities grow exponentially, so (A, Aot) = (A1GY, A2GY).
Then the land overvaluation condition (5.4) is equivalent to Gy > Gy, i.e., unbal-
anced growth. When the economy features multiple sectors as in reality, there is
no reason to expect equal growth rates across sectors. The slightest introspection
suggests that it would be a miracle if the rate of technological progress were the
same in 19th century trains and (horse-drawn) carriages, 20th century comput-
ers and calculators, or early 21st century electric vehicle batteries and internal
combustion engines. Unbalanced growth is a natural and general feature in the

process of economic development.
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When the productivity in sector 2 is so low that Ay < aAy, or t < t* =
log(aAy/A2)/log(G2/G) in the exponential example, by (5.3b) we have Hy; = 1,
so all labor is hired in the land-intensive sector. If this situation is expected to con-
tinue, by (5.3¢) and P, = Swy, both land rents and prices are expected to grow at
the same rate of G7. In the condition (5.4), since Ay > Ay, Eg Z;’ZI(AM/A%)ﬁ =
00. Therefore, the land price reflects fundamentals. We may interpret this situa-
tion as a Malthusian economy dominated by land-intensive sectors. From this situ-
ation, as the productivity of sector 2 improves relative to sector 1 and Ay > aAyy,
or after the critical time t*, sector 2 becomes active, i.e., an endogenous structural
change occurs. We may interpret this situation as the Industrial Revolution or the
rise of modern economy where human capital plays an important role in driving
economic growth. If this relative productivity growth is expected to continue, the
sum in (5.4) becomes finite, and a land bubble inevitably emerges.

Moreover, when sector 2 is active together with the structural change, as the
relative productivity Ay /A;, increases, by (5.3b) the employment share of sector
1, Hy; = (aAyy /Agt)ﬁ, declines. Thus, our model is consistent with stylize facts
documented in Figures 1-3 that the employment share of land-intensive sectors
has been declining but land remains to be an important store of value.

From this analysis, we can draw an important insight. That is, in a stationary
world in which only the land-intensive sector persists or the productivity growth
rates in the two sectors are the same, land prices and rents grow at the same rate
and therefore land price bubbles can never emerge. Once new sectors with higher
productivity growth emerge and the economy shifts to a nonstationary world in
which those new sectors drive economic growth, land price bubbles become in-

evitable.

5.2 Recurrent stochastic bubbles

In §5.1, we have derived the insight that land overvaluation will occur in the
major historical trend of the transition to the modern economy where human
capital drives long-run economic growth. In this section, we connect this insight
with short-run fluctuations.

The production function takes the CES form (4.5). Let A, := Agy/Ax; be the
relative productivity of labor. The state of the economy at time ¢ is denoted by ny,
which evolves over time according to a Markov chain with transition probability

matrix IT = (m,,), where m,,, = Pr(n; = n' | n,_1 = n). The relative productivity
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Ay evolves over time as a Markov multiplicative process
A= Gy, (5.5)

where Gy conditional on (n;—1,n:) = (n,n’) is an 11D copy of some random variable
G > 0.1 Let S, (A) be the value of (4.7) when (A, ng) = (A,n). Due to the
multiplicative nature of shocks and homogeneity, we may write S,(A) = s, A°™!
for some constant s, > 0, where p = 1/0. A dynamic programming argument

shows

=1+ Z T B[G? 15 (5.6)

Defining the N x 1 vector s = (s1,...,Sy)’, the vector of ones 1 = (1,...,1)’; and

the N x N nonnegative matrix K = (,,» E[G”']), we may rewrite (5.6) as
s=1+Ks < s=(I—-K) 'L (5.7)

A positive and finite solution to (5.7) exists if and only if the spectral radius of K
(the maximum modulus of all eigenvalues) is less than 1.'> Therefore we obtain

the following proposition.

Proposition 2. Suppose the production function is CES with elasticity of substi-
tution o > 1 and the relative labor productivity Ay == Agy/Axy follows the Markov
multiplicative process (5.5). Let K = (T E[Gl/a ). Then land is overvalued if
the spectral radius of K is less than 1.

As a numerical example, we set 5= 0.5, « = 0.8, 0 = 1.25, N =2, 7,y = 1/3
if n #n', and (G, Gop) = (1.1,0.95) for all n’, which implies that the spectral
radius of K is less than 1 and land is overvalued. Figure 4 shows one simulation
for 200 periods. The land price exhibits boom-bust cycles. The price-rent ratio
steadily increases, consistent with Theorem 1.

Proposition 2 and this numerical example provide the third implication of
Theorem 1. When productivities increase and remain to be high, land prices will
continue to rise relative to the trend, which may look like an emergence of a large
land price bubble. Conversely, if productivities decrease and remain to be so for an
extended period of time, land prices will fall, which may appear to be a bursting
of a land bubble. Thus, land prices exhibit recurrent booms and busts driven by

fluctuations in productivities. Nonetheless, as long as the relative productivity

14See Beare and Toda (2022, §2) for more details on such Markov multiplicative processes.
15This argument is similar to Toda (2019) and Borovi¢ka and Stachurski (2020).
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Figure 4: Simulation of the numerical example of Proposition 2.

growth of land is low, land will always be overvalued in the long-term trend,
with the size of land overvaluation fluctuating over short periods of time and a
steady upward trend in the price-rent ratio.'°. Our model provides a theoretical
foundation for recurrent stochastic bubbles. As noted in the introduction, this

insight can only be obtained in an economy with aggregate risk.

5.3 Land price with urban formation

The example in §5.1 illustrates how land overvaluation emerges along the transition
from a Malthusian (agricultural) economy to a modern economy. However, in
modern economies, it seems that urban land, not agricultural land, has high value.

In this section, we present a model with urban land overvaluation.

16Tn our model, the price-rent ratio has an upward trend because land is in inelastic supply. In
the stock market model of Olivier (2000), the price-dividend ratio is stationary for the aggregate
stock market despite the fact that it is increasing for individual stocks due to the entry of new
firms. In contrast, the wealth-to-income ratio asymptotically converges to a positive constant
while rising in our model because aggregate wealth equals P, = [w; and aggregate income
equals w; + r¢, and P, increases at a faster rate than r, during the transitional dynamics. In
the heterogeneous-belief models of Hong et al. (2006) and Scheinkman (2014), which interpret
the resale option as the bubble (and hence are different from the rational bubble approach we
focus on), the bubble size decreases with asset supply and the implosion of asset price bubbles is
linked to the supply of assets. In our model, although land supply is fixed, increasing supply (by
broadly interpreting land as noted in a footnote 11) is mathematically equivalent to increasing
Ax, so bubbles become more difficult to arise, which is similar to the insight emphasized in
Hong et al. (2006) and Scheinkman (2014)
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As before, we denote land by X and non-land production factor by H. A
fraction of non-land factor (e.g., construction workers) and land produce real estate
E = E(A10H, A2 X), where FE is a neoclassical production function, A, Ay are
factor-augmenting productivities, and 6 € (0, 1) is the fraction of H used in the real
estate sector. The remaining H (e.g., office workers) and real estate produce the
consumption good using the Cobb-Douglas technology Y = Az((1 — 0)H)*E'~,
where Aj is total factor productivity and a € (0, 1). The final output given (H, X)
is then

Y = A3(1 — 0)*H*E(A0H, A, X)), (5.8)

To reduce this model to a special case of the setting in §4, we define the

neoclassical production function
F(H,X):=H"E(H,X)". (5.9)
Then for arbitrary Ay, Ax, A > 0, we have

F(ApH,AxX) = ALY HE(AgH, Ax X)) ™
A

= o U EOAR H M X) ™ (5.10)

Comparing (5.8) and (5.10), Assumption 1 holds if we set
(AGN L NAp, M) = (A3(1 — 0)%, A0, Ay),

or equivalently A\ = (A10/(A3(1—0)))* and (Ag, Ax) = (A160/X, As/X). Note that
the relative productivity

AH/AX - 9141/142

depends only on A;/A; and not on Asz. Therefore to apply Theorem 1, it remains

to characterize the elasticity of substitution of F'.

Proposition 3. Let E, F' be the neoclassical production functions above with elas-

ticity of substitution og,or. Then

1
op—l=— (op—1). 5.11
E 1+a—j§§§aE(E ) (5.11)

In particular, og > 1 implies op > 1.

Empirical evidence suggests that the elasticity of substitution between land and

non-land factors in producing real estate is above 1 (Epple et al., 2010; Ahlfeldt
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and McMillen, 2014). Thus, if we assume E is CES with elasticity of substitution
op > 1, a straightforward calculation shows (X Ex)/(HEy) o< (X/H)'"Y72 — 0
as H — oo. Then (5.11) implies

lim (op —1) =0 —1>0,

H—oo

so Assumption 2 holds and the conclusion of Theorem 1 remains valid if we re-
place the factor-augmenting productivities (Ag, Ax) in the aggregate production
function by the factor-augmenting productivities (A;, Az) in the real estate sector.
Thus, land overvaluation emerges in an urban economy if there is technological

progress in the construction of real estate.

A  Proofs

A.1 Proof of Proposition 1

The first-order condition for profit maximization implies (4.3a) and (4.3b). Define

the return on land by
Py + 1

By

Then the budget constraints (4.2) can be combined into one as

Ry =

C§+1 = Riy1(wy — C?)-

Suppressing the time subscripts and substituting into the objective function, the

young seek to maximize
(1—08)logc” 4+ Eflogc’] = (1 — B)logc? + Blog(w — ¢¥) + S E[log R].

Clearly this function is strictly concave in ¢ and achieves a unique maximum
characterized by the first-order condition
1-p s

- =0 <= ¥=(»1-
T ¢ = (1-pw,

which is (4.3d). Since in equilibrium we have x; = 1, the land price satisfies
P, = Pixy = wy — v = Pwy, which is (4.3c). 0
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A.2 Elasticity of substitution

A mathematically more convenient way to define the elasticity of substitution than
(4.4) is the following. Let h = log(H/X) be the log relative inputs. Then noting
that w = Fg and r = Fx, (4.4) can be rewritten as

1 _ Olog(Fp/Fx)

pULX) = s = X (A.1)

where we set (H,X) = (Xe", X) to compute the derivative and substitute h =
log(H/X).

Lemma A.1. Let F be a neoclassical production function. Then its elasticity of
substitution op(H, X) satisfies

_ FuFx
 FFux’

(A.2)

OF

Proof. Since F' is homogeneous of degree 1, Fjy is homogeneous of degree 0. There-

fore differentiating both sides of

FONH,\X) = \F(H, X),

with respect to A and setting A = 1, we obtain

HFH+XFX:F, (ASa)
HFyy + XFgx = 0. (A.3Db)

Let h = log(H/X). Using the definition (A.1) and (A.3), we obtain

1 8 ] Fx(Xeh,X) XehFHX XehFHH
— = —10 — _
or  Oh ® Fp(Xeh, X) Fx Fu

_ HFyx  HFuy _ HFux  XFax

Fx Fy Fx Fy

FFyx
HF XFyx)= .
(HFy + X) FrFy

_ FHX
FryFx

A.3 Proof of Theorem 1

We prove Theorem 1 by establishing a series of lemmas.
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Lemma A.2. Let A > 0 and suppose that op(H,1) > o for H > A. Let p=1/o.
[fAH/AX Z A, then
Fx

F—H(AH,Ax)

Fx

< F_H(A’ DA™ (Au/Ax)". (A.4)

Proof. By Assumption 1, F is homogeneous of degree 1. Therefore Fy, Fx are
homogeneous of degree 0, and so is p(H, X) in (A.1).
Let B := Ay /Ax > A. Setting H = ¢" and X =1 in (A.1), we obtain

d Fx

ple" 1) = 17 o8 F—H( " 1).

Integrating both sides from h = log A to h = log B and applying the intermediate
value theorem for integrals, there exists hy € (log A, log B) such that

log B
ple 1)log(B/4) = [ pleh1)dn
log A
Py Fy
= log FH(B,l) log FH(A,l). (A.5)

Taking the exponential of both sides of (A.5), letting M = (Fx/Fy)(A,1), and

using the homogeneity of Fy, Fx, we obtain

—(An, Ax) = ?(B, 1) = M(B/A)p(ehlﬂl)'
H

Since B > A and p(e",1) < p = 1/0, it follows that

%(AH,AX) < M(BJA)P = MA™"(Au[Ax)",

which is (A.4). O

Lemma A.3. In equilibrium, the fundamental value of land is bounded above as

w
s—1 t+s

V, < wy, B, [fj ”“] . (A.6)

Proof. The stochastic discount factor between time ¢ and t+ 1 equals the marginal
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rate of substitution

m _ ﬂ/cff)—f—l _ pef
o (1=8)/¢ (1- B)Cngl
Bw; < Wy

== — )
Bwip1 + T W41

where the last line uses (4.3) and ry4; > 0. Then we can bound the stochastic

discount factor between time ¢ and ¢ + s from above as

s—1 w

] t
My stts = Hmt+j—>t+j+1 < o
§=0 t+s

Therefore we can bound the fundamental value of land from above as

Vi =E; [Z mt%t+srt+s]

s=1

<E; [i o Tt+s] = w; By [i TH_S] . Il

w w
s—1 t+s s—1 t+s

Lemma A.4. We have lim;_,o, V;/P, = 0 almost surely.
Proof. By (4.3¢) and Lemma A.3, we have

‘/t 1 oort—i-s
ogngEt[Z ]

w
t s—1 t+s

Therefore to show the claim, it suffices to show that E; Y oo riis/wies) — 0
almost surely as t — oc.

By Assumption 2, we can take a constant A > 0 such that o(H,1) > 0 > 1
for all H > A. Let Ay = Ap/Ax and p = 1/0 € (0,1). Since the expectation
of the infinite sum (4.7) is finite, the sum converges with probability 1 and hence
we must have Af 1 0 and A, — oo because p < 1. In particular, there exists
T > 0 such that A; > A for t > T. For such ¢, by Lemma A.2 we have

Tt FX(AHtaAXt>AXt < &

L A 1DATPAE
wy  Fu(Ape, Axi)Ame — FH( ) !

Therefore

Fyx =
< F—H(A,l)A PE Y AL

Et [i Tt+s

w
s—1 t+s

s=1

Letting ¢ — oo and using condition (4.7), we obtain E; [} o rirs/wers] — 0
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almost surely as t — oc. O]

Proof of Theorem 1. The absence of arbitrage and the definition of the fundamen-

tal value imply

P, = Eymysi1 (Pry + 1e11))s
Vi = Eimisis1 (Vi + 1))

Taking the difference, we obtain
Py = Vi = Efmysi1 (P — Vi)

Iterating this equation and applying the law of iterated expectations, we obtain
P -V, = Et[mt%tJrS(PtJrs - Vt+s)]-

Lemma A.4 implies V;,s/P,+s — 0 almost surely as s — oo and hence P, > Vi
for large enough s with probability 1. Therefore P, > V; for all ¢, and land is

overvalued. O

A.4 Proof of Proposition 3

Let F' be as in (5.9). Then

Fy =aH* "B + (1 —a)H*E *Ey
=H*E~*(aH 'E+ (1 — a)Eg),
Fx =(1 —a)H*E™°Ex,
Fux =a(l —a)H* 'E~*Ex
—a(l —a)H*E™* 'EyEx + (1 —a)H*E *Eyx
=(1—a)H*E " “(aH 'Ex —aE 'EgEx + Egx).

Applying Lemma A.1, we obtain

FyFx (OzH_lE + (1 — a)EH)EX
Op = = .
P FFyx  E(aH'Ex —aE—'EyEx + Eyy)
Therefore
E
O'F—]_: HX (O'E—]_),

Epx +aH ' XE'E2%
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where the last line uses F = HEy + X Ex. Applying Lemma A.1 again, we obtain

(5.11) and op — 1 and o — 1 have the same sign. O

B Stylized facts

B.1 U.S. data

To compute the employment share of land-intensive sectors in Figure 1, we com-
bine two data sources. The first is Historical Statistics of the United States, Colo-
nial Times to 1970, Series D167-181 Labor Force and Employment, by Industry:
1800-1960. We use decennial data on employment (Series D170-181) from 1800 to
1920. The second is Bureau of Economic Analysis GDP & Personal Income,'® Sec-
tion 6 Income and Employment by Industry, Tables 6.5A—6.5D Full-Time Equiv-
alent Employees by Industry. We use annual data on employment since 1929.

From this raw data, we define four series that we call “total”, “agriculture”,
“mining”, and “construction”. Before 1929, “total” is the sum of series 170-
181; “agriculture” is the sum of Agriculture (170) and Fishing (171); “mining” is
Mining (172); “construction” is Construction (173). Since 1929, “total” is line 1
in NIPA Table 6.5, “agriculture” is line 4, “mining” is line 7, and “construction” is
line 12 (since 1948) or 13 (before 1948). Whenever there are duplicate years in the
tables, we use data from the more recent table. Finally, we define “land-intensive”
by the sum of “agriculture”, “mining”, and “construction”. After defining these
series, we compute the employment shares of “agriculture” and “land-intensive”
by dividing by “total”.

Real per capita GDP since 1800 is from Maddison Project Database 2025.*

We convert the amounts to 2023 dollars using the consumer price index.?’

B.2 Cross-country data

To create Figure 2, we use the World Development Indicator from the World
Bank.?! We obtain population from Table 2.1. We obtain the employment share

of agriculture from Table 2.3 by taking the average for male and female. We obtain

"https://www.census.gov/library/publications/1975/compendia/hist_stats_
colonial-1970.html
Bhttps://www.bea.gov/itable/national-gdp-and-personal-income
Ohttps://www.rug.nl/ggdc/historicaldevelopment/maddison/releases/
maddison-project-database-2023
20nttps://fred.stlouisfed.org/series/CPIAUCSL
2lhttps://wdi.worldbank.org/table/
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the GDP and GDP share of agriculture from Table 4.2. Finally, we compute the
per capita GDP by dividing GDP by population. Figure 2 plots these variables

for countries without missing values (173 in total).
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