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Abstract

We develop a tractable rational bubble model with downward nominal wage rigidity.
We show that the collapse of a bubble can push the economy into a persistent reces-
sion with involuntary unemployment and depressed economic activities. The collapse
can even push the economy into a liquidity trap, where a deflationary pressure exacer-
bates the wage rigidity and the recession. Our model highlights a novel and important
welfare tradeoff between the boom and bust phases of bubbles, which warrants policy

intervention.

1 Introduction

Throughout history, the collapse of asset and credit bubbles often precedes crises and pro-
tracted recessions (Jorda et al., [2015). A prominent example is the collapse of the Japanese
bubble in the early 1990s and the subsequent “lost decade.” Both housing prices and stock
prices in Japan experienced a dramatic boom in the 1980s; the Nikkei index roughly tripled,
and the housing price index nearly doubled in the second half of the decade, as seen in the
bottom right panel of figure [I The asset prices reached the peak in 1990, when the total
market value of land in Japan famously exceeded four times that in the U.S. (Martin and
Ventural,[2012). However, the boom turned into the bust of the early 1990s, with asset prices

starting to fall in 1991. This coincided with the onset of a protracted period of low economic
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growth and high unemployment that lasted several decades until the 2000s. As seen in the
top left panel of figure [I} a trend of high GDP growth abruptly ended in 1991, and the
unemployment rate more than doubled from around 2% in 1991 to around 5.5% in 2002.
Despite the rising unemployment rate, both nominal and real wages persisted near the peak
levels of the boom, as seen in the figure’s top right panel. The collapse of the asset price
bubble in 1991 also coincided with abrupt changes to the nominal interest rate and inflation,
as seen in the bottom left panel. The combination of falling asset prices, low nominal interest
rates near the zero lower bound, disinflation, and rigid wages is a prominent feature of the
onset and persistence of the Japanese lost decade.

More recently, the collapse of the U.S. housing bubble in the late 2000s precipitated the
worst economic recession since the Great Depression. As seen in the bottom right panel
of figure [2 the S&P/Case-Shiller U.S. National Home Price Index rose by more than 60%
between 2000 and 2006. However the boom abruptly turned into the bust of 2007. As seen
in the figure’s top left panel, the collapse in asset prices coincided with the onset of the Great
Recession, where the real GDP per capita declined by more than $2,000 between 2007 and
2009 and only recovered to the pre-recession level in 2013. The average unemployment rate
doubled from the lowest of about 5% in 2007 to about 10% in 2009 and remained above the
pre-recession rate until 2015. The collapse in asset prices also coincided with abrupt changes
in the nominal interest rate and inflation (the bottom left panel). The nominal interest rate
effectively hit the zero lower bound between 2009 and 2015, and the economy slipped into
deflation between 2009 and 2010. In the mean time, the average nominal wage continued
to grow at the pre-recession trend, while the average real wage actually increased between
2009 and 2010 due to deflation (the top right panel). Therefore, as in the case of Japan, a
prominent feature of the Great Recession is the combination of falling asset prices, nominal
interest rates near the zero lower bound, disinflation, and rigid wages.

Explaining these striking features of persistent recessions and unemployment in the wake
of bursting bubbles is an open problem for the general equilibrium bubble literature. The
literature has been largely silent about the interaction of bubbles with frictions in the labor
market[] Moreover, many models predict a relatively benign economic transition after the
collapse of bubbles: a standard prediction is that while bubbles give rise to economic booms,
their collapse simply precedes a gradual reversion to the pre-bubble trend while the economy
retains full employment (e.g., Hirano and Yanagawa, [2017)).

This paper attempts to address this problem. We embed downward nominal wage rigidity
(a-la |Schmitt-Grohé and Uribe| 2016) into a rational bubbles framework with infinite-lived

IFor surveys of recent developments in the bubble literature, see Barlevy| (2012)), Miao (2014) and |Brun-
nermeier| (2016)).



agents (a-la Hirano et al., 2015 and Hirano and Yanagawa, 2017). In this framework, a
rational bubble is an asset that is traded above its fundamental value. The trading in the
bubble market facilitates the reallocation of resources across time, as the bubble asset can
act as a savings vehicle, and across agents, as the bubble asset increases entrepreneurs net
worth and hence their ability to borrow. Downward wage rigidity has been well documented
(see, e.g., Kimura and Ueda, 2001 for Japan, Holden and Wulfsberg, 2009 for the OECD,
Babecky et al., [2010 for European economies, and Daly et al., 2012 for the U.S.).

Given this context, we first show that under sufficient financial frictions an asset price
bubble crowds in credit and investment, as in a standard expansionary bubble model. This is
because the trading of the bubbly asset helps alleviate the frictions that prevent the allocation
of resources from less productive entrepreneurs to more productive ones. The boom phase of
the bubble is associated with increases in the capital stock, output, consumption, and most
importantly, increases in wages.

Then, we show that the presence of downward wage rigidity leads to drastically different
post-bubble dynamics. When the expansionary bubble collapses, entrepreneurs’ net worth
also collapses, leading to contractions in credit and investment. Thus, the demand for labor
from firms also contracts. In a flexible labor market, wages will fall to clear the labor
market. However, when wages cannot flexibly fall, there is rationing in the labor market,
i.e., involuntary unemployment.

An increase in unemployment can in turn lead to an endogenous and protracted recession
by eroding the intertemporal allocation of resources. This is because the drop in employ-
ment reduces the return to capital investment, which then lowers entrepreneurs’ net worth.
This leads to a contraction in capital investment, since entrepreneurs’ ability to borrow and
invest depends critically on their net worth. Therefore, the future capital stock will decline
causing further downward pressure on labor demand and wages, thus reducing future capital
accumulation. The vicious cycle repeats and only stops when the capital stock has fallen
enough. Then the speed of capital decumulation slows, and eventually the declining rigid
wage constraint falls below the wage level consistent with full employment. At that point
the economy exits the unemployment spell and enters a process of gradual recovery towards
the bubble-less steady state.

Our model allows for analytical characterizations of the depth and duration of the reces-
sion, facilitating policy analyses. It highlights an important tradeoff between the economic
gains during the boom due to the bubble and the (potentially deep and persistent) losses
from the bust. We show that if the bubble is sufficiently risky and there are sufficient labor
market frictions then bubbles become welfare-reducing. Policy interventions are thus war-

ranted. We show that an expansionary monetary policy after the collapse of the bubble can



help alleviate the post-bubble losses. Additionally, we show that if monetary authorities are
constrained from raising inflation, then a macroprudential policy that imposes ex-ante tax-
ation on bubble speculation can help mitigate the impacts of the bust, although the policy
also weakens the boom.

We further extend the model with cash holding to allow for the possibility of a liquidity
trap. When entrepreneurs can save by holding cash, the nominal interest rate is bounded
from below by the zero lower bound. We then show that the collapse of a large expansionary
bubble triggers a sharp drop in the real interest rate, pushing the nominal interest rate
against the lower bound. The intuition is as follows. By crowding in capital investment,
the bubble leads to an investment boom. Thus, after the bubble collapses, the economy
enters the post-bubble phase with a capital stock above the steady state, a situation we
refer to as “investment hangover” (Rognlie et al., [2014). The high capital stock implies a
low marginal product of capital and a low real interest rate. If the bubble is sufficiently
large, then the real net interest rate in the period of the collapse can be negative. If inflation
cannot increase above a certain threshold (such as an inflation target set by a monetary
authority) — an assumption that we impose — then the zero lower bound on the nominal
interest rate becomes binding.

When the nominal interest rate is bounded at zero, the inflation rate must rise to be
consistent with a negative real interest rate. Then, as pointed out by [Krugman| (1998)) and
Eggertsson and Krugman! (2012)), if future price levels are fixed, then the rise in inflation
must be due to a drop in the current price level. In other words, the collapse of the bubble
causes a deflationary pressure. The deflationary pressure in turn exacerbates the downward
nominal wage rigidity and exacerbates involuntary unemployment. Furthermore, as capital
and labor are complementary, the reduction in employment reduces the marginal product
of capital and consequently the interest rate. Therefore there is a bidirectional relationship
between the binding zero lower bound and the binding nominal wage rigidity.

In summary, our model shows how the collapse of bubbles can lead to an endogenous
and protracted recession with involuntary unemployment, and even a liquidity trap. During
the recession, aggregate economic activities are persistently below the pre-bubble trend and
interest rates are depressed, consistent with the stylized features of recent bubble boom-bust

episodes.

Related literature. To the best of our knowledge, our paper is the first to show that the
collapse of bubbles can trigger long recessions and liquidity traps. Our paper thus makes
contributions to several strands of the literature.

First, we help formalize the popular notion among policymakers that the collapse of



risky bubbles can trigger inefficient recessions. A large number of papers emphasize the pos-

itive aspect of (rational) bubbles in reducing dynamic inefficiencies (e.g., [Samuelson, (1958,

Diamond, 1965 and [Tirole, |1985) or reducing intratemporal inefficiencies in the allocation
of resources (e.g., [Farhi and Tirole, 2011, Miao and Wang|, 2011, 2012, Martin and Ven-|
tural, 2012} Tkeda and Phan| 2015 [Bengui and Phan 2016 and [Graczyk and Phan| [2016) P

Other papers emphasize potential ex-ante inefficiencies of speculative bubble investment in

diverting resources away from productive investment (e.g., Saint-Paul, (1992, Grossman and|

Yanagawal, 1993, [King and Ferguson| [1993, and [Hirano et al., 2015)F] or generates excessive
volatility (Caballero and Krishnamurthy, 2006 and I[keda and Phan, 2016]). Our paper com-
plements this literature and highlights the ex-post inefficiency of bubbles by showing that

their collapse can cause persistent involuntary unemployment. As a consequence, our paper
formalizes the policy-relevant tradeoff between the gains during a bubble’s boom and the
losses during the bubble’s bust.

Furthermore, our paper is one of the first to embed downward wage rigidity into a rational

bubbles framework. To the best of our knowledge, the only other paper that does this is

our earlier work, [Hanson and Phan (2017)f] There, we developed a simple overlapping
generations model based on the classic frameworks of (1985). A major limitation of

the overlapping generations model is that a period represents twenty or thirty years. This

makes the model less appropriate for policy analyses at the business cycles frequency. In
contrast, in the current paper, agents are fully forward-looking and infinitely-lived and a
period can be interpreted as a quarter or a year. More importantly, while the earlier work
is limited to an expositional positive analysis, in this paper we derive an explicit welfare
function in closed form and conduct policy analysesﬂ

Second, a large literature investigates possible sources of shocks that trigger long re-
cessions and liquidity traps in environments with New Keynesian frictions. Many papers

have emphasized demand shocks driven by household deleveraging or tightening borrow-

ing constraints (Krugman, 1998, Eggertsson and Krugman, 2012, |Christiano et al., 2015

Schmitt-Grohé and Uribe, 2016]), long-run factors such as aging demographics or safe asset
shortages (Summers| 2013| (Caballero and Farhil, 2014, Eggertsson and Mehrotral, 2014} [Eg-|

“Besides the rational bubble literatures, see/Abreu and Brunnermeier| (2003), Doblas-Madrid and Lansing
(2014) and Barlevy| (2014) for alternative approaches to modeling bubbles based on heterogeneous informa-
tion or beliefs.

JAlso see Miao et al| (2014), where collateralizable housing bubbles can excessively crowd in capital
mvestment.

*For a complementary approach to modeling post-bubble unemployment using a search and matching
model a-la Diamond-Mortensen-Pissarides, see [Kocherlakotal (2011)) and [Miao et al. (2016).

°For a related and emerging body of literature that analyzes the effects of monetary policies on rational
bubbles, see |Gali (2014, |2016[), \Asriyan et al.| (2016), Ikeda (2016), and \Dong et al.| (2017).




gertsson et al., [2016), or over-investment of capital (Rognlie et al. [2014). By highlighting
the role of rational asset bubbles, our analysis offers a complementary narrative to those in
the literature. In our model, the collapse of bubbles reduces borrowers’ net worth and thus
leads to an endogenous tightening of borrowing constraints in equilibrium. Similarly, in our
model, expansionary bubbles lead to an endogenous boom in capital investment, thus giving
a microfoundation to the investment overhang in Rognlie et al.| (2014)).

Third, we conduct a normative analysis with macroprudential policies on speculative
bubble investment. This analysis complements a recent literature on macroprudential poli-
cies in environments with aggregate demand externalities (e.g., [Farhi and Werning, 2016
and Korinek and Simsekl 2016|) or environments with financial frictions (e.g., Lorenzoni,
2008, |Olivier and Korinek, 2010, He and Krishnamurthy, 2011, Bianchi, 2011}, [Eberly and
Krishnamurthy, 2014, and Bianchi and Mendozal, forthcoming).

The plan for the paper is as follows. Section [2| describes the model. Section [3| describes
the equilibrium dynamics and steady states. [4] conducts welfare and policy analyses. Section
introduces the zero lower bound. Section [6] concludes. Detailed derivations and proofs are

in the appendix.

2 Model

Consider an economy with two types of good: a perishable consumption good and a capital
good, and three types of agents: entrepreneurs, workers, and firms, each with constant unit
population. Entrepreneurs and workers have the same preferences over consumption, given

by
Ey (Z A'In cZ)
t=0

where CZ is the consumption of an individual j in period t, § € (0,1) is the subjective

discount factor, and Ejy(-) is the expected value conditional on information in period 0.

2.1 Entrepreneurs

Entrepreneurs are the only producers of the capital good, and face idiosyncratic productivity
shocks. In each period, an entrepreneur meets a high-productivity investment project (and
becomes the H-type) with probability h € (0,1), and a low-productivity one (and becomes
the L-type) with probability 1—h. The idiosyncratic productivity shock is independent across
agents and time. For stationarity, we assume that the initial (¢ = 0) population measure of

each type is h and 1 — h. In each period, we denote the set of H-type entrepreneurs by H,



and the set of L-type entrepreneurs by H,, where H, UH, = [0, 1].
After knowing the type of her investment project at the beginning of each period, an

entrepreneur j produces the capital good according to the following technology:

kgﬂ = agii

where zi > 0 is the investment in units of the consumption good in period ¢, ki 41 1s the amount
of the capital good produced in the subsequent period, and a{ € {a’,al} is the productivity
of the project, where a”? > a® > 0. For tractability, we assume capital depreciates completely
after each period[f]

Financial frictions: In a frictionless world, L-type entrepreneurs would like to lend and
thus delegate investment to H-type entrepreneurs. However, following Kiyotaki et al. (1997)),
we assume there are frictions in the financial market so entrepreneurs can pledge at most an
exogenous fraction 6 € [0, 1] of the future return from investment to creditors. Thus, they

face the following credit constraint:
Rt+1d¥ < 9qt+1kf+1, (1)

where Ry, is the state-contingent gross interest rate between ¢ and ¢ + 1, d! is the amount
borrowed in period ¢, and ¢, 4; is the price of capital (in units of the consumption good)
in period ¢t + 1. A lower 6 represents a financial market with more frictions, while § = 1
represents a frictionless credit market. Throughout the paper we assume 6 sufficiently small
so that constraint always binds for H-types.

Following the literature (e.g., Tirole, [1985), we introduce (pure) asset bubbles, which are
durable and perfectly divisible assets in fixed unit supply that do not generate any dividend,
but can be traded at positive equilibrium prices under some conditions. Such bubbles are
inherently fragile as they require coordination of beliefs across agents and time. To model this
fragility, we follow the literature (e.g., Weil, |1987) and assume that in each period the bubble
persists with a probability p € (0, 1) and collapses with the complementary probability 1— p,
where a lower p means a riskier bubble. Formally, let $° denote the period ¢ price per unit
of the bubble asset in units of the consumption good, and p? denote the price conditional on
the bubble persisting in ¢t. Then

» p? if bubble persists
t

a 0 if bubble bursts

50ur result does not change qualitatively if capital depreciates more slowly.



and

Pr(pfy, = 0[p; > 0) =1—p
Pr(pt,, = 0[p! = 0) = 1,vt > 0.

The first assumption states that if the bubble has not collapsed, then it will collapse in the
next period with probability 1 — p. The second states that if the bubble has collapsed, then
it is expected not to re-emerge.

Macroprudential policy: We assume the government can set a (constant) tax rate 7 on
bubble speculation. For simplicity, we assume the government transfers the revenue Ty = 770
from bubble tax in lump-sums to workers]|

Let b{ denote a share of a bubble asset held by entrepreneur j. Then the entrepreneur’s

flow budget constraint is written as

A+ i+ (L4 TP = aki + d] — Rl + b, @)

The left hand side of this budget constraint consists of expenditure on consumption, invest-
ment, and the purchase of bubble assets. The right hand side is the available funds at date
t, which consists of the return from investment in the previous period, new borrowing minus
the debt repayment, and the return from selling bubble assets. We assume agents cannot
short sell the bubble asset, i.e.,

bl >0, V.

2.2 Workers

Workers do not have access to capital production technologies. Without loss of generality,

we assume workers are hand-to-mouthff|i.e.,

¢ = wily + T4, (3)

"Redistribution of tax revenue to entrepreneurs would affect their net worth and hence complicate the
inter-temporal equilibrium dynamics. In contrast, redistribution to workers would not affect inter-temporal
dynamics, as workers are hand-to-mouth.

8 Alternatively, we can assume workers cannot borrow against their future labor income. Thus the opti-
mization problem of workers is to maximize lifetime utility Ey (> .-, 8" Inc}’) subject to:

o + Py = wily + dyf — Red}?y + piby, + T,

and di’ < 0 and b}’ > 0. In equilibrium, it is straightforward to show that workers will be effectively hand
to mouth, i.e., ¢ = wils + T;. Intuitively, due to financial friction, the interest rate (and the returns from
bubble speculation) will be too low relative to the discount factor, and thereby it will be suboptimal for
workers to save or to buy the bubbly asset.



where w, is the wage rate, [; is the employment level per worker, and T; is the lump-sum

transfer from the government.

2.3 Firms

In each period, there is a continuum of competitive firms that produce the consumption good

using the standard production function:
i = (k) )™ 0<a <1,

where ki and [! are capital and labor inputs of a representative firm i. For simplicity, we

have abstracted away from exogenous TFP shocks. Real competitive factor prices are given

by:
Lt 11—«
— =t 4
w=o (K) @)

w=-a) (3 o)

where K; and L, are the aggregate capital stock and employment.

Downward wage rigidity: The last and a very important element is labor market friction.
Following |Schmitt-Grohé and Uribe (2016), we assume that nominal wages are downwardly
rigid:

Piy1wiy1 > v Powy, Vi >0

where 7,, > 0 governs the degree of rigidity (7, = 0 implies full flexibility). Equivalently:

Wiyl = In wy, ¥Vt > 0, (6)
Iy q

where Il ; = Pgl is the gross inflation rate between ¢ and t + 1. Downward wage rigidity
has been well documented (see, inter alia, Kimura and Uedaj, 2001, Holden and Wulfsbergj,
2009, [Babecky et al., 2010} Daly et al., [2012). The presence of rigid wages implies that the
labor market does not necessarily clear. In each period, even though each worker inelastically
supplies one unit of labor, the actual employment L; per worker in equilibrium is determined

by two conditions: feasibility constraint

Lt S ]-7 (7)



and complementary-slackness condition

(1 — L) (w, — %wt,l) = 0. (8)
t
These equations state that involuntary unemployment (L; < 1) must be accompanied by
a binding rigidity @ Conversely, when @ does not bind, the economy must be in full
employment (L; = 1).

2.4 Monetary policy

To close the model, we need to describe how prices are determined. We specify monetary pol-
icy in the simplest possible way by following |[Krugman| (1998) and assuming that a monetary
authority sets inflation at an exogenous constant target IT > 1. This could be rationalized ei-
ther via cash-in-advance constraint or via nominal interest rate rule. Thus, the wage rigidity

is effectively real and can be rewritten as:
Wig1 > Ywe, VE >0 (9)

where
n
T

We focus on the case where 7 < 1, so that the wage rigidity constraint does not bind in

steady state.

2.5 Equilibrium

Definition. Given 7, k! = K, d% = 0, bg) = 1, p¥, a competitive equilibrium consists of

prices {wy, ¢, Ri1, p =0 and quantities {{i}, k71, ] }iepuumes €7 Kir1, Li b= such that:

e Entrepreneurs and firms optimize,

Workers’ consumption is given by (3,

Credit market clears: ijHt d{ + fjeﬂt d{ =0,

Bubble market clears: [, bl + Jien, bl =1if pb > 0,

Goods market clears: [, (c] +il) + fjeﬁt(c{ +il) 4 = KMLe,

10



e And labor market conditions: @ and

L, <1

(1 = Ly)(wy — ywy—q) = 0.

As usual, a steady state is an equilibrium where quantities and prices are time-invariant.

3 Equilibrium dynamics

3.1 Bubble-less equilibrium

As standard in the rational bubble literature, there are multiple equilibria. Let us first
characterize the bubble-less equilibrium, where the price of the bubble asset is equal to its
fundamental value of zero throughout. Detailed derivations are delegated to the appendix.

Throughout the paper, we assume the initial capital stock K is small so that the capital
stock (and hence wage) will grow towards the steady state, and thus with v < 1, the

downward wage rigidity constraint will never bind. Therefore, in this section we can set:
L, = 1,Vt.
With full employment, the price of capital from becomes:
qi+1 = OéKtaﬁl
and the price of labor (the real wage) from (5)) becomes:
wy = (1 —a)K}.

Furthermore, throughout the paper, we make the following parametric assumption:

(1 — h)a*

0 <
CLH

(10)

This assumption states that there is sufficient financial friction (small ) that the credit
market cannot completely absorb the L-type’s demand for savings. Hence, in the bubble-less
equilibrium, the L-type is making a positive capital investment (the non-negative constraint
i/ > 0 does not bind for the L-type):

Zg = ﬁei + dga vj € 7:[757

11



where the net worth e/ is:
6{ = thg - Rt—ld‘gfl

and the equilibrium interest rate will be given by:

L
Riy1 = qrra™.

Turning to the H-type, their credit constraint will bind, leading to the following
investment equation:
A 1 )
g i
U = 1 fqeriall Xpe;,Vj € Hy.

R
—_——

leverage

Combining the investment expressions above for both types yields the following law of

motion for the aggregate capital stock:

K= Qq Ky,

0= (L;ffL)ML) 8.

al

where

Given the equilibrium dynamics above, the bubble-less steady state (denoted with the
subscript nb, which stands for “no bubble”) is characterized by the following interest rate

and factor prices:

L

R L a
nb gnp@ 0 ( )

_ a—1
dnp = Oanb

wyy, = (1 — a) Ky,
and the following capital stock and employment:

Ko = (aQ)T= (12)
1

3.2 Bubble equilibrium

We now summarize the transition dynamics and the steady state of a bubble equilibrium,

with detailed derivations delegated to the appendix. As the bubble is stochastic, the dy-

12



namics will consist of that before the bubble bursts and that after the burst.

3.2.1 Before bubble bursts

We focus on equilibria where the downward wage rigidity does not bind as long as the bubble
persists (i.e., Ly = 1 if p? > 0). This supposition is verified as long as the initial capital stock
K and the initial bubble price pj are small.

Suppose the bubble persists in ¢, i.e., p? = p? > 0. As L-type entrepreneurs face a non-
negativity constraint on capital investment (Z‘Z > 0), it follows that the return from lending

must weakly dominates the return from capital investment:
Ripy > qraa®,
where the inequality must hold with equality if 7/ > 0.

Furthermore, let the bubble size (relative to aggregate savings) be defined as:

b

_ Dy
P = Blq Ky + p?)

Then from the no-arbitrage condition for the L-type between bubble investment and lending,

the bubble size evolves according to:

1-h—(1+7)d¢ (1+7)¢t

1 SR+ —07 . .
B ol —al —p) (- if ¢y < ¢*(small bubble)
Grr1 = g <1+h¢£L_9aH))+P(1(ih)pl((11+}7l'))¢t(1+7)¢i ; (13)

P B e ey if ¢, > ¢*(large bubble)

and combined with market clearing conditions, the interest rate is given by:

Qt+1aL it ¢, < ¢*

ot (1— T . * ’
%—l—l% if o, > ¢

Rt+1 =

where threshold ¢* is defined as:

(1 — h)a* — fa®

¥ = (1+7)(ar —fatt)’

Above this threshold, the bubble is “large,” and below it, the bubble is “small.” When ¢, < ¢*,
the bubble is small in the sense that it cannot completely crowd out the L-type’s (relatively
inefficient) investment in capital. When this is the case, the interest rate is given by the

indifference condition for the L-type between lending and capital investment. However, when

13



¢¢ > ¢*, the bubble is large in the sense that it completely absorbs and crowds out the L-
type’s investment in capital (the Lagrange multiplier on the constraint i > 0 is strictly
positive for L-types). When this is the case, the bubble raises the interest rate, making the
L-type strictly prefer lending to capital investment (Ryy1 > qiy1a”).

Similar to the bubble-less analysis, by using the credit market clearing condition, the
binding credit constraint for the H-type, and the budget constraint, we can derive the fol-

lowing transition dynamics for the aggregate capital stock:

QU@ Ky +ph) —a*(1+7)ph if Ry = qia”

Ko = H b H b L’
a /B(Qth +pt) —a (1 + T)pt if Ry > qi1a

The expressions above take into account the fact that some of the entrepreneurs’ resources
will be invested into the bubble asset (the terms involving (1 4 7)p?). This is known as the
“crowd-out” effect of bubbles on capital accumulation. In the mean time, the expressions
also show how the return from bubble speculation raises entrepreneurs’ aggregate net worth
from ¢ K; to q;K; + p?. This is known as the “crowd-in” effect of bubbles. Combined with
the expressions for the bubble size and the interest rate, the law of motion of the aggregate

capital stock can be rewritten as:

(1+ (aHfaL) h)BGL—aLB(1+T)¢
al —0aH ¢ a . < *
=B aKy g <" (15)

af gl1—(147 a . *
5[1_%1(;; )¢t]aKt if by > &

Kt+1 =

From [15)), we can derive the following expressions for the bubble steady state (as

14



functions of the bubble tax 7):

( p— 1-pB(1—h)
haZ=a D) s—p(1-h)
oy = 1_( - al esﬂ(l)h) o L‘r—}; if 7 > 7 (small bubble)
Po = (1+ 25 =) Y 5—p1-m)
p(1—h . _
gblb = 9)(1JZT) — 5(1‘9_0) if 7 < 7 (large bubble)
1
Ta
14e"—a )h
Ky = ( a” "“(H W=F Baro ifr>7
Kb _ < 1+7— Bpl h)—‘rT( @P)ﬂ - (16)
1
\bi = ((1 +7) 6[1 ’ﬁT hg];zgltj) ﬁ)eaHa> e ifr<r7
. 1
1 " —a,L )h 11—«
+ L H . _
Rsb = =fa (= h)(l B /BaLOZ lf T Z T
Ry = B o
L
\sz = ((1 +7) Bli— ’;jT}%}:(ng) ’B)eaHa) - ifr<7t
where the tax threshold is:
_ . _ Blp(1 =h) = (1-10)] B(1 = 6)ha”
T:maX{O,T: @ —1+m (17)

(7 is the solution to ¢(7) = ¢*). If the tax is above this threshold, the bubble will be small,
and when it is below, the bubble will be large. Furthermore, the macroprudential policy can
have a direct effect on the size of the bubble as well as the bubble steady state capital stock:
an increase in 7 reduces ¢, and Kj.

Even though we still have to solve for the equilibrium dynamics after the bubble col-
lapses (and this will be done in the next section), from the analysis above we can already
characterize the existence of the bubble steady state. The proposition below also shows how
the macroprudential policy can affect the bubble existence conditions: a higher 7 restricts

the parameter space in which a bubble steady state exists.

Proposition 1. A bubble steady state exists if and only if there is sufficient financial friction:

Bp(1 —h)

0 <
1+7

Y

and the bubble is not too risky (the persistent probability is sufficient):

— fa™
B(a* —0a™) + Bh(a? —ab)

p>
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Proof. Appendix. n

3.2.2 After the bubble bursts

For the rest of the paper, we focus on parameters such that bubbles are expansionary, i.e.,
Kb > Knb

where K and K, are given by and , respectively.

Suppose the bubble collapses at T (i.e., ]5‘;,+S =0, Vs > 0). As we consider expansion-
ary bubbles, the post-bubble capital stock and wage will decline towards the bubble-less SS
levels. However, if the downward wage rigidity constraint binds, then wage cannot flexibly
fall to clear the labor market. Instead, employment is determined by the demand of firms.
The rigidly high wage thus leads to involuntary unemployment. The contraction in em-
ployment has two effects on the inter-temporal equilibrium dynamics: it reduces the return
from capital and it reduces entrepreneurs’ net worth. Both of these effects in turn reduce
entrepreneurs’ accumulation of capital. The wage rigidity thus amplifies and propagates the
shock of bursting bubbles.

Given the tractability of our model, we can completely characterize the post-bubble

dynamics, including the depth and duration of the post-bubble unemployment episode. Let
s* = min{s > 0|Lr;s = 1},

then T+ s* is the first post-bubble period when full employment is recovered. If s* > 0, then
we say the economy is in a slump (i.e., a recession with involuntary unemployment) between
T and T+ s* — 1.

The combination of the binding wage rigidity and the labor demand curve determines

employment as:
1l -«

Lpye— { } U Kpis < 1,Y0 < s < 5", (18)

Wr+s
(Note that the wage rigidity does not bind right away at T, because capital at T is pre-
determined.) Based on this equality, the post-bubble dynamics can be characterized as

follows:

Proposition 2. [Post-bubble slump| If the bubble collapses in period T, then given the
capital stock K in that period,
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1. The duration of the post-bubble slump is:

0 ifv=20
s"(Kr) = ¢ max {0, [w(y) —2alog, Kr]} if v € (0,1) (19)
00 ifvy=1

where the ceiling function [x| denotes the least integer greater than or equal to x

2 3
% log, (o) - =2

w(y) =

1—a 1—a’

2. During the slump (0 < s < s*), the equilibrium dynamics can be summarized by:

S
Wrys = 7Y Wr

l1—a
1—a)\ °
qr+s = &
W45

L
RT+3 = (gr4s

wre |
Krygp1 = af) (1 Tra) Kt (20)
s Kpoy
LT+5 ’7_5 KT; <1

After the slump (s > s*), the dynamics can be summarized by:

wrys = (1 - a)K’%‘FS

qr+s = O[}(ta—o—_s1

Ryis = a"qras
Krisp1 = oKy,

LT+S - 1

Proof. Appendix. O]

Interestingly, the proposition implies that a larger boom is associated with a longer and
deeper bust. Specifically, the expression for the slump length and for capital stock
during the slump show that a larger capital stock Kr is associated with a longer slump and
more depressed capital accumulation during the slump. We will analyze this tradeoff in the

policy analysis.
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Figure |3| illustrates the equilibrium dynamics of aggregate variables. In the simulations,
we assume that the economy starts in bubble-less steady state. Then the bubble (unantici-
patedly) arises in period 20. Then the economy reaches the bubble steady state. Then the
bubble bursts in period 100. The parameters are a = 0.36, a’’ = 1.5, a* = 1, B = 0.96,
h =10.35,0 = 0.1 and p = 0.98 and 7 = 0. Under these parameter values, we have a large
expansionary bubble.

With v = 0 (the blue dashed lines), the labor market is flexible and thus the post-bubble
economy simply converges back to the bubble-less steady state.

However, with a v = 0.985 (the red solid lines)ﬂ the downward wage rigidity constraint
binds after the bubble bursts. Hence, the collapse of the bubble pushes the economy into
a recession with involuntary unemployment (the recession for the baseline simulation is
highlighted by the grey bar), as wage cannot flexibly fall, causing rationing in the labor
market. The drop in employment not only reduces the economy’s production, but also have
important inter-temporal effects. On the one hand, it reduces the net worth of entrepreneurs.
On the other hand, it reduces the return rate on capital. Both of these effects depress capital
accumulation. This process explains the contractions of aggregate economic activities during

the slump.

Remark 1. An interesting feature in figure [3| is that the collapse of a large expansionary
bubble can lead to a sharp drop in the real interest rate. There are two mechanisms behind
this feature. First, after the large bubble collapses, the marginal producer of the capital
good switches from the H-type to the L-type, and thus instead of the identity Rp,, =
%%H that could have prevailed if the bubble did not collapse in 7', the interest
would be Ry = a¥qryq, where ol < %, as in the world without bubbles. This
explains why the real interest rate drop relative to that in the bubble steady state. Second,
as the bubble is expansionary, the post-bubble economy begins at an aggregate net worth
that is higher than that in the bubble-less steady state. If the expansion is sufficient, then the
capital stock K7, will exceed the bubble-less stock K,;, leading to a marginal product of
capital gry1 = K¢, that is smaller than g,, = oK, ' in the bubble-less steady state. The
combined effects of the two mechanism can lead to an “overshooting” of the real interest rate:
Rry1 < Ry, as seen in the figure. This overshooting could potentially push the economy

into a binding zero lower bound on the nominal interest rate, as we later formalize in section

Gl

9Schmitt-Grohé and Uribe, (2016)) also use values close to one.
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4 Welfare and policy analyses

Welfare-reducing bubbles

Our model highlights an important policy tradeoff: the gain (in output, investment and
consumption) from the bubble episode on the one hand, and the loss when the bubble
collapses on the other. To analyze this tradeoff, we need to define a welfare objective.

For simplicity, we assume that the policymaker chooses the bubble tax to maximize the
lifetime expected utility of workers in steady state[l”] As shown below, the lifetime utility
of workers in the bubble steady state can be decomposed into the utility during the bubble
episode, in the period the bubble collapses, during the slump, and after the slump. Thanks

to the tractability of our model, each component can be solved analytically.
Proposition 3. [Welfare functions]

1. The lifetime expected utility of workers in the bubble-less steady state is Wip(Kup),

where
o
K)y=T log K
Wi (K) 2+1_605 og A\,
and
1 1 Ba
I, = log(1 — — | Q).
2 = T log(1 = ) + =75 log(a®)

2. The lifetime expected utility of workers in the stochastic bubble steady state is

Wi (Ky) = log.ci + ﬂ(ll:gj)wbwst(Kb)

where the bubble steady state worker’s consumption (with transfer) is:
By
L — By

10This assumption is motivated simply by the fact that it is much easier to characterize in closed form the
welfare of workers than that of entrepreneurs.

g =1-a)(Kpy)*+T=|(1-a)+ art| (Kp)®
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and:

Wbur‘st (Kb) = 1Og [(1 - O‘)(KIJQ}

~
contemporaneous utility

s*—1

+ Z p*logcr,
s=1

slump utility
1—o ) s*(s*+1)

+?S*Wnb (7‘( s 2 [aQ.(Kb)a—l}s* Kb>.

post-slump continuation value

where
loger,, =Ti(s) = (1 —a)s —a)log K, V1 <s<s*—1
—1s*+3
Ii(s) = S ; Slogfy—i—log(l—a)—l—slog(aﬂ).
a
Proof. Appendix. n

From the expression for W}, above, the welfare gain of bubbles can be seen by the fact
that the consumption during the expansionary bubble episode is higher than that in the
bubble-less steady state (¢’ > (1 — @)K > ¢ = (1 — «)K¢,). The loss, however, comes
from the depressed post-bubble consumption due to the slump.

If there is no wage rigidity (7 = 0), as in much of the literature (e.g., Hirano et al [2015)),
then there is no welfare loss due to the slump, and thus no welfare loss due to the collapse
of bubbles. From this perspective, (expansionary) bubbles improve welfare: they generate
an increase in K and an economic boom, and when the boom eventually comes to a bust,
the economy will simply converge back to the bubble-less steady state.

However, with binding wage rigidity, then the welfare loss due to the slump becomes
relevant. The larger ~ is, the more relatively important is the slump utility term in the
welfare calculation. To see how this loss necessitates policy intervention, let us assume 7 = 0
(no bubble tax). Then the following proposition shows that when v = 1 (i.e., the rigidity
prevents the real wage from declining), and the bubble is sufficiently risky, then bubble will

strictly reduce welfare:

Proposition 4. [Welfare reducing bubble| Suppose 7 = 0 (no bubble tazx) and the bubble is
sufficiently risky (1 — p is sufficiently high):

B(B—a)(l—p)>a(l-p)>.
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Then there exists ¥ < 1 such that for all v > 7, the bubble reduces welfare in steady state,
1.e.,

W > Wy

Proof. Appendix. O]

Effect of monetary policy

Now we turn to how policies could help attenuate the negative welfare effects of bubbles.
Given our reduced-form approach to modeling monetary policy, an immediate implication
of the model is that if the monetary authority is willing to raise the inflation target II, then
they can alleviate the post-bubble recession. That is, a rise in II would reduce the effective
wage rigidity parameter v = 2.

Figure {4 illustrates this point. It plots three simulations: one with a high 7 (the dotted
lines), another with a smaller v (the red solid lines), and the flexible wage benchmark with
v = 0 (the blue dashed lines). The bubble tax is set to zero throughout. The figure shows
how a smaller rigidity parameter, which can be thought as associated with a higher inflation
target, leads to a shorter and less severe recession.

Of course, a weakness of the current model is that it does not feature any cost of inflation.
For instance, one could embed standard New Keynesian staggered price setting into our
framework to generate an endogenous cost of inflation. And thus, the monetary authority
would face a tradeoff between the cost and benefit setting a higher inflation target. This
would be a quantitative question that we leave for future research. For tractability, we
intentionally do not include such staggered price setting in this paper. We interpret the
model’s prediction as pointing out an important gain from setting a higher inflation target

in response to the collapse of bubbles.

Effects of macroprudential policy

In practice, there are also constraints on monetary policy against creating inflation, either
because of inflation targeting regimes (such as in the U.S.) or because of fixed exchange rates
(such as those in the Euro Zone). This motivates our exercise below.

We assume target inflation II is fixed, but instead the authority can change 7. Figure
illustrates the effects of the macroprudential policy. It shows the equilibrium dynamics when
the tax 7 is raised from zero in the baseline (the solid red line) to a small positive value of
2 percent (the dotted line).

As seen in the figure, the policy effectively reduces the bubble size as well as the ex-

pansionary effects of the bubble on the capital stock. Consequently, the policy attenuates
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the recession: the capital stock, output level, and employment level all fall by less, and the
recession also gets shorter when 7 is raised.
Our model thus also highlights the tradeoff of macroprudential policies: the bubble tax

reduces the gains from the boom, but it also reduces the costs associated with the bust.

5 Bubbles and liquidity trap

5.1 Effect of bubble bursting on the real interest rate

Another important constraint on monetary policy is the zero lower bound on the nominal
interest rate, which was relevant in the post-bubble economies of Japan and the U.S. Our
model provides a natural environment where this constraint becomes relevant. This is be-
cause the collapse of a large expansionary bubble can lead to a sharp drop in the real interest
rate (recall remark . In fact, we can show that the collapse can push the economy into a
liquidity trap, a situation where some agents find it optimal to save in cash as an alternative
to lending.

Formally, suppose the economy has reached the bubble steady state. The proposition
below shows that if the bubble steady state K is sufficiently high (i.e., the boom in the
capital stock is sufficiently strong), then the collapse of the steady state bubble can push the

net nominal interest rate Ry, (Il — 1 between periods 7" and T + 1 below zero:

Proposition 5. [Effect of bubble’s collapse on real interest rate| Suppose the economy has
reached the steady state with a large expansionary bubble, and then the bubble collapses. Let
T denote the period that the bubble collapses. If Ky > K, where Ky, is given by (@ and

_ _ 1
K= (aLH) a(i=a) aﬁﬂ_l/o‘, then the nominal interest rate between T' and T + 1 is negative:
RT_HIZI < 1.

Proof. Appendix. O]

Intuitively, during the bubble episode, the bubble expands the capital stock to a level
higher than that in the bubble-less steady state. Thus, when the bubble collapses and the
economy reverts to the bubble-less dynamics, the post-bubble economy effectively starts at
a capital stock that is “too high” (in the sense that Kt > K,;), leading to a low marginal
product of capital (g7 < @u). If the over-investment is sufficiently large, then the real
interest rate will fall sufficiently low that, given an inflation rate fixed at the target II, the
net nominal interest rate will be negative. One could think of this as corresponding to a

situation of “investment hangover” at the end of an economic boom (Rognlie et al., [2014]).
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The difference between our paper and Rognlie et al.| (2014) is that the over-investment is

endogenous in our framework, while it is imposed exogenously in theirs.

5.2 Model with nominal asset holding

Now we make a small modification to the model in order to introduce a zero lower bound
on the nominal interest rate, so that inefficiencies can arise when the real interest rate
falls too low. Specifically, we assume that entrepreneurs can also save by holding cash. An

entrepreneur j’s modified budget constraint is:

MY — M,

P,
N————

change in cash holding

o+ + (1+7)pb] + = qki + & — Ri_1,d] ) + B}b]_4,

where Mt] denotes the entrepreneur’s cash holding. We assume a simple cash in advance
(CIA) constraint as in |Asriyan et al. (2016): entrepreneurs must hold cash to fulfill a small
quantity € > 0 of consumption (representing the need to hold cash for certain transactions
such as shopping or paying rent): '
?:] > e (CIA)
The CIA assumption guarantees that there is a positive demand for money at all times. As
usual, we focus on the cash-less limit by assuming that ¢ — 04. The monetary author-
ity controls the supply of money M; (in equilibrium, money market clearing requires that
fol Mtj dj = M,). To abstract away from possible complicating net worth effects, we assume
the monetary authority transfers all seignorage to workers.

The fact that entrepreneurs can save in cash implies that in equilibrium the returns from

lending must not be dominated by the returns from holding cash:

E, [u/(c]y1)Rips1] > E {u'(cg‘ﬂ) Zl} V> 0. (ZLB)
In any period without uncertainty the inequality can be rewritten as RutHP‘le >1,1i.e., the
net nominal interest rate cannot be negative. Thus inequality (ZLB) corresponds to the zero
lower bound in the literature (e.g., Eggertsson and Krugman, 2012, |Korinek and Simsek),
2016)). When the CIA constraint binds for the L-type the zero lower bound slackens, as the
return from cash holding is dominated by the return from lending, and entrepreneurs only
hold cash for transactional purposes. Then the supply of money determines the price level,

and inflation is simply equal to the growth rate of the money supply. However, if the CIA
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constraint does not bind for the L-type then (ZLB) holds with equality, as the L-type is
indifferent between lending and saving in cash. Thus inflation can no longer be pinned down
by the growth rate of money supply.

Definition: We say that the economy is in a liquidity trap in period t if the CIA constraint
does not bind for the L-type in that period ]

Assumption on monetary policy: To show the equilibrium effects of the zero lower bound
in the clearest possible way, we assume that the money supply grows at an exogenous growth
rate I1 > 1, i.e., M; = M; = (I1)! My, where II > =, is chosen by the monetary authority to
be sufficiently high such that the duration of the slump s* in (19)) is always zero and the CIA
constraint binds in steady state[?] Then, if there were no constraint on monetary policy due
to the zero lower bound, the path of the money supply above would be an optimal policy
since it would generate sufficient inflation to restore full employment. Note that our analysis
would carry through under more general assumptions on the monetary policy, as long as the
inflation target is bounded above by some threshold II. In practice, this bound could be due
to constraints on monetary policy against creating high inflation.

Other assumptions: We continue to assume that the initial bubble price p§ is small, the
bubble is expansionary, and Ky = K, (the economy starts at the bubble-less steady state
capital stock), so that as long as the bubble persists, the economy grows towards the bubble
steady state. Furthermore, we assume that the bubble is large and for now set the bubble

tax to zero (i.e., 7=0< 7).

5.3 Post-bubble equilibrium dynamics

We now analyze equilibrium dynamics with bubbles. First, note that the equilibrium dy-
namics are the same as before as long as the bubble persists. (See the appendix for detailed
derivations.) This is because, by construction, neither the nominal wage rigidity nor the
ZLB constraint binds as long as the economy is growing towards or is in the steady state.
However, due to the presence of money holding, the post-bubble dynamics are different.
Let T be the period that the bubble collapses. Then in each period t > T'; given known

state variables K;, P,_; and w;_1; we have the following system of equations that pin down

HAs aff > a”, the CIA constraint will always bind for the H-type.
12Formally, we assume II is sufficiently high such that InII > In~, — % ln(QaKf‘fl) and I1R;, > 1.
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equilibrium quantities K1, Ly, Y; and prices Ry, q;, wy, Py

Y, = KL~
o
Lt - ( a) Kt
Wy
1 l1—a
_O{ «@
= 21
o = o(20) 1)
YW1
wy = maxy (1 —a)K, ——— 22
t {a-ame g @)
Mt—l LMt

Kt+1 = Q(OCY%‘F

)—a

P, P,
gat (1-(1+7)¢) e
Rt — m% ift=T (23)
a’q, ift>T+1
and:
I, = max{ ,ﬁ} : (24)
t—1¢

Note that the inflation is determined either by the money growth at IT or the zero lower
bound as seen in equation . The real interest rate is pinned down by equation . In
period t =T — 1 the bubble has not collapsed yet, and the marginal investor is the H-type,
leading to the first interest rate expression in . However, after the bubble collapses the

marginal investor switches to the L-type, leading to the second interest rate expression.

We are now ready to show how: (i) the collapse of a large expansionary bubble period
can push the economy into a liquidity trap, (ii) the liquidity trap can exacerbate the nom-
inal wage rigidity and thus exacerbate involuntary unemployment, and (iii) the increase in
unemployment can cause a further drop in the real interest rate, leading to a bidirectional
relationship between the liquidity trap and the wage rigidity.

In the following analysis, we assume for simplicity that the economy reaches the bubble
steady state before the bubble collapses. This allows our analysis to take advantage of the
closed-form expressions for the bubble steady state.

For analytical tractability, we focus on the simplest case: we will construct an equilibrium
where the collapse of a large bubble in T" will tip the economy temporarily into a liquidity
trap that lasts for only one period. The equilibrium is solved via guess and verify method.

Detailed derivations are relegated to the appendix.
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As in proposition [5, we can show that if the bubble capital stock, Ky, is sufficiently large,
then the collapse of the bubble will push the real interest rate between 7" and T+ 1 so low
that:

Rri < i,
IT
triggering a liquidity trap. The intuition is the same as in proposition [} a larger boom
in the capital stock is associated with a larger over-accumulation of capital (relative to the
bubble-less steady state), and hence a larger drop in the real interest rate when the bubble
bursts. The last panel of figure [6] illustrates the effect of the bubble’s collapse on the real
interest rate.

When the economy is in the liquidity trap in period T', the L-type want to save in cash
and the cash-in-advance constraint will not bind for them. Hence the price level Pr cannot
be determined by a binding cash-in-advance constraint. Instead, it is determined by the

L-type’s indifference condition between lending and holding cash:

Pr

Pry

Rpy =

Since the economy exits the liquidity trap in 7'+ 1, the price level Pr,; is determined by

the binding cash-in-advance constraint:

Pryy = Pry =
Hence, the price level in the period the bubble collapses is:
PT - RT+1PT+1. (25)

Equation yields an interesting insight: the collapse of the bubble will lead to a de-
flationary pressure. This is because given a fixed price level Pr . in the future, the drop in
the real interest rate Rp,; must be associated with a drop in the current price level (relative
to the target): Pr < Pr. The intuition is as follows. When the real interest rate drops
sufficiently low, inflation must rise to prevent negative nominal interest rate. For there to be
inflation between T" and T 4 1 with the price level fixed in T" + 1, the price level must drop
today so that it can rise again in the future to generate inflation. This intuition is similar
to that in Krugman (1998) and [Eggertsson and Krugman (2012)), except that in their case
the shock to the interest rate comes from an unanticipated shock to borrowing capacity. In
our model the shock comes from an anticipated collapse of a large bubble.

The deflationary pressure then exacerbates the downward nominal wage rigidity in the pe-
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riod the bubble collapses. Recall that the wage rigidity can be written as wy > #MT_D
where the right hand side is increasing in Pr. Thus, the deflationary pressure that leads to
drop in Pr will raise the wage floor on the right hand side. The second panel of figure [6]
illustrates the effect of the deflationary pressure in 7' on the equilibrium wage. There, the
drop in the price level Pr causes the real wage wy to increase. In turn, the increase in the
real wage in T' causes involuntary unemployment in period 7', as seen in the third panel. In
summary, by pushing the economy into the liquidity trap, the collapse of the bubble could
exacerbate the nominal wage rigidity friction.

In periods 7"+ 1 onwards, since the economy exits the liquidity trap, the equilibrium
dynamics are identical to post-bubble dynamics in section [3] Note that even if the economy
exits the liquidity trap, the downward wage rigidity may still bind and hence the economy

may still stay in a slump. This is illustrated in figure [0}

Remark 2. The preceding analysis highlights how the presence of the liquidity trap can
exacerbate the involuntary unemployment problem. Recall from section [3| that without the
liquidity trap, the economy always retains full employment in the period 7" when the bubble
collapses. This is because without the liquidity trap, inflation is always at the target II.
Hence, the nominal wage rigidity condition is wp > jﬁ’le_l. Under our assumption that
fyn/l:[ < 1, this constraint would never be binding (as w:],i = w, always exceeds 7ﬁ"wT,l =
Fwy).

However, with the liquidity trap, the deflationary pressure at T' pushes the inflation Il
below the target II, making it possible for the downward wage rigidity to bind in 7". Thus,
unlike the previous case, the economy can enter a recession with involuntary unemployment

in period T" when the bubble collapses.

Remark 3. The involuntary unemployment in period T + 1 lowers the product of capi-
tal and hence the real interest rate relative to the full employment benchmark (Rpy; =
afaK$ LS < R}, .1 = afaK$)). Thus, the involuntary unemployment in 7"+ 1 exacer-
bate the drops in the real interest rate Ry, ;. Therefore, we have a bidirectional relationship
between the two traps: the liquidity trap exacerbates the involuntary unemployment due to
downward wage rigidity, and in turn the involuntary unemployment exacerbates the liquidity

trap.

6 Conclusion

We have developed a tractable rational bubbles model with downward wage rigidity. We

show that expansionary bubbles could boost economic activities, but their collapse can push
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the economy into a persistent recession with involuntary unemployment and depressed in-
vestment, output, and consumption. The collapse could even push the economy into a
liquidity trap, where the drop in the real interest rate generates a deflationary pressure that
exacerbates the involuntary unemployment problem associated with the downward nominal
wage rigidity. The model’s predictions are consistent with stylized features of recent bubble
episodes. Our model is one of the first in the literature to highlight the tradeoff between the
economic gains during the boom due to the bubble and the (potentially deep and persistent)

loss from the bust.
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A Appendix

A.1 Derivations
A.1.1 Bubble-less equilibrium

The equilibrium dynamics in the bubble-less environment follows once we solve for the H-
type’s investment function. The binding borrowing constraint of the H-type gives us H-type
borrowing, which we can then plug directly into the budget constraint. With log utility,

entrepreneurs consume a fraction 1 — 5 of their net worth, defined as e{ = qtk;{ — thi;l.

J H;j
o Oqakiy Oqai

&’ =
‘ Ry Ry
it — di = B(qik] — Ryd]_)) = Be;
A 1 .
- 3
%= | _ aiial Bey.
Rt

We also note that aggregate wealth in a period is given by f] e, el + f] s e] = ¢;K;. The
idiosyncratic productivity shock is independent across time, which simplifies aggregation,
and we can express aggregate H-type net worth as f] e, e{ = hq K. Since there is sufficient
financial friction, L-types will invest a portion of their savings, which will be determined

from the aggregate savings in the economy:

/ ii+/ii’=5qtm.
JEH: JEH:
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Furthermore, the equilibrium interest rate will be pinned down by the L-type’s marginal
return from investment, R, = ¢,41a”. Combining the aggregate savings, investment func-

tion, and interest rate, we are able to arrive at a law of motion for aggregate capital.

" p I Py " P L P
Kii=a / il +a / i =a / i +a [Btht—/ z{]
JEHL JeEH JjeH JeH

h h
Ky = anﬁQth + a” B K — WBQth]
_ — o

o
H L
al —a

Ky = (hlw CLL> B g K.
T

=0
A.1.2 Bubble equilibrium

Capital accumulation Similar to the bubble-less environment, H-type’s borrowing con-
straint will bind. Additionally, H-types will not hold the bubble since their return to invest-

ment is greater. However, we must consider two cases.
Case 1: R,y = q1a”. We proceed as before by solving the H-type’s investment

function. Net worth now reflects bubble holdings from the past period, e{ = qtkf + p?b{_l —
Rid]_,

- d{ = B<thj +ptb — Rydj t— 1) ﬁet

o J
i = ——be

The aggregate savings will also change to reflect the presence of the bubble and macropru-

dential tax:

/ Zt / (1+ T)pt = B(q kK, —i—pg)-
JEHL JEH:
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As before, we combine the aggregate savings, investment function, and interest rate to de-

termine the law of motion for capital:

h h
s D@ K+ py) + a* | B(a: K+ py) — Wﬁ(%[(t +p0) — (1 +7)p)
oL —

H
Kiy1=a

K1 = U@ K+ pl) —a"(1+71)pl.

Case 2: R;.1 > q41a”. L-types do not invest since their return to lending and bubbles
is greater than their return to investment. Therefore, all non-bubble savings are shifted to

the H-type to invest, and:

Koo = a™ [B(qufS +pf) — (L+7)pt] -

b

Using the definition of bubble size, ¢, = m
t

as below:

, we can re-write the above capital flows

(1+ ff_;‘;i} h)BaL—aL6(1+T)¢t
[ y *
Ky = 15 Ky if gy < ¢

afl — T)Pt « . *
AN o K if > ¢

In the notation above, we define small bubbles as ¢; < ¢*. Small bubbles arise when the
L-type is still investing, therefore the small bubble condition is equivalent to R,y = g 1a”.
On the other hand, large bubbles, ¢; > ¢*, arise when L-types no longer invest, and thus is
equivalent to R, > ¢ 1a”. We show the derivation for ¢* in the interest rate derivation

below.

Interest rate Using the definition of bubble size, the H-type’s investment function, and
aggregate savings, we can solve for R,y; when R,.; > ¢ia”. Recall that in this case,

L-types do not invest, so:

Bl K, + pt
pEAT I (0 k= Bk + ),
B Ritq

H
2

Solving for interest rate, we get the following expression.

Gr1a” if o, < @

GCLH — T)Dt . * ’
%+1% if oy > ¢

Rt+1 =
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Here, ¢*, is defined as the threshold bubble size that equates the two different values of

interest rate:

a1+ 7)e)
l—h—(1+7)¢"
o = (1 — h)a* — Ba™

Bubble growth In the stochastic bubble environment, the expected returns from holding
the bubble must equal the expected returns from lending. In the notation below, terms with
superscript p represent values in the state that bubble persists, and terms with superscript

1 — p represent values in the state that the bubble bursts.

b
i, p i,
Et[u/<ct+p1)—(1 _:J:)pb] = Et[u/(ctfr)l)Rt+1]
t
1 pff)+1 1 1- 1
= P g = Beip— R (1= p)
ity (1+7)p? it ! Ctil g
b by
P pt+1bi
P~ e O

We guess that L-types hold a portion 7 of their savings in bubble, that is nﬁe{ = (14 T)pi’b{,
and then solve for n to get L-type bubble demand:

pzt)+1
- P Ry
(1+ 7)phtf = —2E0 el
t+1 R
(L)} b1
b

Plugging the expression for L-type bubble demand into the Euler equation above, we get the

following no-arbitrage condition:

p?_;'_l . Rt+1(1 — h — (1 + T)th) -
i T e RS AL

Next, we define the evolution of wealth, using the transition dynamics for aggregate
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capital.

( oH gL lg
qt+1 [(M + @L) 5(Qth + pf) - aL(l + T)pf} + £ Hﬁbtﬁ(fth —H?f)

H b
1o’ P
(LL t

Q1 K1 + Pfs)+1 =

b
[ 9t-+1 [aHﬁ(Qth +pb) —a"(1+ T)pﬂ + pt?@ﬂ(%[{t +p?)

p

( afl gk b . .

Q1K1 +pi’+1 - Bai1 {(h(lTaLH) + aL) - aL(l + T)Cbt} + pp?QSt if ¢ < ¢
K. +pt ‘ b ‘ a

W P \ﬁQt-i-l [aH —af(1+ 7’)¢t] + 57);;@ if ¢y > ¢

Using the flow of bubble price, evolution of wealth, and interest rate, we characterize the

evolution of bubble below:

Py
qt+1 Kt+1+plt’+1
g Ki+pb

o

¢t+1 =

1—h—(147)¢
At g ()P

if ¢ < ¢
h(aH —al) (1—p)(1—h) t =
= (M ) s e () .

2] (1+7)o : *
R (-0 (% if g > ¢

sy

Steady state bubble size First, we use the above evolution of bubble, to solve for steady

state bubble size for each case of small and large bubble, as a function of macroprudential

tax:
P— (1+ h(%b__;;g()l)—;_)ﬂ(l_h) 1—h
Gsp = — a 1_76;,3(17h) s (small bubble)
(1+28" e ) 5 p(1-n)
o = pA—h) 0 (large bubble).

(1-0)1+71) p(1-0)

Note that in steady state, bubble size is decreasing in tax, in both cases. Therefore, we have
Osp(T) < ¢op(7) for all 7 > 7, and ¢y(7) > ¢ (7) for all 7 < 7. If at 7, steady state bubble
size is the threshold bubble size, we can re-write the bubble threshold cutoff as a cutoff in 7.

Thus, we solve for 7 by equating the steady state bubble sizes to the threshold bubble size:

bsb(T) = du(T) = ¢".
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Lastly, we define 7 = max|0, 7], and then re-write steady state bubble size as follows:

Cbsb if7'277'
by =

o fr<T

The remainder of the steady state values follow directly from previously derived equilibrium

evolution equations and the above steady state bubble size.

A.1.3 Bubble equilibrium dynamics with zero lower bound (section [5.3))

Capital accumulation In the zero lower bound environment, we focus on the bubble
equilibrium dynamics for large bubbles. With large bubbles, L-types do not invest, and all
resources excluding the bubble and money holdings are invested by H-types. The following
shows H-type investment, as derived from the new aggregate savings equation and money

growth:

M M,_
/ i+ =+ (L4 7)ph = Bla K, +p) + ——)
jEM, P, P,

g M, 5 .
il = B(q K, +p)) — — (1——) — (L +7)p;.
/jtht o ' Pt I '

Furthermore, noting that the CIA constraint binds during the bubble periods, and defin-

ing € = (1 — nﬁ) €, capital accumulation follows:
Kt+1 = CLH[ﬁ(tht + pf) - 6*] — CLH(l + T)pg

The cashless limit, where ¢ — 0, implies €* — 0, and that capital accumulation remains

the same as the large bubble environment:
K = a"[B(¢ K, +pp)] — (1 +7)p}.

Interest rate Noting that H-types do not hold bubbles, and plugging the binding borrow-

ing and CIA constraints into the budget constraint, we derive the following H-type investment
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function.

SoM M
(A ﬁ(“ il T )
y Oqpiqal? j j ‘ My
il (1 _ ;]%H—llt) =4 (qtki — Ry_14d]_y +p2bi—1) - < )
£t

t

/ = Blq Ky +p)) — €
JEH

0qi+1afl
L= Rt,t+1t
Then, plugging in the above investment function into the aggregate savings equation, we

derive the interest rate. We also define the bubble size with money holdings as ¢, =

b
Py
B(qe Kt +ph)—e*

Bl Ky + pf) — €

b by
h 1 o 0qt+1a{{ + <1+7—)pt _/B(tht+pt)
Ry t41
h—l 1 -1
1_ Ogi41al + ( +T)¢t =
Rit41

no . a1 (147)6)
tt+1 = qi+1 1_h_(1+7')¢t .

Bubble growth Similar to the standard bubble environment, the no-arbitrage condition
for L-types between lending and bubble holdings pins down the bubble price growth rate.
In the notation below, terms with superscript p represent values in the state that bubble
persists, and terms with superscript 1 — p represent values in the state that the bubble
bursts. Now, we must take into account the money holdings of the L-type, and under the

assumption that CIA constraints bind in the pre-burst period, %t =e.

b
i, Dy i,
Et[ul(ctﬁ)m] = Eifu'(cyf)) Riga]
t
b b b] RP dJ
D1 1-p Pt+1 tt+1 ppr1
= p—" _ = pR’ 1—p)R
P(l —|—7') = Py + ( p) tt+1 ;\41 ztfldj
b1
b 7 J €
1— pt+1b - Rt t+1d i
= pRZt-‘,—l + (1 — p)Rt,t—fl ~ pl- dJ 1
tt+1
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However, at the cashless limit, as ¢ — 0, we return to the following equation, which is

equivalent to our standard bubble environment.

p§+1bg
Bel — (1 +7)peby

b
Pey1

g et 1=0)
t

Solving for the bubble price growth in terms of the interest rate and parameters,

P _ (1=h—(157)6)
(1+ T)p? B p(L—h)—(14+7)¢, tt+1-

Bubble growth follows from the above bubble price growth, evolution of wealth, and
interest rate, which, in the cashless limit, are all equivalent to the standard large bubble

environment.

P10 1
(1+7)¢r  Bp(l—h)—(1—0)(1+7)¢

A.1.4 Bubble equilibrium dynamics with partial depreciation

The following re-calculates the bubble dynamics in the presence of partial depreciation, 9.

First, the budget constraint and borrowing constraint must account for the depreciation:

Rid] < 0(qrea+1 -0k,
i+ (L)Y = (g +1— 0k +d — R, + b,

Similar to before, small bubbles arise when the interest rate is equal to the marginal
return to investment for the L-type. With partial depreciation, this results in the case
Riy1 = (q41+1—0)al. The resulting capital flow is calculated similarly as the case with full
depreciation. First, we solve the H-type’s investment function. Now, net worth also reflects
partial depreciation, ¢} = (g, + 1 — 0)k] + p}b]_, — Ryd]_,.

il —d] = B((¢ + 1= )kl + pib]_, — Red]_,) = Pe]
) 1 4
il = —— 7 Bet.
Iy

The aggregate savings will also change to reflect the presence of the bubble and macropru-
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dential tax:
/ z‘{+/ i+ L+ 7)) = B((q + 1= 8) K, + p).
JEH: JEH

As before, we combine the aggregate savings, investment function, and interest rate to de-

termine the law of motion for capital:

h
K = GHWB((% +1—0)K, +p;) +a"
T ol

h
5((% +1-— 5)Kt —i—pf) - 1_—9(1_115((% +1-— 5)Kt —|—p§) -
Kip1 =Q((¢ +1-90)K, +P§) - aL(l + T)pf.

In the case of large bubbles, L-types do not invest since their return to lending and
bubbles is greater than their return to investment: Ry, ; > (g1 + 1 — d)a’. Therefore, all

non-bubble savings are shifted to the H-type to invest, and:

Kin=a” [B((g+ 1= 6) Ky + p)) — (L+7)p}] .

_ P}
= B((g+1-8)Ke+pl)’

Adjusting the definition of bubble size to account for partial depreciation, ¢,

we can re-write the above capital flows as below:

( (aff —al) L_ L
I+ T 5.H h)ﬂa —a”B(1+7)¢y N ‘ i}
Ky = 1-Bo¢ (aKt + (1 - 5) Kt) if oy < ¢ )

(ZH - T)Dt o N *
W(O‘Kt +(1—0)Ky) if ¢p > ¢

Interest rate Using the definition of bubble size, the H-type’s investment function, and
aggregate savings, we can solve for R,y; when R,.; > ¢ia”. Recall that in this case,

L-types do not invest, so:

B((qe +1—08)K; + pb)

b — — b
M oy TR = Blla 1= K+ i),
N R4 J
Y

23

Solving for interest rate, we get the following expression.

R o (qt+1 +1-— 5)CLL if gbt S gb*
t+1 — aH _ ’ . N .
(Qt+1+1—5)% if ¢y > ¢
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Here, ¢*, is defined as the threshold bubble size that equates the two different values of

interest rate:

a1+ 7)e)
l—h—(1+7)¢"
o = (1 — h)a* — Ba™

Bubble growth In the stochastic bubble environment, the expected returns from holding
the bubble must equal the expected returns from lending. In the notation below, terms with
superscript p represent values in the state that bubble persists, and terms with superscript

1 — p represent values in the state that the bubble bursts.

b
i, p i,
Et[u/<ct+p1)—(1 _:J:)pb] = Et[u/(ctfr)l)Rt+1]
t
1 pff)+1 1 1- 1
= P g = Beip— R (1= p)
ity (1+7)p? it ! Ctil g
b by
P pt+1bi
P~ e O

We guess that L-types hold a portion 7 of their savings in bubble, that is nﬁe{ = (14 T)pi’b{,
and then solve for n to get L-type bubble demand:

pzt)+1
- P Ry
(1+ 7)phtf = —2E0 el
t+1 R
(L)} b1
b

Plugging the expression for L-type bubble demand into Euler equation above, we get the

following no-arbitrage condition:

p?_;'_l . Rt+1(1 — h — (1 + T)th) -
i T e RS AL

Next, we define the evolution of wealth, using the transition dynamics for aggregate
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capital.

;

(Gry1 +1—=9) [(% + CLL) B(q+ 1= 0)K; +p}) —a"(1+ 7')104 +

oL

| (1 1= 0) [0 B((a + 1 = )R, + 1) — ¥ (1+ 7)pt ] + 252 0uB((qe +

(qr1 +1—0)Kipq +pi’+1 =

( af —ak lz7 1 : *
(@1 + 1=K + 90y, ) Bl@a +1-0) [(% + CLL) —a"(1+ T)th] + 5%@ if g < ¢

1= 0)Ki + 1} p b - |
(g + VK + pi B(ge1+1—10) [aH —aH(1+T)¢t} +Bp;;{ (N if ¢y > ¢*

\

Using the flow of bubble price, evolution of wealth, and interest rate, we characterize the

evolution of bubble below:

pi’H
»t
qr1+1—8)Kip1+pl, 4
(gt +1-0) K1 +p}

1-h—(1+7)¢ (147)¢

o

¢t+1 = (

1 SN ESIEr T < g
v(aH —aL — —h 1 ¢t = ¢

= ’ (1+}(§L—9aH))+p(l(ih)pl((1l+}7-))¢t (1+7)¢¢ )
9 (1+7)¢t . .
B p(I=h)—(1=0) (17791 if ¢y > ¢

Non-bubble dynamics Without the bubble, but in the presence of partial depreciation,

the dynamics of capital and the interested are adjusted as following:

Ripi = (@ +1— 5)GL

The resulting steady state is thus:
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A.1.5 Post-bubble equilibrium dynamics of section

Equilibrium Guess We guess an equilibrium where the collapse of a large bubble in T
will tip the economy temporarily into a liquidity trap that lasts for only one period. Let
T+ s* be the first period in which the economy regains full employment. Then in equilibrium

the following must hold simultaneously:

1. Downward wage rigidity binds from periods 7" to T' + s* — 1:

~
UJ;H < —an+st
HT+5
Tn
Wrys = I, Wrys—1, YV s€][0,s")
+s

2. There is a liquidity trap in the burst period, i.e. the zero lower bound (ZLB) binds:

: (26)

=i =

RT+1 <

3. The economy is not in a liquidity trap before the burst, and exits the liquidity trap in

T+ 1:
10 g 10 g Pt
By [u'(c}41) R ] > By U(C’ZH)P : Vi<T-1
t+1
1
RtJrlZﬁ Vt>T+1

We can characterize the equilibrium quantities and prices based on these properties. First,
we find Rry;. Recall that after the bubble collapses, the marginal capital investor will be

the L-type, and so:

11—«
Lt
+1
Rri = CLLQTH =ala < .

Note that wage rigidity may still bind in 7'+1. To find K71, recall the bubble-less dynamics:
Kry = QaYy

where output at T is:
Yr = K{Ly®
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and, as in ([18]), we know:

SO:

a—1

wr ] " K,

v~ |

11—«

Combining the equations above gives an expression for Ry, and Pr in wr:

Pr
— =R
Pro T+1
— dlo (LT+1)1a
K11
_l-a
_ L Tn wr ¢
- Q<HT+11—04>
a-1 a-1
() )
= =a’a|vy—
7y K -« U7 iq
PT wr aT_l ¢
— ' —R L n 27
Priy o (a a(’y 1—a) ) (#7)

Next, we find wr. Under the guess that the wage rigidity constraint is binding in 7', we

have:

where ((wy, IT)

wr = In Wr—1
Iy
T Pr/ Py Ib
= I Ib
Pr/(Pri./11?)
7%/1:[2
wr = L o wy \o—1 Wiy
(ata) (’Ynm)
1 ala \ 7% 2o /112
:l—a 1l -« w ! i
T
o 1 ala \ ™" 2
AR T m
wr = ¢(wy, IT)
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expressions for Ry.; and Pr in exogenous parameters:

_ a—1 «Q
PT L C(wlb, H) «
— pr— p— _— . 2
Pro Ry (a « ('Yn 1 — o ( 8)

During the slump (1 < s < s*), Ly, < 1, and wages are solved from binding downward

wage rigidity:

S (ﬁ)@w
T+s 1:[ pT T
7n>s PT =
=|=) = I1
<H a (wlba )
From ((18)), we know:
LTJrs _ Wr+s @
KTJrs -«
1
1 Y \* Pr _ ] e
= = = I1
{l—a <H> By S )}

Thus, interest rate during the slump is as follows:
Rpys=a"qpys = aLaK%:L;LI_O‘

T+s
L l—«
L T+s
=a
KT+s

_ b ﬁ>_51; P ] T 29
aa(, L_QPTC(U%, ) (29)

The dynamics of the post-slump economy is as in section [3.2.2

Verifying the equilibrium Now, we find a set of parametric conditions under which the
above guess is correct. First, for the wage rigidity constraint to bind in 7, it must be that:

f Tn
Wy < ———
T PT/PT—l

(%
where recall that wr_; = wy, and wl, = (1 — a)K¢ = (1 — a)K = wy. So the inequality

above is equivalent to

Pr < fanTfl-
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Pr Pr_4
rigidity constraint to bind at 7" we need:

Recall from that ﬁzﬁ;—;l — Pro_ Hrri = #H, so Ry = % Pr_So for the wage

RT—i—l < =c-. (30)

Recall , so the inequality above is equivalent to:

(aLa <yn%) ) < % (31)

Second, we need to verify that the ZLB is binding in the burst period, i.e.,

, (32)

=i =

Ry <

Intuitively, inequality implies that the monetary authority can no longer set Iz 71 = II,
as it would violate the ZLB, and thereby the ZLB is binding at T". However, this inequality
is automatically satisfied because of , under our assumption:

l:Inyn.

Third, we need to verify that the CIA binds in t > T + 1 (i.e., R, 1II > 1 for such t).
As II > ,, the interest rate Rrys in is weakly increasing in s. Therefore, Rr o <
Rrys Vs € (2,s"). After the slump, (s > s*), the economy returns to full employment.
Furthermore, capital is increasing; therefore, interest rate is decreasing. As the economy
transitions back to the bubble-less steady state, we have that R,, < Rp.s Vs > s*. Lastly,
under our hypothesis, inflation is at a constant II for all periods ¢t > T+1. Thus, if Ry oIl > 1
and R,I1 > 1, then Ry, I1 > 1Vs > 1, that is the economy exits the liquidity trap after
one period, as desired.

If the slump lasts less than two periods, s* < 2 , the economy reaches full employment
in T+ 2. Then, following the above logic, R, < Rrys Vs > 2, and a condition on R,
is sufficient to exit the liquidity trap after one period.Then, under the following sufficient

condition, the economy is not in a liquidity trap after t =T + 1:

1

min{ Rryo, Rup} > T if s >2
1

Ry > =, if 5% < 2
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or equivalently:

—a(l—a)

min{ (a"a)" 5, - <—<(wlb7 H)> ,

Q

if s> 2
11—« ne=

[
AV

(AV]
== =g =

if s <2 (33)

b|© :>|

Fourth, we also need to verify that the CIA binds in T"— 1. Since before the bub-
ble bursts, there is uncertainty, the corresponding condition is Ep_i[u/(cr)Pr_1/Pr] <
Er_1[u'(er)Rr—11). Wage rigidity does bind in 7', therefore we have unemployment, Ly < 1.
In the notation below, p superscripts denote values in the state that the bubble persists, and
1 — p denotes values in the state that the bubble bursts.

ETA[UI(CT)PTAZPT] < Er_4[u(cr)Rr-17)

o Pr_ - -
T (1= phu (e )iy < ()R + (L= ) (e )R
T

o (25)

1
—— <R
p(1+7_)_P lb+

where wr = ((wy, 1)

The above condition can be re-written in terms of bubble steady state values:

2

(4(“’1_1”“))&“2 L 1-h=(+47)0 (1+ 7)1 (( 1

11—« 2 1+7

7 a7 (1 — (1 + 7)0) (aFam,)" a (1L — (1+ 7)) - ha) @

Finally, we numerically verify that the parameter space that satisfies all of the above

conditions is not empty.

A.2 Proofs
A.2.1 Proof of proposition

Proof. Begin with the size of a large bubble (7 < 7) in steady state:

_ Bpl=h) 0
o) = B e ) B 0)
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Given that a large bubble exists, its size on the saddle path must be equal to the steady

state size Vt. Thus a necessary and sufficient condition for large bubble existence is:

. Bp(—=h) 0
ST R (e R
0 __ Bp(l—h)
pA—-0)  BA-0)(1+T)
g Prd—h)
1+7

Now consider the size of a small bubble (7 > 7) in steady state:

p— FreBh)
B (1+25—==)6-80-h) 1 — h
qbsb(T) = 11— T—pB(1—h) T

(1+2e2=2 ) 5—p(1-h)

Once again, given that a small bubble exists, its size on the saddle path must be equal to the
steady state size in all £. Thus a necessary and sufficient condition for small bubble existence
is:

1—pB(1—h)

_p_ (1+2 e ) 5—p(1-1) 1 — h 0
Dsp(T) = - EmED e
(1+2e==2 ) 5—p(1-h)
0<p— 1—pB(1—h)

(1+ 2452 ) 6 - B = h)

h H _ L
1< ((H—Cfg_egg)g)p
L—@(ZH
B(at — Oaf) + Bh(af —al)

p >

A.2.2 Proof of proposition

Proof. Let T denote the period in which the bubble bursts. Define:
s* = min {3 >0 | w§+s (Krys) > fysz} :

After T: The law of motion for capital after T' is identical to that in the bubble-less
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environment, except that Lr, s may not be one:

_ _ @ 11—«
Arys = qrysKpys = aKp Ly S

Qo ot

al

A A
Krigh = }leﬁi +a" <5AT+5 - M) = QA7 Vs > 5"

ol

o
From the firm’s first order conditions, we have <[L(;IS> = “{T_f; so that the dynamics above

can be rewritten in terms of wage:

q = Bres o =« Wrts -
T+s LT+5 1—a

w «@
_ « l—a __ T+s
AT+5 = aKT+sLT+s = < > KT+S

Wrye \ &
Krisp1 = af) < = ) Krpys

11—«
_1
W4s @
LTJrs:( hu ) KT+s-
l—«

Between T and T + s* — 1: By definition of s* (1), wage rigidity binds, i.e.

s
Wrys = 7Y WT.

Thus:

wr
1l -«

Kriop1 = af) <

1
w o s Ko,
LT+s - (fy T) KT+3 =7 « T .
1—a

Proceeding by backward iteration:

a-17s+1 s+1
w a a=1,
Krisp1 = OéQ( T) ( VO‘)KT
l—« pai

s+1

wr Ta a—1 (s+1)(s42)
— OZQ ")/ @ 2 KT
1—a

a—1 (s+1)(s+2)
« 2

= [aQKg ] r.
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Finally, turning to the definition of slump length:

* min{s >0| w%H > ’ySwT}
=min{s>0|(1—-a)K¢,, > wr}
=min{s > 0| K¢,, > K}

VA
Il

s(s+1)

= min {s >0 | [aQK%_l}Sya%l 2 Kp > yiKT}

a—1s(s+1) <£}
o 2 e

=min {s > 0| slog,(aQ) + (o — 1)slog, K7 +

(s+1)
2

= min

s>0](a—1) < l—alogw(aQ)—a(a—l)logWKT}

= min
—«

— =

2 3 —
s>0 ’ 5> - « logv(aQ)—ﬁ—ZozlogvKT}.

Define:
2c 33—«
w(y) = ——log, (a2) — T
Then we have:
0 v=20

s = ¢ max {0, [w(y) — 2alog, Kr]} 0<y<1.
00 y=1

Once the slump has ended (s > s*) there are no other external shocks to the economy.

Thus the dynamics are identical to the bubble-less environment:

Wr4s = w’{“-{-s = (1 - o)K7,
LT+s =1
ar+s = QK%;;

KT+3+1 = QAT+5 = QQK%_,’_S.

A.2.3 Proof of proposition

Proof. Begin by considering the value function for a worker in the post-slump period (s > s*).
It satisfies:
Wt (K14s) = log crsss + BWop (Krpst1)
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where:

CTis = Wrys = (1 - O‘)K%Jrs

KT+S+1 = QAT+S = O[QK%JFS.

We guess and verify that the welfare function takes the following functional form: W, (K) =
f + glog K. Given this guess, we have:

f+glog Kprys =log [(1 - O‘)K%-ks} + B (f + glog [OzQK%+S]) :

Solving for the coefficients yields:

g:a—i—ozﬂg:l_aﬁ

f=log[l —a]+ Bf+ Bglog[af)]

- ﬁ (log [1—a]+ log [049]) :

af
1—ap
Thus we have verified our guess and achieve the following solution to W;:

«

1—ap

W (K) = ﬁ (log 1—a]+ log [aQ]) + log K.

ofB
1—ap

Recall that dynamics in the post-slump period are equivalent to those in the bubble-less
environment. As such, the welfare functions will be of equivalent form.

Now consider the welfare of a worker in the stochastic bubble steady state. It satisfies:

Wy (K;) = log ¢ + B [pWs (K¢) + (1 — p)Whurst (Kiy1)]

where:
= (1= )" + T = (1= o) + 2% | (1)
Kt+1 = Kt = Kb.
Algebra yields:
log ey’ + B(1 — p)Whurst (K3)
K =
Wb( b) 1 — Bp
ng} _ (1 . a) + 6¢b ar (Kb)a-

1 — By
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The welfare during the slump period is by definition dependent on how long the slump
lasts. The ex-ante welfare for the worker in the period the bubble bursts satisfies:
s*—1
Wburst (KT) = IOg Céu“ + Z Bs IOg C%...s + ﬁs Wnb (KT+S*)

s=1

where:

11—«

a a—1
—=s a—1
Crys = WrisLpis = Wiy (w ) Kris=v (1 - a)K7™ Kris
T+s
L—l)s(s+1)

Kris= ’y( a 2 [aQKT(T)afl]sKT(T)

i max {0,w(y) — 2alog, Kr} 0<y <1
st = :
00 vy=1

A proof for the form of the constants can be found in proposition [2 Substituting in constants
and grouping terms yields the form in the main text. O]

A.2.4 Proof of proposition

Proof. 1t is sufficient to show that W, > W, as v — 1. Recall that as v — 1, the slump
length approaches infinity. Then the limiting welfare of a worker in the stochastic bubbly
steady state is given by the following:

_ log ¢’ + B(1 — p)Wiurst (K3)

Wi (K) 1= 5,
oy = {(1 —a)+ 1 fq;)gbbm_] (K"

However, due to an infinite slump, the worker welfare in time of burst changes to the follow-

ing:

Wburst (Kb) = lOg [(1 - a)(Kb)a] + Z BS IOg C?—i—s
s=1

logep,, =T1(s) — (1 —a)s —a)log K, Vs >1
a—1s%+3s
a

Iy(s) =

log v + log(1 — «) + slog (af?) .

52



With 7 = 0 and v = 1, the worker welfare reduces to the expression below:

1 B*(1—p)
1-3 (1—08)*(1 - Bp)
+< o af(1 —p)(a—p) B*(1—p)

=B (L-Bp)1-pP (1—5p)(1_5)2)10gKb'

Wy (K3) = log(1 — a) + log(af)

The welfare in the bubble-less environment remains the same, and is slightly re-written using

the value of bubble-less steady state capital.

1
Wnb<Knb) = -3 log(l — Oé) + m 1 faﬁa log(on) + 1 _Oéﬁ& log Ky
—(o) &
1
=7 _510g(1—a)+ (1_5;1_&) log(af?).

Comparing Wy, (Kp) to Wp(Ky), we derive the following expression. Note that since we are

considering expansionary bubbles, K, > K.

Wip(Knp) — W (Ky) =

T g =0 +abl=F+p)—a) (og Ky —log Ku).

~
~ ~~ o >0

0

Then, all that is necessary for W,,;,(K,;) > W, (K}) at 7 = 0 and v = 1, is the following:

B*(1—p) +ap(l =B +p) —a>0.

The above condition is true if and only if the risk of the bubble bursting, 1 — p, satisfies:

BB —a)(l—p)>all-pH)

O
A.2.5 Proof of proposition
Proof. Recall that Rry = a*aK$ 1Li5. Since Lyy; < 1, a sufficient condition for
Rr 11 < 1 is that aLaK%jri < % Furthermore, from the post-bubble equilibrium dy-
namics, we have Kry1 = aQK¢ = oK. Therefore, a"aK$7] < & if and only if

aFa (aQKG) ™ < £. Equivalently,

K > (aI1) 70 s 1/e,
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Japan: Real GDP per capita and Unemployment
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Figure 1: Japan before and after the collapse of asset prices. Dashed vertical lines indicate
the approximate beginning of the collapse in asset prices (1991). Grey bars indicate reces-
sions, according to the OECD. Real wages are calculated from nominal wages and consumer
price indices. The nominal interest rate refers to the discount rate of commercial bills and
interest rates on loans secured by government bonds, specially designated securities and bills
corresponding to commercial bills. Sources: Statistics Bureau of Japan, OECD, IMF, FRB

St. Louis, and Mack et al,| (2011).
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Figure 2: U.S. before and after the collapse of asset prices. Dashed vertical lines indicate the
approximate beginning of the collapse in asset prices (2007). Grey bars indicate recessions,
according to the NBER. Real wages are calculated from nominal wages and consumer price
indices. The nominal interest rate refers to the effective federal funds rate. Sources: NBER,
OECD,US Bureau of Labor Statistics, US Bureau of Economic Analysis, S&P500, US Federal
Housing Finance Agency, and FRB St. Louis.
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Figure 3: Equilibrium dynamics of aggregate variables through a boom-bust cycle of an
expansionary bubble.
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Figure 4: Equilibrium dynamics with different wage rigidity parameters.
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Figure 5: Effects of bubble tax.
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Figure 6: Equilibrium dynamics with post-bubble liquidity trap.
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