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Fireflies’ synchronization

K. Tokita. Aioi-yama, Nagoya. May 27, 2016.
Canon EOS Kiss DN, EF50mmF1.8 STM, ISO800/F2.5/WB:auto, SS60", 25:45PM-26:35PM.
53 pictures' composite.
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J.B.S.Haldane

1892-1964

Physiology, genetics, evolutionary biology,
mathematics, statistics, biostatistics

One of the inventors of the word
“clone”.

When a priest asked him what

is @ message which God wants to
send to us, he answered...




REIBER

Robert May

£ (2000-2005)
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Dynamics of complex biological networks

Biochamical Pathway

Protein networks

Drug discovery

*Dynamics of large-scale multispecies system and their
control.

*Relationships between stability, behavior and patterns
and parameters.

*Modern challenge of nonlinear and nonequilibrium
physics

H. Jeong et al,

N. Martinez, Food web

Little Rock Lake

Environmental conservation
Sustainability

" |
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Chaos by a system with only 3 species !
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Rank-abundance relations

x(n): population x of n-th ranked
species



Motivation

“Rank-abundance relations”

Species | ank Abundance
n X
‘L 1 X =
i - X2 ?
- X3 )
% 4 X4
s .
A N1 x, 19 5 4 N-1 N
‘{3 N N Rank n



Rank-abundance relations (RAR)

10°
@ Boreal forest
107" Temperate deciduous
/q? @ Tropical semideciduous forest
8 102 (D) Tropical evergreen forest
®
2 10°
3
-4
© 10
N
8’ 10°
10°®
10-7 1 | 1 | L 1
0 50 100 150 200 250
rank

e Typical sigmoid curves are universally observed.

[1] S.P. Hubbell, The Unified Neutral Theory of Biodiversity and Biogeography (Princeton
Univ. Press)
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Major Question on SAD

@ Boreal forest

Temperate deciduous
(©) Tropical semideciduous forest

(D) Tropical evergreen forest

Environmental
parameters
(temperature, latitude,
elevation, pollution,
stress...)

Species interactions
(competition,
predation, mutualism,
parasitism, aliens...)



Secular variation Bazzaz. 1975
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RAR of Japanese sake brewery and

Quantity of production (KL)

10° ¢

1000 |-

100 |

their production

~ Loghormal

f 1961
i B ¢ : 1996
@
¥

e
e e , :
® Fisher’s logseries
® o
A
© o
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T4 DEREER (2013)
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ZipfBll &HeapsAll
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ZipfHI]
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The Zipf’s law in gene expression

(a)1o! r

102 }

g
g
g

10

10°

10° |

P |

10° 10" 10% 10°
frequency ranking

g
| &

I PR —

10% 10" 102 10° 10*

frequency ranking

aal o ad o il

10° 10" 102 10° 10*

frequency ranking

(b)wo” <

102

g

10° |

5

5 (d)107 ¢

1 () o
18 10%

10

107 }

A ol

10° 10" 10° 10°
frequency ranking

AN - b b |
4

a=-1.0

h
N
L

frequency ranking

10° 10" 10% 10°
frequency ranking

Furusawa &Kaneko, 2003

(a) Human liver

(b) Kidney

(c) Human colorectal cancer

(d) Mouse embryonic stem cells
(e) C. elegans

(f) Yeast (S. cerevisiae)
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Irie and Tokita, Int. J. Biomath. 5, 1260014 (9 pages), 2012



SAP of evolutionary community assembly model
Tokita & Yasutomi (2003)

10" -

—y
o
n

x(n)
Population density

-
o
&

Distribution of population density: f{x)~|dn/dx| ~

10° -

Rank n



Motivation RAR SAD
Rank-abundance relation and population distribution

Cumulative distribution I \\
function n x‘) | \
=4 P v \
i Inverse function \\
2 : \
.s : |
s 1234 N >
Rank n Abundance (population) |
/
£(x)~ dn(x)| Log-normal o
dx distribution




Species abundance distributions

P(x): how many species having
population x?



Molecular biological evidence

Left-skewed lognormal distribution of gene expression
Blake, et al, Nature 422 (2003)

d 300 .
4 days 3 days _ 2 days
2]
€ 200 /
3 Black: 1 da
g B
8 100!} elapse of the
experiment
0 M
10° 10" 102
Fluorescence

(arbitrary units)

Saccharomyces cerevisiae



Economical evidence

Car-species abundance distributions g “ “
Gaston, Blackburn & Lawton (1993)
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SAD (species abundance distributions)

Isao Motomura(1932) : geometric series
Fisher(1943): logseries
Preston(1948): lognormal
Simon(1955): power law (Zipf’s law)
MacArthur(1957): “Broken stick”=exponential
S ox A?

May(1975): SAD -> SAR(species-area relationships)
Hubbell(1979-): “Neutral model”="“zeo-sum multinomial”
Diserud & Engen (2000): Dynamic Model

Tokita(2004), Yoshino, Galla & Tokita(2008), Obuchi,
Kabashima & Tokita (2016): Random community model
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Species abundance distribution (SAD)

- NN
o O

b
o

Neutral theory

/

o (&)
\ L

16

64

256 1,024

1 4
{ Number of individuals (log, scale)

Preston plot

X

Competitive plant community in tropical rain forests

Harte 2003

(reproduced from
Volkov et al, 2003)

21,457 trees in

225 species from the
50-hectare plot on
Barro Colorado Island




Number of species

S

N
o

SAD of 637 invertebrates over 1970 Korean

river sites.

Park, et al, 2007

Food web

Left-skewed

lognormal
Nee, Harvey & May, 1991

1 3 - 7 9 11 13 15
log,(abundance)

Korea Peninsula
http://www.wamis.go.kr/
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Random Community Model

Modern theory: Global analysis



) ) Taylor and Jonker, 1978
RCpllCﬂtOl‘ DynamICS (RD) Hofbauer and Sigmund, 1988

d _popljlat} density of species 7
da: = x;(fi —f) (i=1,2,...,N) (1)

N — oo (thermodynamic limit)

Intgﬁgtign from species 7 to ¢ (time independent random)

Z Ajj Ty (i-th species’ fitness)  (2)

fi

J
f Z fix; (average fitness) (3)

E €I; (t) — ]_ (Trajectories are bound in the simplex) (4)
()



Replicator Equations Hofbauer and Sigmund, 1988

I )\ . I
» . .
®» Y
>
\
|
.

Lotka-Volterra equations in mathematical ecology

N+1-species RE 1s equivalent to N-species
(generalized) Lotka-Volterra equations (GLVE).

Game dynamical equations in sociobiology, econophysics or
game theory

Networks of autocatalytic reaction and in particular hypercyclic
feedback 1in macromolecular evolution

Continuous selection equation and a model of gene conversion
in population genetics



General asymmetric random interactions including
symmetric and antisymmetric case

Replicator Dynamics (RD)

dt :

[ = zi(fi— ) fi=)_ aiz;

|

ai; = —u (intraspecific competition) ) Productivity, maturity or

(aij) =0 (average)
") =1/N (variance)

(aijaji) = v/N (asymmetry)

rate(mutualistic/competition)

v =10 asymmetric: any relationships

vy =1 symmetric: mutualism or competition
v = —1 antisymmetric:predation, exploitation and parasitisn

(aijare) =0 for (i,j) # (k,€) or (i,5) # (6,k)

(a;; and ay¢ are independently random each other)




Phase diagram

Globally stable
fixed point

\EAS -
transition point

A
-1

antisymmetric

0

Replicator Dynamics (RD)

dz; _
L=ai(fi- ) fi= D

dt F

a;; = —u (intraspecific competition)

Replica symmetry
C

m phase transition

.................

Chaos, limit cycles
Ergodicity breaking

Replica symmetry
breaking

(many metastable fixed points)

Y

symmetric



1. RE w/ symmetric
interactions



Replicator dynamics w/symmetric interactions

Average fitness L
5 F(t) —— Z a,-ja:,-(t)wj (t) =x - Ax

is a Lyapunov function. %7

Proof: Since the matrix A is symmetric,

E1—{%9: ((—;iz) (- Az) = (%‘—:—) -Az+a:-A(%§)

-;-d—ii—t)- = E %”t—‘(Aa:),- = zi::c,-[(A:c).- —z - Az)(Az);

- Z z;(Az)? - (Z zi(Az);)?

P Zx.-[(Az),- —~z-Az]* >0



Dynamics on a rugged fitness landscape

F(t)b eiron l J | !
dot
IRk
2 & \/\ | /. \

Phase space {X} € R’N !




Survival function.' proportion of species w/abundance larger than . .

o, (z)

(2o |

= 0,(0)0(z) —- /; o: dp:(2)0 (x

Diversi Iy (Number of non-extinct species)

ap(0) = v(p — v)

% Va(z + A)

pP—v

oo [ N N
ﬁlim Nlim f (H dxj) O(z; — x)d (N - Z wk)
- 00 - 00 0 J k

)

exp(—BH)-

Z




Diversity as a function of productivity

Powerlaw S = Na,(z=0,1) xp" (p<1np~2.3)

1
= o &
x
o
S
B
=
g ® Numerical (N=2048)
2
8001
R A s

A, R
Productivity : p



Abundance : x,(n/N)

Rank abundance relations
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Cumulative distribution function: proportion of species w/abundance smaller than .

Cp(z)

1 — op(z)

S:‘,p(_o)l"'/w dp1(2)0 (x— \/"j(z+A))

A j 1 o ¢

Cp(0)

Abundance distribution function

dCy(z)

dz

p—v C(p=v? (. alp—2)\*
ﬂ'ﬁ""p{ (@ )}+ o)

A

: Fp()

—

Normal distribution



Abundance distribution
~ Left-skewed lognormal distribution
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Rieger 198
Generating functional analysis for RD Op[%cr o Diederich 1992
Galla 2006, 2006
Yoshino, Galla & Tokita, 2007,2008
Tokita and Galla, in prep.

[N-species RD dd? = z;(fi — f) fi=) aijz ]
j

path integral and average over ensemble of random matrix {a;,}

726 = [po (Hpo(x.-(o») exp (-iz_ / t-w.-u)x.-u))

SES e

1CS

| Effective one-body d

Colored

. o

i(t) = —x(t) [u:z:(t) -

e e y _ { 2(®)
<n(t)n(t h = C;(cf;rtezl)a'u:)rs ftgf\)cti(otn))’ Gl t) <6h(t')>
h Lharactﬁtﬁfﬁtlon—)




Generating functional (path integral)

A field theoretical technique for quantum field theory and other
many complex systems like spin glasses, neural networks.

O—

Trajectories ofN

‘\

Initial states

pecies deterministic dynamics

.\

T
‘ Attractor
One-species effective dyramics

with time delay and cotore
as N — oo

Applicable to nonequilibrium systems with no Hamiltonian




) . . Rieger 1989
Generating functional analysis for RD Opper and Diederich moa

Galla 2006, 2006
Yoshino, Galla & Tokita, 2007
Tokita and Galla, in prep.

N

[ Effective one-body dynamics
z(t) = —z(t) |ux(t) —~ /0 dt’'G(t,t")C(t, t)z(t") + n(t) — o(t) — h(t)‘

(n(tn(t)) = C(t,t') = (z()z(t)), G(t.t)= <§:((tt'))>

fixed-point ansatz Vr lim C(t+7,t) =¢, lim ¢(t) = ¢

t—00 t—00

translational invariance(steady state) lim G(t + 7.t) = G()

algebraic eq. |
ergodic, no memory  _ / drG(r) = x < oo, lim G(t,t) =0
" Equilibrium population |
- Vqz
z(z) = ¢u \/3 ©¢ — /qz] (z:standard Gaussian)
. J/




Self-consistent equations for order
parameters

/ u—w:\/@/A DZ(A—Z)\

u—vx / Dz(A — z2)

(u — yXx)x / Dz
o A=0/V0 -

Opper & Diederich, 1992; Galla 2006; Yoshino, Galla & KT 2008




Survival function : rate of non-extinct species w/population larger than x

- diversity
2

J

Perfect
coexistence

only foru = oo

) I
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x=1,I'=1 theory
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x=1I"=~-1 simulation
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x=1 '=1 simulation
x=0 I"'==1 simulation
x=0 I'«0) simulation
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Species abundance relations

For 212292225 (S=ca(0)N)

alr) = % for z€ 2.1 7.)

n-th most abundant species is given by the inverse function as

4 0

z(n/N) = o=V (n/N)

. J




Rank-abundance relations

ol x(n/N)

\

(:L'(n/N) = a7 (n/N)

J
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v=—1 : antisymmetric =0 : fully asymmetric v=1 : symmetric
prey-predator, foodweb  no correlation, any relations competition or mutualism only



Species abundance distribution in “Preston’s octave” plot

F(.'D) %(1 i a(w)) productivity
w— X (k — ([@— vx)z)?

|
D
>
‘T

—Jower. Simpson ing

v=—1 : antisymmetric =0 : fully asymmetric
prey-predator, foodweb  no correlation, any relations competition or mutualism only




Conclusions

The first analytical derivation of the species abundance
distributions for replicator dynamics (RD) with general
random interactions.

antisymmetric | asymmetric symmetric
(prey-preadator, (no correlation, (mutualism or
foodweb) any type) competition only)
Zero-sum game random pay-off
Species richness higher lower
Stability higher lower
Left skewedness lower higher




Random Community Model
with
Random Sparse Interactions

Obuchi, Kabashima and Tokita, 2016



All-to-all interactions and sparse interactions

All-to-all interactions Sparse interactions

Degree c= N — 1~ Degree
O(N); N =6 c=3< N; N =22

Statistical mechanics of a sparsely-interacted system has progressed
recently (Kabashima and Takahashi 2001, Mezard and Montanari 2009). J

Obuchi (Titech) Degree of Interactions Aug. 29, 2015 6 /20



Results: Phase diagram

The area of perfect coexistence is emerged for finite value of u.. in
contrasted to u. = oo for RRD w/all-to-all J;;.

u, vs. A Ue VS. C

Degree ¢ =3 No mutualism bias A =0
6.5° Ue
Perfect : g
. 6.0} ! pPerfect -
Coexistence . .| 12

" Coexistence
10F

’/
,/
’

L |
o
-
-
-
b=

Nonperfect ol Nonperfect
Coexitence b . Coexitence
.......... A I T T T P TP T
05 1.0 4 5 6 7 8 9 10°
_4 4

@ Dashed curves: 2nd order perturbation expansion up to u™~.
@ Symbols: Non-perturvative solution by the cavity method.
@ Both parameters are the unstability factor except for the singular
point A = —1(1), i.e., every J;; = —1(1), respectively, i.e.,
completely neutral case.
Obuchi (Titech) Degree of Interactions Aug. 29, 2015 14 / 20




Results: SAD: Direct numerical simulation

SAD for RRD on Random Graph

SAD for RRD on Square Lattice

P(S) P(S)
4 3.5F

30 »"

[ _ 20 JifHh »

of S i : 1

[ 1.5F

[ 0.5¢

+ 0.6 08 1.0 12 14 6 06 08 1.0 1.2 14 >
Degree ¢ =4, u =10, A =0, Degree c =3, u=17, A =0,
N =128 x 128 = 16384. N = 16000,
Jij = £1, P(J;;) = N(0,0.1)(Gaussian). )

Obuchi (Titech) Degree of Interactions Aug. 29, 2015 17 / 20
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