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Abstract

This paper presents a simple heterogeneous agent economy model in order to show

that the redistribution of wealth among heterogeneous agents can play a significant

role in the propagation mechanism of financial crises. In an economy where firms with

heterogeneous productivity operate under borrowing constraints, the redistribution

of wealth reproduces hump-shaped responses for output and labor and procyclicality

in observed productivity. In this model, a financial shock generates a persistent and

hump-shaped response, whereas a productivity shock does not. It is also shown that

the redistribution of wealth significantly amplifies the persistence and hump shape of

output and labor in response to a financial shock. This model suggests that redistri-

bution may thus be one of the key driving forces behind the transmission of financial

crises.
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1 Introduction

This paper aims to shed some light on the propagation mechanism of financial crises by

showing that the redistribution of wealth among heterogeneous agents could be a key

factor to understanding the features of protracted recessions. The model presented herein

implies that the redistribution of wealth can amplify a financial shock in such a way that

output and labor display conspicuous persistence and hump shapes and that productivity

varies procyclically.

Empirical studies of business cycles show that the responses of macroeconomic variables

to exogenous shocks are persistent and hump-shaped (see Christiano, Eichenbaum and

Evans (1999) on monetary policy shocks and Altig, Christiano, Eichenbaum and Linde

(2011) on technology shocks). Indeed, the reproduction of this persistence and hump-

shaped response is one of the goals that motivate business cycle theorists (e.g., Carlstrom

and Fuerst, 1997; Bernanke, Gertler and Gilchrist, 1999). In this vein, Reinhart and Rogoff

(2009) report the conspicuous persistence of macroeconomic variables after a financial

crisis, showing that output continues to decrease for two years, on average, whereas it

decreases for only one year or less as a result of business cycle fluctuations. Kehoe and

Prescott (2007) define “great depressions,” namely the large recessions in the aftermath

of financial crises, as the time period during which detrended output per capita decreases

for more than 10 years, with the accumulated decrease more than 15%, as measured from

the beginning of the decade, and 20% during the whole period. According to the Kehoe–

Prescott definition, such great depressions broke out globally throughout the twentieth

century, such as in the 1970s in New Zealand and Switzerland and in the 1990s in Japan.

By analyzing these episodes, Kehoe and Prescott (2007) conclude that the primary driving

force of great depressions is a decline in (observed) productivity. Business cycle accounting

(BCA; Chari, Kehoe and McGrattan, 2007) compares productivity with other factors that

induce business fluctuations. In particular, BCA focuses on four wedges: the efficiency

wedge (EW), labor wedge (LW), investment wedge (IW), and government wedge (GW).

EW is observed total factor productivity; LW is MRS/MPL, where MRS is the marginal

rate of substitution between consumption and leisure and MPL is the marginal product
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of labor; IW is the wedge between the market interest rate and the stochastic discount

factor; and GW is the deadweight loss, which manifests itself as government consumption

in a simple real business cycle model. Chari et al. (2007) note that EW and LW are the

two primary factors that explain the Great Depression of the 1930s in the United States,

while Kobayashi and Inaba (2006) stress the same factors for the lost decade of Japan in

the 1990s. Indeed, a growing body of research on BCA has focused considerable attention

on how a deterioration in LW affects large recessions (see Mulligan, 2002; Shimer, 2009).

A sharp decline in LW was also observed in the US economy during the Great Recession

of 2008–2010 (Pescatori and Tasci, 2011).

These studies imply that a theoretical framework for the analysis of persistent reces-

sions in the aftermath of financial crises should have the following three features:

i. Persistent and hump-shaped response of macroeconomic variables to exogenous shocks,

ii. EW should display procyclicality, and

iii. LW should display procyclicality.

Based on the foregoing, in this study we present a simple model that successfully repro-

duces these three features, even though the reproduction of the third point is slightly

problematic. The model used in the present study is a heterogeneous agent economy one

with borrowing constraints, wherein a financial shock reproduces responses in line with the

first and second features through the redistribution of wealth among heterogeneous agents.

In addition, the responses to an aggregate productivity shock display lesser persistence

and no hump shape. In our model, LW is procyclical only in response to an extremely

large financial shock.

There are two main strands of research on business cycles. The first research stream

focuses on standard dynamic stochastic general equilibrium (DSGE) models (Christiano,

Eichenbaum and Evans 2005; and Smets and Wouters 2003), wherein the individual be-

havior of a representative agent is persistent and hump-shaped due to nominal rigidities,

the habit persistence of consumption, and the specialized adjustment costs of investments.

The second centers on “heterogeneous agent models” such as the credit cycle model pre-
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sented by Kiyotaki and Moore (1997) and the liquidity shock model of Kiyotaki and Moore

(2012). Although the individual behavior of each agent in this setting does not display

nonlinearity or relatively less persistence, the macroeconomic variables are hump-shaped

and strongly persistent as a result of aggregation.

The model used in this study is a heterogeneous agent model. As Cordoba and Ripoll

(2004) point out, the hump shape in the model put forward by Kiyotaki and Moore

(1997) depends on specific functional forms of utility and production technology, and

almost disappears under standard functions. Our model is complementary to the model

of Kiyotaki and Moore (1997) in that it reproduces a strong hump shape under standard

settings. Moreover, it is a simplified version of the one used by Kiyotaki and Moore (2012),

and the results derived are similar to their outcomes, which show that a liquidity shock

can generate persistence and nonlinearity in the macroeconomic variables in a monetary

model. Our model is also complementary to the one of Kiyotaki and Moore (2012) in that

it indicates that the redistribution of wealth may be the key propagation mechanism that

generates persistence and nonlinearity.1

The policy implications that flow from the results of standard DSGE and heteroge-

neous agent models may differ sharply. The standard DSGE model emphasizes that the

cyclical movement of macroeconomic variables is the optimal response to shocks and thus

that the stabilization of business cycles per se may not improve welfare significantly.2

Further, standard DSGE models note that the objective of macroeconomic policy is not

the stabilization of business cycles, but rather the mitigation of inefficiency due to nom-

inal rigidities. On the contrary, our heterogeneous agent model suggests that persistent

recessions caused by financial shocks may be intrinsically inefficient due to credit con-

straints and endogenous wealth distribution, implying that corrective redistribution by

government policy could improve aggregate efficiency and thus that the stabilization of

1One noticeable difference in the model settings is that while the productivity of an agent randomly

changes in every period in Kiyotaki and Moore (2012), it follows a Markov process and thus is persistent

in our model.

2This statement may not be rigorously true for Smets and Wouters (2003), in which the habit involves

a consumption externality.
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aggregate variables per se may significantly improve welfare.

The remainder of this paper is organized as follows. A simplistic model is presented

in Section 2 to demonstrate the basic mechanism of propagation due to the redistribution

of wealth. In Section 3, we describe the generalized model in which capital depreciates

partially and both long-term and short-term borrowings are subject to borrowing con-

straints. In Section 4, we analyze and compare the responses to a financial shock and a

productivity shock. Section 5 concludes.

2 Basic Model

In this section, we present the workings of and analyze a simplistic model that is a version

of Kiyotaki’s (1998) model with only one modification: we make labor supply endogenous.3

The model presented herein is a closed economy with discrete time, inhabited by continua

of workers and entrepreneurs. The measure of continua of workers and entrepreneurs is

one. Both workers and entrepreneurs have the subjective discount factor β (< 1).

2.1 Workers

A unit mass of workers can save but cannot borrow. Based on Kiyotaki and Moore

(2012), we assume that workers provide entrepreneurs with labor, and save and consume

to maximize the following Greenwood–Hercowitz–Huffman utility function:

E0

∞∑
t=0

βt ln
[
c′t −

ω

1 + ν
(lt)1+ν

]
, (1)

subject to the budget constraint

c′t +
b′t+1

rt
= wtlt + b′t, (2)

where E0 denotes the expectation operator at time 0; c′t denotes consumption; b′t+1 is the

bond, which is issued at time period t and redeemed at t + 1; rt is the gross interest rate;

wt is the real wage rate; and lt is labor supply. The first-order conditions (FOCs) with

3Our model can also be considered to be a simplified version of those presented by Buera and Nicolini

(2013) and Kiyotaki and Moore (2012).
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respect to consumption and labor indicate that labor supply is given by lt = (wt/ω)
1
ν .

The FOC with respect to b′t+1 is as follows:

xt+1

xt
≥ βrt, (3)

and the non-negativity constraint is b′t+1 ≥ 0, where xt = c′t − ω
1+ν (lt)1+ν . If (3) holds

with strict inequality, then b′t+1 = 0, and workers can be considered to be hand-to-mouth

consumers who consume their entire income and do not save. Condition (3) implies that

the condition for workers to be hand-to-mouth is as follows:(
wt+1

wt

) 1+ν
ν

> βrt, (4)

which is satisfied for all the numerical simulations presented in this paper.4

2.2 Entrepreneurs

There is a unit mass of entrepreneurs. n entrepreneurs have productivity z and 1 − n

have productivity 1, where z > 1. We consider entrepreneurs with productivity z to be

high-productivity entrepreneurs (high entrepreneurs or high firms hereafter) and those

with productivity 1 to be low-productivity entrepreneurs (low entrepreneurs or low firms

hereafter). The terms “entrepreneur” and “firm” are used interchangeably throughout the

paper. At the end of every period, (1 − γ)n high entrepreneurs are randomly chosen to

become low entrepreneurs in the next period, and (1−γ)n low entrepreneurs are randomly

chosen to become high entrepreneurs in the next period. The entrepreneur’s utility is as

follows:

E0

∞∑
t=0

βt ln ct, (5)

where ct is the entrepreneur’s consumption. An entrepreneur with productivity At ∈ {1, z}

can produce output yt from labor lt and capital kt by using the following production

technology:

yt = Atk
α
t l1−α

t .

4It is shown that at the steady state with binding borrowing constraints, the market interest rate

satisfies βr < 1. The gross interest rate r is strictly less than β−1 because the supply of bonds is smaller

than that in the first best and therefore the bond price is higher.
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We assume that At follows a Markov process, which is characterized by Pr(z|z) = γ, Pr(1|z) =

1− γ, Pr(z|1) = (1− γ) n
1−n , Pr(1|1) = 1− (1− γ) n

1−n , where Pr(a|b) denotes the proba-

bility of At+1 = a conditional on At = b. We assume for analytical simplicity that capital

stock kt fully depreciates after the production of output in this baseline model. The budget

constraint for an entrepreneur is as follows:

ct + kt+1 −
bt+1

rt
≤ Atk

α
t l1−α

t − wtlt − bt, (6)

where bt+1 is the bond issued in period t and redeemed in period t + 1. As workers

do not save, only entrepreneurs hold the bonds issued by other entrepreneurs. When

an entrepreneur purchases bonds issued by other entrepreneurs, bt+1 can be a negative

number. We consider the following assumption pertaining to a lack of commitment.

Assumption 1. An entrepreneur cannot commit to repay debt (bt+1). The creditors (or

bond holders) can seize θyt+1, where yt+1 is output and 0 < θ < 1 if the entrepreneur

repudiates his/her debt.

Under this assumption, a share of output (θyt+1) works as collateral for the debt and

represents the upper limit of the amount that can be borrowed. Thus, the entrepreneur

faces the following borrowing constraint:

bt+1 ≤ θAt+1k
α
t+1l

1−α
t+1 , (7)

where lt+1 is the labor input at t + 1, which is decided in period t + 1. As we see later in

equation (8), lt+1 is a linear function of kt+1. After the revelation of At+1 at the end of

period t, the entrepreneur with productivity At+1 chooses {ct, kt+1, bt+1} in period t and

lt+1 in period t + 1 to maximize his/her utility (5), subject to the budget constraint (6)

and borrowing constraint (7).

2.3 Benchmark without borrowing constraints

The key determinant of aggregate dynamics in this economy is the entrepreneur’s borrow-

ing constraint. Here, we describe the dynamics in the case of no borrowing constraint.

In an economy without borrowing constraints, entrepreneurs can borrow an unlimited
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amount. Thus, whereas high firms purchase all the capital stock and produce output at

the equilibrium, low firms purchase the bonds issued by these firms, but do not produce

output. The market interest rate is equal to the marginal product of capital for high firms.

Given that the capital stock of a high firm is kt+1, the labor demand of this firm, lt+1,

is decided by the following equation:

lt+1 = arg max zkα
t+1l

1−α
t+1 − wt+1lt+1 =

[
(1 − α)z

wt+1

] 1
α

kt+1. (8)

Thus, given the total amount of capital in the economy is Kt+1, total labor demand in

period t + 1 is Ld
t+1 =

[
(1−α)z
wt+1

] 1
α

Kt+1. As total labor supply is given by Ls
t+1 =

(wt+1

ω

) 1
ν

from the worker’s optimization, labor market clearing can be indicated as follows: wt+1 =

[(1 − α)νzνωαKαν
t+1]

1
α+ν . The profit of a high firm, πt+1 = zkα

t+1l
1−α
t+1 − wt+1lt+1, can be

written as π(kt+1, Kt+1) = r(Kt+1)kt+1, where

r(Kt+1) = aKϕ−1
t+1 ,

where a = α
(

1−α
ω

) 1−α
α+ν z

1+ν
α+ν and ϕ = (1+ν)α

α+ν .

The dynamics are described as follows. As workers are hand-to-mouth consumers,5

workers’ consumption is given by the following equation:

C ′
t = wtLt = [(1 − α)1+νz1+νωα−1K

(1+ν)α
t ]

1
α+ν ,

where Lt is total labor. As the optimization problem for entrepreneurs is the Brock–

Mirman model, they consume 1 − β of total wealth, Wt, by the end of period t and save

βWt. Thus,

Ct = (1 − β)Wt, Kt+1 = βWt, Wt = r(Kt)Kt.

These equations indicate the evolution of capital stock as follows:

Kt+1 = aβKϕ
t . (9)

5As (4) is not satisfied at the equilibrium where no borrowing constraint exists, it is not possible to

assess whether workers are hand-to-mouth from the workers’ optimization. However, here we have made

this assumption for simplicity.
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Figure 1: Equilibrium path without borrowing constraints
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Notes 1. Percentage deviations from the steady state are shown.

2. Convergence time is 31 periods. We judge convergence when the deviation is less than 0.01%.

Numerical example: The equilibrium path from the initial wealth W0 (< W ∗) is

shown in Figure 1. Figure 1 shows the equilibrium paths of wealth (Wt), output (Yt),

and labor (Lt). The parameter values are α = 0.75, β = 0.98, ν = 1, θ = 0.3, z =

1.1, γ = 0.9, n = 0.1, ω = 1. Since we focus on the qualitative features of the model,

we do not calibrate these parameter values. We also consider a large value for α since

we interpret output as including the remaining capital stock. The initial W0 is adjusted

such that output in period 0 is lower than the steady-state value by 1%. As the variables

quickly converge to the steady state following dynamics similar to those of the Solow

model, persistence and hump shape are not observed.

2.4 Dynamics of the economy with binding borrowing constraints

In an economy with borrowing constraints (7), high firms cannot issue a sufficient amount

of bonds and as a result, they cannot use all the capital stock in the economy. With

a sufficiently tight borrowing constraint, low firms also use capital and produce output

by utilizing their inferior technology. This situation gives rise to the particular type

of equilibrium analyzed next. As low firms are typically indifferent between purchasing

capital and purchasing the bonds issued by high firms, returns from investment at kt+1

and bt+1 should be identical at the equilibrium in this case. Thus,

rt = α

(
1 − α

wt+1

) 1−α
α

. (10)
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Next, we calculate the rate of return on investment for high entrepreneurs. The profit of

a high entrepreneur who has kt+1 units of capital stock is expressed as follows:

π(kt+1, wt+1) = max
l

zkα
t+1l

1−α − wt+1l = αz
1
α

(
1 − α

wt+1

) 1−α
α

kt+1.

Suppose the wealth of a high entrepreneur is at. He/she consumes ct and invests at−ct

in capital stock. Additionally, he/she can issue bonds to increase his/her capital stock to

kt+1. The entrepreneur chooses {bt+1, kt+1} to maximize at+1 = π(kt+1, wt+1)− bt+1. The

optimization problem can thus be written as follows:

max
kt+1,bt+1

π(kt+1, wt+1) − bt+1,

subject to

 kt+1 = at − ct + bt+1

rt
,

bt+1 ≤ θzkα
t+1l

1−α
t+1 .

The solution for this problem, combined with (10), implies the following dynamics of

{kt+1, at+1}:

kt+1 = k̂(at − ct), (11)

at+1 = Rt(at − ct),

where

k̂ =
1

1 − θ
αz

1
α

, (12)

Rt =
(

1 − θ

α

)
z

1
α rtk̂. (13)

The reduced form of the optimization problem for a high entrepreneur is as follows:

max
ct

Et

∞∑
s=0

βs ln ct+s,

subject to at+1 = Rt(at − ct).

The reduced form of the problem for a low entrepreneur is as follows:

max
ct

Et

∞∑
s=0

βs ln ct+s,

subject to at+1 = rt(at − ct).
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These optimizations are the same as those in the Brock–Mirman model, where entrepreneurs

consume (1 − β)at and save βat. By denoting the wealth of entrepreneur i by ait, where

i ∈ [0, 1], the total wealth in this economy is defined as follows:

Wt =
∫ 1

0
aitdi.

Furthermore, we denote the wealth owned by high entrepreneurs by stWt, where st ∈ [0, 1]

is the share of the wealth of high entrepreneurs. The aggregate dynamics of the economy

are decided by the evolution of the two state variables {st, Wt}, as shown below. First,

the total consumption of entrepreneurs is expressed as follows:

Ct = (1 − β)Wt.

As workers are hand-to-mouth,6 total capital stock is as follows:

Kt+1 = βWt.

We denote the total capital stock used by high entrepreneurs as K̂t+1 and that by low

entrepreneurs as K ′
t+1 = Kt+1 − K̂t+1. (11) implies

K̂t+1 = k̃(st)βWt,

K ′
t+1 = (1 − k̃(st))βWt,

where k̃(st) = min{1, k̂st}. Similarly, we denote the total labor used by high entrepreneurs

as L̂t+1 and that by low entrepreneurs as L′
t+1.

L̂t+1 = z
1
α

(
1 − α

wt+1

) 1
α

K̂t+1,

L′
t+1 =

(
1 − α

wt+1

) 1
α

K ′
t+1.

Labor market clearing (Lt+1 = L̂t+1 + L′
t+1) determines the following wage rate:

wt+1 =
[
1 + (z

1
α − 1)k̃(st)

] αν
α+ν (1 − α)

ν
α+ν ω

α
α+ν (βWt)

αν
α+ν . (14)

6We assume that (4) holds and justify later in the numerical experiment that (4) actually holds on the

equilibrium path.
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The market interest rate is determined as a function of (st,Wt), according to (10), and Rt

is given by (13).7 The total output produced by high entrepreneurs is Ŷt+1 = zK̂α
t+1L̂

1−α
t+1

and that by low entrepreneurs is Y ′
t+1 = (K ′

t+1)
α(L′

t+1)
1−α. Finally, we can decide the

evolution of (st+1,Wt+1). As the rate of return for high firms is Rt and that for low firms

is rt, wealth in the next period, Wt+1, evolves based on the following expression:

Wt+1 = [Rtst + rt(1 − st)]βWt. (15)

High entrepreneurs in period t obtain RtstβWt in the next period and survive with prob-

ability γ. Thus, the total wealth of surviving high entrepreneurs is γRtstβWt. As the per

capita wealth of a low entrepreneur is (1−st)rtβWt

1−n , the total wealth of high entrepreneurs

who were previously low entrepreneurs is (1−γ)n× (1−st)rtβWt

1−n . Thus, the share of wealth

owned by high entrepreneurs in period t + 1 is given by the following:

st+1Wt+1 =
{

γRtst + (1 − γ)
n

1 − n
(1 − st)rt

}
βWt. (16)

Assuming that k̃(st) = k̂st < 1 always holds, (15) and (16) imply the following law of

motion for the state variables:

Wt+1 =
[
1 + {z

1
α − 1}k̂st

]
rtβWt, (17)

st+1 =
γ

(
1 − θ

α

)
z

1
α k̂st + (1 − γ) n

1−n [1 − st]

1 +
(
z

1
α − 1

)
k̂st

. (18)

This completes the description of the dynamics. In the numerical simulation, we calculate

EW and LW based on the BCA method.

• EW:

EWt =
(Ŷt + Y ′

t )
Kα

t L1−α
t

• LW:

LWt =
wt

(1 − α) (Ŷt+Y ′
t )

Lt

.

7Note that in the case when k̃(st) = 1, low entrepreneurs do not produce output. Thus, Rt = z
1
α rt and

the market rate are equal to Rt.
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2.4.1 Redistribution of wealth and equilibrium dynamics

We now consider the dynamic response of the economy to deviations in the two state

variables, (Wt, st). A change in st mostly represents the redistribution of wealth. In this

economy, high firms are borrowers and low firms are lenders. Redistribution, namely a

change in st, is a change in the net worth of borrowers. The effect of borrowers’ net

worth on the aggregate dynamics has been analyzed by Bernanke and Gertler (1989)

and Bernanke et al. (1999). As Bernanke and Gertler (1989) point out, redistribution

can represent “debt deflation,” because an unexpected decline in prices transfers wealth

from borrowers to lenders. Similarly, the emergence and collapse of the asset-price bubble

could be an example of the redistribution of wealth in an economy where assets are used as

collateral, since asset-price bubbles increase the loan amount and the subsequent bubble

collapse decreases the net worth of borrowers.

We set the parameters at the same values as those in Section 2.3: α = 0.75, β =

0.98, ν = 1, θ = 0.3, z = 1.1, γ = 0.9, n = 0.1, ω = 1. We assume that the economy is

initially at the steady-state equilibrium. The solid line in Figure 2 represents the response

to a decrease in W0. The value of W0 is chosen such that output in period 0 decreases

by 1% from the steady state. Similarly, the solid line in Figure 3 shows the response to

a decrease in s0. The value of s0 is chosen such that output in period 0 decreases by 1%

from the steady state.

Figure 2 shows that the dynamic response of the economy to a Wt shock is qualitatively

the same as that in the case without borrowing constraints (Figure 1). In this case, st and

the two wedges (EWt and LWt) are invariant over time.

Figure 3 shows that the response to a st shock displays remarkable persistence com-

pared with a Wt shock: the convergence time in Figure 3 is twice as long as that in Figure

2. Figure 3 shows that the responses of output (which is proportional to consumption and

investment) and labor are conspicuously hump-shaped. It is quite rare for a model with

such a simple structure to reproduce strong hump-shaped responses. On the contrary, the

response to the redistribution of wealth in Carlstrom and Fuerst (1997), Bernanke and

Gertler (1989), and Bernanke et al. (1999) is weakly hump-shaped.
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Figure 2: Response to a Wt shock
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Notes 1. Percentage deviations from the steady state are shown.

2. Convergence time is 31 periods. We judge convergence when the deviation is less than 0.01%.

The intuition of the results shown in Figures 2 and 3 can be understood from (17) and

(18). As equation (18) shows, a change in Wt does not affect st and the only effect is a

proportional change in the capital stock for both high and low firms. Therefore, the effect

of a Wt shock in the basic model with borrowing constraints is the same as that without

borrowing constraints.

The strongly persistent and hump-shaped response to a st shock is generated from the

dependence of Wt on st. Equation (18) indicates that st monotonically converges from the

initial value, s0, to the steady-state value, s∗. On the contrary, equations (10), (14), and

(17) imply that

Wt+1 = α

(
1 − α

α + ν

) 1−α
α+ν

[{1 + (z
1
α − 1)k̂st}βWt]ϕ. (19)

Since 0 < ϕ < 1, the gross rate of wealth growth (Wt+1/Wt) is increasing in st and

decreasing in Wt. When st sufficiently deviates from s∗, the negative effect of st on the
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Figure 3: Response to a st shock
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2. Convergence time is 60 periods. We judge convergence when the deviation is less than 0.01%.

growth of wealth is dominant and Wt+1 deviates further from W ∗, whereas when st goes

back to a sufficiently close neighborhood of s∗, the positive effect of Wt on the growth of

wealth becomes dominant and Wt+1 starts converging to W ∗. In this way, Wt diverges

from W ∗ immediately after the redistribution and starts converging to W ∗ several periods

later.8 This fact explains the presence of the persistent and hump-shaped response. The

response of EWt is procyclical and consistent with the observations of a long recession

such as the Great Depression in the United States.

Note that the original model in Kiyotaki (1998), in which labor supply is fixed, does not

display a hump-shaped response to a redistribution shock, whereas the current model does.

The finding of this paper is thus that the endogeneity of the labor input can significantly

amplify the shock.

8Persistence and hump shape in the aggregate variables are sensitive to the parameter values. For

example, when α = 0.4 in the basic model, the persistence and hump shape disappear in response to a

change in st.
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3 Generalized model

3.1 Setting

The assumption of complete capital stock depreciation in one period enables us to describe

the dynamics of the model by using two equations, (17) and (18), and thus understand

the workings of the model analytically. This assumption is unrealistic, however.

To confirm whether our results hold in a general setting, we modify our model in such

a way that capital depreciates partially. In the generalized model, we set the deprecia-

tion rate of capital, δ, as 0.03 and consider that a share of the remaining capital stock

works as the collateral for borrowing. We use more standard values for the parameters:

α = 0.3, β = 0.98, δ = 0.03, γ = 0.99, ν = 1, θ = 0.3, z = 1.1, n = 0.1, ω = 1. In

reality, firms are not only constrained when borrowing long-term loans or issuing long-

term bonds to finance capital expenditure, but also when borrowing short-term loans to

finance working capital expenditure such as wage payments and the purchase of mate-

rial and intermediate goods. The borrowing constraints on short-term loans or working

capital loans have been comprehensively analyzed by recent studies (e.g., Mendoza, 2010;

Kobayashi, Nakajima and Inaba, 2012; Jermann and Quadrini, 2012). These authors have

shown that the borrowing constraint on short-term loans, especially for wage payments,

can generate fluctuations in LW (Kobayashi et al., 2012). Moreover, LW is time-invariant

in the models presented in the previous section, as there is no friction in the demand and

supply of labor inputs. In this section, we numerically check whether a deterioration in LW

during a recession can be reproduced in our model by introducing borrowing constraints

on short-term loans.

We assume that the optimization problem for an entrepreneur is written as follows:

max Et

∞∑
s=0

βs ln ct+s, (20)

subject to ct + kt+1 −
bt+1

rt
≤ yt − wtlt − bt + (1 − δ)kt, (21)

and wt+1lt+1 + bt+1 ≤ θkt+1. (22)

The second constraint is the borrowing constraint that depicts that the entrepreneur can-
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not pay wages to his/her workers before the completion of production. The entrepreneur

is obligated to pay wages to his/her workers and redeem the bonds issued in the previous

period after production. In other words, workers who worked for the entrepreneur in pe-

riod t + 1 have a claim over wt+1lt+1 after the completion of production in period t + 1.

However, there is a possibility that the entrepreneur absconds without paying wages and

redeeming the bonds (limited commitment). We assume here that creditors may seize θkt

in the case of default, meaning that the entrepreneur has an upper limit of debt, which

is given by (22). This constraint affects the borrowing twice. In period t + 1, given the

prefixed amount of bt+1, the constraint (22) limits the short-term loan wt+1lt+1. In pe-

riod t, given the (expected) amount of lt+1 = lt+1(bt+1) to be chosen at t + 1, (22) limits

the amount of borrowing, bt+1. Therefore, in the modified model discussed in this sec-

tion, an entrepreneur chooses {ct, kt+1, bt+1, lt+1} to maximize (20), subject to the budget

constraint (21) and borrowing constraint (22).

3.2 Dynamics

Similar arguments in the case of the equilibrium, at which both high and low firms operate,

imply that the market interest rate is given by

rt = α

(
1 − α

wt+1

) 1−α
α

+ 1 − δ. (23)

In this case, the high entrepreneur’s optimization is solved as follows.9 The variables

{ct, kt+1, bt+1, lt+1} are determined backwards. First, lt+1 is chosen in period t + 1, given

the other three variables; second, kt+1 and bt+1 are chosen in period t, given the (expected)

value of lt+1 and the prefixed value of ct; and third, ct is chosen in period t, given the

(expected) values of the other three variables.

The first step for high firms involves solving the following:

max
lt+1

zkα
t+1l

1−α
t+1 − wt+1lt+1,

s. t. wt+1lt+1 + bt+1 ≤ θkt+1. (µ)

9This analysis is a slight modification of that in Kiyotaki (1998).
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We denote the Lagrange multiplier by µ and will solve this soon. The FOC indicates that

labor demand is as follows:

lt+1 = l(µ, kt+1) ≡
[

(1 − α)z
(1 + µ)wt+1

] 1
α

kt+1.

The second problem is written as follows, given labor demand l(µ, kt+1), consumption ct,

and wealth at:

max
µ,kt+1,bt+1

at+1,

s. t.


kt+1 ≤ at − ct + bt+1

rt
,

bt+1 ≤ θkt+1 − wt+1lt+1,

at ≡ zkα
t l1−α

t − wtlt − bt + (1 − δ)kt.

This problem is further simplified to the following for the variable x ≡
[

1−α
(1+µ)wt+1

] 1
α :

max
x

Rt(x) × {at − ct}

where Rt(x) ≡ z
1
α x1−α + 1 − δ − θ

1 − θ
rt

+ wt+1

rt
xz

1
α

.

The FOC is

(1 − α)x−α(rt − θ + z
1
α xtwt+1) = wt+1{z

1
α x1−α + 1 − θ − δ}. (24)

The third problem, or the consumption choice by the high entrepreneur, is maxct Et
∑∞

s=0 βs ln ct+s,

subject to at+1 = Rt(at−ct), while the problem for the low entrepreneur is also maxct Et
∑∞

s=0 βs ln ct+s,

subject to at+1 = rt(at − ct), both of which are from the Brock–Mirman model. The so-

lution is ct = βat.

The aggregate dynamics are similar to those presented in Section 2.4. Total consump-

tion by entrepreneurs is Ct = (1 − β)Wt and total capital stock is Kt+1 = βWt. Thus,

K̂t+1 =
βstWt

1 − θ−z
1
α xtwt+1

rt

,

K ′
t+1 = βWt − K̂t+1.
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Here, we assume that K̂t+1 < Kt+1 always holds.10 Labor demands are as follows:

L̂t+1 = z
1
α xtK̂t+1, L′

t+1 =
(

1 − α

wt+1

) 1
α

K ′
t+1.

High firms produce Ŷt+1 = z
1
α x1−α

t K̂t+1 and low firms produce Y ′
t+1 =

(
1−α
wt+1

) 1−α
α

K ′
t+1.

Labor market clearing (Lt+1 = L̂t+1 + L′
t+1) implies that

(wt+1

ω

) 1
ν = z

1
α xtK̂t+1 +

(
1 − α

wt+1

) 1
α

K ′
t+1. (25)

The variables {wt+1, xt, rt} can be determined numerically as functions of (st,Wt) by

using equations (23), (24), and (25). The trend of the state variables (st,Wt) is governed

by the following:

Wt+1 = {Rtst + (1 − st)rt}βWt,

st+1 =
{

γRtst + (1 − γ)
n

1 − n
(1 − st)rt

}
βWt

Wt+1
.

This completes the description of the dynamics.11

3.3 Numerical calculation

Here, we use the parameter values given in Section 3.1, which make the borrowing con-

straint binding at the steady state. As expected, the responses of output and labor to

a decrease in W0 are not hump-shaped.12 Figure 4 shows the dynamics when the initial

value of the wealth share, s0, is not equal to s∗, where s∗ is the steady-state value. The

value of s0 is chosen such that output in period 0 is lower by 1% than the steady-state

value. Output and labor display conspicuously hump-shaped and persistent responses. An

interesting result is that LWt varies over time. In other words, LW improves in response

10The dynamics in the case where K̂t+1 = Kt+1 are the same as those in the basic model in Section 2.3,

because when K̂t+1 = Kt+1, the borrowing constraint does not bind in either model.

11Note that we assume that

st

1 − θ−z
1
α xtwt+1

rt

< 1.

The dynamics in the case where the above inequality does not hold are described in the appendix.

12The numerical result for a Wt shock is not reported in this paper. The result is available from the

authors upon request.
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Figure 4: Dynamics with an initial s0 smaller than the steady-state value
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Notes 1. Percentage deviations from the initial steady state are shown.

2. Convergence time is 444 periods. We judge convergence when the deviation is less than 0.01%.

to a decrease in output. This result is opposite to that observed in previous empirical

studies.13

Our results indicate that reproducing procyclicality in LW remains a significant chal-

lenge for macroeconomics research (see for example, Arellano, Bai and Kehoe, 2012; Pesca-

13The intuition behind the improvement in LW can be described as follows. The redistribution of wealth

from high firms to low firms exogenously decreases intertemporal debt (bt+1) and capital (K̂t) for high

firms and thus lowers labor demand by high firms. As a result, total labor demand decreases and the wage

rate decreases, too. There are two competing effects on LW: (i) decreases in both the labor demand of

high firms and the wage rate relax the borrowing constraint and improve LW and (ii) a decrease in the net

worth of high firms due to the redistribution tightens the borrowing constraint and deteriorates LW. We

confirm that the total effect improves LW in this numerical example.
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tori and Tasci, 2011).14

4 Propagation of financial and productivity shocks

In this section, we show numerically the response of the economy to exogenous shocks (i.e.,

productivity shocks and financial shocks). It is shown in this model that the redistribution

of wealth among heterogeneous agents is crucial to generating hump-shaped and persistent

responses to financial shocks.

4.1 Responses with binding borrowing constraints

We assume the same parameter values as those in Section 3. Note that as θ = 0.3, the

borrowing constraint for high firms is always binding in our numerical simulation.

Productivity shocks: The solid lines in Figure 5 show the response of the economy to

a productivity shock (zt, ζt), where ζt is the productivity of low firms, the value of which

is 1 at the steady state. We assume that the economy was initially at the steady state and

that the shock lowers the initial values of (z0, ζ0) below their steady-state values by the

same ratio, in such a way that output at time 0 is lower than its steady-state value by 1%.

We assume that (zt, ζt) evolves by zt = ρzt−1 + (1− ρ)z∗ and ζt = ρζt−1 + (1− ρ)ζ∗, with

ρ = 0.965, for t ≥ 1. As expected, there is no hump shape in the paths of either output or

labor. The dotted lines in Figure 5 show the case with the presence of a transfer policy, in

which the government makes a lump-sum transfer between high and low firms in such a

way that st = s∗ for all t. This figure shows that there is no significant difference between

the solid lines and dotted lines. We can thus summarize the effects of the productivity

shock as follows:

• The productivity shock does not generate a hump-shaped response.

14One referee suggested that a model of borrowing-constrained workers à la Campbell and Hercowitz

(2009, 2011) could reproduce procyclical LW. As our focus in this paper is on the borrowing constraint on

firms, we leave this line of research for a future study.
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• Wealth share does not play a significant role in amplifying the effect of the produc-

tivity shock.

Here, we note that a weakly hump-shaped response may be generated by the productivity

shock for a specific set of parameter values. The fact that the productivity shock can

generate a hump-shaped response is sometimes found in business cycle models, although

it is not typically emphasized in the literature. For example, Shirai (2014) shows that a

simple Real Business Cycle (RBC) model with standard parameter values displays a weakly

hump-shaped response to a productivity shock when the shock is sufficiently persistent

(ρ = 0.99). Shirai’s result is notable in that it shows that a simple RBC model without

habit persistence or adjustment costs of investment can display a hump-shaped response.15

Financial shocks: The solid lines in Figure 6 show the response of the economy to a

shock on θt, which is called a “financial shock” in Jermann and Quadrini (2012). We

assume that the economy was initially at the steady state and that the shock lowers the

initial values of θ0 below their steady-state values, in such a way that output at time 0 is

lower than its steady-state value by 1%. We assume that θt evolves by θt = ρθt−1+(1−ρ)θ∗,

with ρ = 0.965, for t ≥ 1. Output and labor show conspicuously persistent and hump-

shaped responses to the financial shock. Output hits the bottom of the hump at t = 16

when Yt is lower than Y ∗ by 1.1%. By contrast, labor hits the bottom of the hump at

t = 23 when Lt is lower than L∗ by 0.47%. The dotted lines in Figure 6 show the case

with the transfer policy, in which the government makes a lump-sum transfer between

high firms and low firms in such a way that st = s∗ for all t. The dotted lines imply that

the humps and persistence are significantly weakened under the transfer policy. We can

summarize the effects of the financial shock as follows:

• The financial shock generates a conspicuously persistent and hump-shaped response.

• Wealth redistribution, namely changes in st, amplifies the persistence and hump

shape in output and labor significantly.

15Romer (2011) describes that, under the assumption of the full depreciation of capital, the RBC model

is reduced to the Brock–Mirman model and thus shows a hump-shaped response to a productivity shock.
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Figure 5: Response to a macro technology shock (zt and ζt shocks)

0 50
−0.8

−0.6

−0.4

−0.2

0

%

Wt

0 50
−0.08

−0.06

−0.04

−0.02

0
%

st

0 50
−0.06

−0.04

−0.02

0

0.02

%

rt

0 50
−0.5

−0.4

−0.3

−0.2

−0.1

%

wt

0 50
−0.5

−0.4

−0.3

−0.2

−0.1

%

Lt

0 50
−1.2

−1

−0.8

−0.6

−0.4

%

Yt

0 50
−0.8

−0.6

−0.4

−0.2

0

%

EWt

0 50
−5

0

5

10
x 10

−3

%

LWt

0 50
−0.8

−0.6

−0.4

−0.2

0

%

zt(ζt)

 

 

Without transfer by government
With transfer by government

Notes 1. Percentage deviations from the steady state are shown.

2. Convergence times are 196 periods (without transfer by government) and 206 periods (with transfer

by government). We judge convergence when the deviation is less than 0.01%.
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Figure 6: Response to a financial shock (θ shock)

0 50
−1.5

−1

−0.5

0

%

Wt

0 50
−2

−1.5

−1

−0.5

0
%

st

0 50
0.025

0.03

0.035

0.04

0.045

%

rt

0 50
−0.5

−0.4

−0.3

−0.2

−0.1

%

wt

0 50
−0.5

−0.4

−0.3

−0.2

−0.1

%

Lt

0 50
−1.4

−1.2

−1

−0.8

−0.6

%

Yt

0 50
−0.8

−0.6

−0.4

−0.2

0

%

EWt

0 50
0

0.1

0.2

0.3

0.4

%

LWt

0 50
−60

−40

−20

0

%

θt

 

 

Without transfer by government
With transfer by government

Notes 1. Percentage deviations from the initial steady state are shown.

2. Convergence times are 365 periods (without transfer by government) and 228 periods (with transfer

by government). We judge convergence when the deviation is less than 0.01%.
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These results imply that the persistent recessions seen in the aftermath of financial

crises may be explained by financial shocks (i.e., shocks on θ) and that the redistribution

of wealth is the key factor that amplifies the persistence and hump shape in output and

labor. Yet, the response of LW is countercyclical in our simulation, which is contrary to

that observed in previous financial crises.

In the next subsection, we therefore consider the conditions to generate procyclical

LW.

4.2 Response to an extremely large financial shock

An extremely large financial shock, causing a large change in the parameter θ, can repro-

duce procyclical LW. If the collateral ratio θ changes in a way that the borrowing constraint

(22), which was nonbinding before, becomes binding after the shock hits, output declines

and LW deteriorates to a large extent in response to the shock.

Figure 7 shows the result of the following numerical experiment. Initially, the parame-

ter is sufficiently large, say, θ = 1, and the economy is at the steady state where (22) does

not bind.16 At this initial steady state, there is no LW, that is, LWt = MRS/MPL = 1,

and the share of wealth owned by high firms satisfies s = n. Suppose a large financial shock

hits the economy and θ changes permanently to 0.3. As the borrowing constraint becomes

tighter and permanently binding, output declines and LW deteriorates. The movements in

output, labor, EW, and LW shown in Figure 7 are qualitatively similar to the movements

of these variables during the Great Depression reported by Chari et al. (2007). Another

interesting feature of this result is that the wealth share st increases significantly and

permanently as a result of the large financial shock: the initial steady-state value of st is

n = 0.1, while it converges to the new steady-state value, 0.504. This result seems to be

consistent with the argument put forward by Piketty (2014), which states that permanent

redistribution from unproductive to productive agents is associated with chronic recession

in the aftermath of a financial crisis.17

16The steady state is similar to the one in Section 2.3, in which only high firms produce output and low

firms purchase the bonds issued by high firms.

17Another notable result is that the interest rate is lowered in response to the financial shock because
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Figure 7: Response to large financial shocks
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2. Convergence time is 658 periods. We judge convergence when the deviation is less than 0.01%.

5 Conclusion

By using a simple heterogeneous agent economy model with borrowing constraints, this

study showed that the redistribution of wealth could reproduce persistence and nonlin-

earity in output and labor, traits that are typically observed in the aftermath of financial

crises. In this model, as the borrowing constraint limits the accumulation of wealth,

changes in the aggregate amount of wealth are persistent. As a result, the macroeconomic

variables become persistent as well. The hump shape in the macroeconomic variables is

the borrowing constraint is tightened. A persistently low interest rate has been observed in Japan since

the 1990s, that is, after the bursting of the asset-price bubble. Our result implies that a financial shock

may thus explain the performance of the Japanese economy in the 1990s.
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caused by the nonlinear effect of the share of wealth on the aggregate amount of wealth.

This model thus suggests that the redistribution of wealth could be one of the key driv-

ing forces behind the transmission of financial shocks in the aftermath of financial crises.

The presented numerical simulation showed that productivity shocks do not generate a

hump-shaped response in the economy, whereas financial shocks do, with these responses

heavily amplified by the redistribution of wealth between high and low firms.

However, one limitation of our model is that it does not successfully reproduce the

procyclicality of LW in response to small financial and productivity shocks; it only repro-

duces procyclical LW when the financial shock is extremely large. Therefore, it is still a

challenge for macroeconomic research to construct a well-developed model that can ex-

plain the procyclicality of LW. Future research in this field could explore this aspect in

greater detail.
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Appendix: Dynamics of the generalized model when st is

large

Here, we describe the calculation method of the generalized model introduced in Section

3 in the case where
st

1 − θ−z
1
α xtwt+1

rt

≥ 1.

If this inequality holds, then K̂t+1 = Kt+1 and K ′
t+1 = 0. In this case, the variables are

calculated by using the following procedures. The wage is determined by the following:

wt+1 = [(1 − α)z]
ν

α+ν ω
α

α+ν (βWt)
αν

α+ν .

The market interest rate is depicted as follows:

Rt = αz
1
α

(
1 − α

wt+1

) 1−α
α

+ 1 − δ.

The evolution of the state variables is governed by the following:

Wt+1 = RtβWt,

st+1 = γst + (1 − γ)
n

1 − n
(1 − st).
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