Supplemental Material (Technical Appendices)

Appendix H Tax on entrepreneurs

In the main text, we have considered the case that the total bailout money is
financed by taxing workers. In this Technical Appendix, we consider a case that
in order to finance bailout money, the government taxes not only workers, but also
entrepreneurs who do not suffer losses from bubble investments.

In this case, when bubbles collapse at date ¢, bailout money, AP, X, is financed
through aggregate tax revenues from workers, 7}, and aggregate tax revenues from

entrepreneurs who do not suffer losses, 7}
APX =T +1T7,
with
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where 7 is a tax rate imposed on the date ¢ net worth of the non-loss-making
entrepreneurs, (i.e., H-types in period ¢t — 1). For technical reasons, i,e., in order
to derive entrepreneur’s consumption function explicitly, we consider the case that
the government taxes entrepreneur’s net worth. 7y increases with A in 0 < A <A™
This means that as A rises, aggregate H-investments expand during bubbly periods,
which increases tax revenues from the non-loss-making entrepreneurs when bubbles
collapse. This increase in tax revenues reduces tax burden for workers. When we
solve for tax burden per unit of workers, T} (recall that there are workers with unit

measure), we learn

(H.1) T' = APX — Tf = F(\)oK?,
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It follows that 7} is a decreasing function of 7.
By using (H.1) and (H.2), W() is replaced with
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From (30) together with (H.3), we see how an increase in 7 affects workers’ welfare.
We learn that (30) is an increasing function of 7, i.e., workers’ welfare increases with
7. Intuition is very simple. If the government imposes higher tax rate on the non—
loss-making entrepreneurs, tax burden per unit of workers decreases, which increases
workers’ consumption when bubbles collapse, thereby improving their welfare. We
also learn from (30) how an increase in bailout guarantees affects workers’ welfare
in this case. We find that even in this case, if (A1) holds, then partial bailouts
are optimal for workers. Moreover, when we compute (30) with (H.3) under the
benchmark parameter case, then we find that A** increases with 7 and approaches
A*. This means that optimal bailouts for workers approach the bailout level that
maximizes ex-ante output efficiency. When the government taxes the non-loss-
making entrepreneurs, tax revenues from those entrepreneurs increase together with
an increase in A, since 7y is an increasing function of A. This increase in tax revenues
lowers tax burden for workers. As a result, the welfare-enhancing effect captured by
the first term of (31) dominates the welfare-reducing effect captured by the second
term of (31) even in greater values of A < A*.

We can also compute welfare for entrepreneurs in this case. When computing
it, we need to take into account the fact that entrepreneurs are taxed when bub-
bles collapse if they are H-types in one period before bubbles’ collapsing (see the
Technical Appendix for derivation of the value function in this case). We find that

welfare for entrepreneurs monotonically increases with A even in this case.



Appendix I Derive the demand function for bub-

ble assets of a L-entrepreneur

Each L-entrepreneur chooses optimal amounts of b%, ¢, and z{ so that the expected
marginal utility from investing in three assets is equalized. The first order conditions

with respect to zi and b are
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where ¢iT, = (1 — 8) (@102 — 7} + Prazl), ¢y = (1= B)(@s10b 2 — b +

mi,,), and ¢ — (1 — 8)(q ek 2l — ribi).2* The RHS of (L4) is the gain in
expected discounted utility from holding one additional unit of bubble assets at date
t + 1. With probability m bubbles survive, in which case the entrepreneur can sell
the additional unit at P,,,, but with probability 1 — m bubbles collapse, in which
case with probability A he/she is rescued and receives d;;; units of consumption
goods per unit of bubble assets, and with probability 1 — A, he/she is not rescued
and receives nothing. The denominators reflect the respective marginal utilities
of consumption. The RHS of (I.5) is the gain in expected discounted utility from
lending one additional unit. It is similar to the RHS of (I.4), except for the fact
that lending yields r; at date t + 1, irrespective of whether or not bubbles collapse.

From (17), (I.4), and (1.5), we can derive the demand function for bubble assets

of a type ¢ L-entrepreneur in the main text.

Appendix J Aggregation

The great merit of the expressions for each entrepreneur’s investment and demand
for bubble assets, 2! and i, is that they are linear in period-t net worth, e!. Hence

aggregation is easy: we do not need to keep track of the distributions.

24Gince the entrepreneur consumes a fraction 1 — 3 of the current net worth in each period, the
optimal consumption level at date ¢ + 1 is independent of the entrepreneur’s type at date ¢t 4+ 1. It
only depends on whether bubbles collapse and whether government rescues the entrepreneur.



From (16), we learn the aggregate H-investments:
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where A; = ¢ K; + P,X is the aggregate wealth of entrepreneurs at date ¢, and
> icH, el = pA; is the aggregate wealth of H-entrepreneurs at date ¢. From this
investment function, we see that the aggregate H-investments are both history-
dependent and forward-looking, because they depend on asset prices, P;, as well as
cash flows from the investment projects in the previous period, ¢; K;. In this respect,
this investment function is similar to the one in Kiyotaki and Moore (1997). There
is a significant difference. In the Kiyotaki-Moore model, the investment function
depends on land prices which reflect fundamentals (cash flows from land), while in
our model, it depends on bubble prices.

Aggregate L-investments depend on the level of the interest rate:

BA; — Loy PX iftr, = Qt+1OéL7

0 if r, > q0”.

When r, = ¢41aF, L-entrepreneurs may invest positive amount. In this case, we
know from (19) that aggregate L-investments are equal to aggregate savings of the
economy minus aggregate H-investments minus aggregate value of bubbles. When
re > qe1a”, L-entrepreneurs do not invest.

The aggregate counterpart to (18) is
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where Y, ., €; = (1 —p)A, is the aggregate net worth of L-entrepreneurs at date ¢.
(J.8) is the aggregate demand function for bubble assets at date ¢.



Appendix K Worker’s Behavior

We verify that workers do not save nor buy asset bubbles in equilibrium. First, we
verify that workers do not save. When the borrowing constrained binds, workers do

not save. The condition that the borrowing constraint binds is
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We know that ¢} = w; and ¢} = w4 if workers do not save nor buy bubble assets.

Then, the above can be written as
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When r; = g;11aF, (K.9) can be written as
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Since H()\)/Boa’ > 1 in the bubble regions and the right hand side of (K.10) is an
increasing function of ¢ and equals one with 0 = 0, (K.10) holds if ¢ is sufficiently

small.
When r; = 0qi 10 [1 — Bop(N)]/[1 — p — #(N)], (K.10) can be written as
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Since H(A)[1 —p — ¢(N)]/0Bca[1 — ¢(\)] > 1 in the bubble regions and the right
hand side of (K.10) is an increasing function of ¢ and equals one with o = 0,
(K.11) holds if ¢ is sufficiently small. Under the reasonable parameter values in our
numerical examples, both (K.10) and (K.11) hold.

Next, we verify that workers do not buy bubble assets. When the short sale
constraint binds, workers do not buy bubble assets. The condition that the short

sale constraint binds is
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We know ¢} = w; and ¢;}; = wyyq if workers do not save nor buy bubble assets.



Then, the above can be written as

Wy Pt+1

1>np =7,

W41 P,

which is true.

Appendix L. Behavior of H-types

We verify that H-types do not buy bubble assets in equilibrium. When the short
sale constraint binds, H-types do not buy bubble assets. In order that the short

sale constraint binds, the following condition must hold:
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Since the borrowing constraint is binding for H-types, we have
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We also know that ¢, ; = (1 —03) [W} if (L.12) is true. Inserting (L.13) into
(L.12) yields
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If (L.14) holds, then the short sale constraint binds. We see that the second term
in the numerator is positive as long as ¢ > 0 and we know that ¢ > 0 on the saddle
path. Thus, if the first term is positive, (L.14) holds. The condition that the first

term is positive is

P
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Using (L.15), the above inequality condition can be written as
(L.16) oo K7 > §(\) Ky 1.

First, we show that (L.16) holds in 0 < A < A*. In 0 < A < \*, aggregate capital
stock follows (28). Thus, (L.16) can be written as
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which is equivalent to

ol — ol

L8 o >0 (14 2= st - fatL - )] /1L~ S030 — )]

The right hand side of (L.18) is an increasing and convex function of Ain 0 < A < A*.
Thus (L.16) holds in 0 < A < A* if (L.16) is true at A = A\*. At A = \*, we know
¢ = [aX(1 —p) — 0at]/(al — 0a™). Inserting this relation into (L.17) yields
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which is true.
Next, we show that (L.16) holds in A* < A < 1.In A* < X < 1, aggregate capital
stock follows (28). Thus, (L.16) can be written as

1 =B >56(NB(1 = 9),

which is true, since 1 — ¢ > 1 — ¢ and §(\)5 < 1.

Appendix M Derivation of taxpayer’s value func-
tion

Suppose that at date t, bubbles collapse. After the date t, the economy is in the
bubbleless economy. Let V,’F be the value function of taxpayers at date ¢ when

bubbles collapse and the government bails out entrepreneurs. First, we solve thf .



Given the optimal decision rules, the Bellman equation can be written as

(Mlg) %E%(Kt+1) = lOg Ci+1 + 5%E§<Kt+2), after date t + 1,
with

Ci41 = Wit1 after date t + 1,
(M.20)

Ko = [1 + T orr _eo‘Hp} BatoK 7.1 after date ¢ + 1.
We guess that the value function is a linear function of logk :
(M.21) VB (K1) = [+ glog Kiiq  after date ¢ + 1.

From (M.19)-(M.21), applying the method of undetermined coefficients yields
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Thus, we have
VB (Ke) = Blogu — o)+ e log [(H%p) ﬁa%—}
(M.22) —i— — 5 log K41, after date ¢t + 1.

Next, we derive the value function of taxpayers at date ¢ when bubbles collapse and
the government bails out entrepreneur by taking into account the effects of bailouts
on the date ¢t consumption and the date ¢ + 1 aggregate capital stock. The value

function of taxpayers at date ¢ satisfies

(M.23) VPE(EKL) = log e + BVET (Kipa),
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From (M.22), (M.23), and (M.24), we have (29) in the text.
Now, we are in a position to derive the value function at any date ¢ in the bubble
economy. Let V,PB(K;) be the value function of taxpayers at date ¢ in the bubble

economy. Given optimal decision rules, the Bellman equation can be written as
(M.25) VEB(K) = loge + B [1VEP (Ku) + (1 — M)V (Kiy)

with the optimal decision rule of aggregate capital stock until bubbles collapse:
(M.26) Ky = H(MA)KY,

We guess that the value function is a linear function of logK :

(M.27) VBB(K,) = s+ Qlog K,

From (29), and (M.25)-(M.26), applying the method of undetermined coefficients
yields

1 1 1
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Thus, we have (30) in the text.



Appendix N Derivation of entrepreneur’s value

function

Appendix N.1 the case where the government does not tax

entrepreneurs

Suppose that at date t, bubbles collapse. After the date t, the economy is in the
bubbleless economy. Let WEL(e;, K;) be the value function of the entrepreneur at
date ¢ who holds the net worth, e;, at the beginning of the period ¢ before knowing
his/her type of the period ¢. First, we solve W5% (e;, K;). Given the optimal decision
rules, the Bellman equation can be written as

(N.28)

Wt+2( t+15€t+17 Kiyo)

BL. after date t+41,
+(1 )Wt+2(Rt+1ﬁ€t+17 Kt+2>

WL (ee1, Kiv) = log e+

where R, Bei1 and R, Be; 1 are the date t + 2 net worth of the entrepreneur
when he/she was H-type and L-type at date ¢ + 1, respectively. R}, and R},
are realized rate of return per unit of saving from date t + 1 to date t + 2 in the
bubbleless economy, and they satisfy

RH = —q”llaH(},_e) after date t,
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L
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(N.29)
RF = ¢t after date .

Aggregate capital stock follows:

(N.30) Kio=(1+ oC:L _GZHp)ﬁa oK7 | after date t 4 1.

We guess that the value function are linear functions of log K and loge :

(NS].) Wti€(€t+17 Kt+1> = fl ‘I— g1 log Kt+1 + hl 10g €t+1
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From (N.28)-(N.31), applying the method of undetermined coefficients yields

(N.32)  fi = ﬁ log(1—p) + (1_’;5)2 log(1 —5) + i _ﬁﬁ)2 log o
(1 -9
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5 -1 H L
+ (1<0_ 5)2) = log {(1 + ﬁp)ﬁ(fd] ,
_ Po o-—1

(N.33) =1 Bo1— 3
(N.34) hlzT%E.

Next, we derive the value function at date ¢ when bubbles collapse and the
government bails out entrepreneurs by taking into account the effects of bailouts on
the date t + 1 aggregate capital stock. Given the optimal decision rules, the value
function at date t satisfies
(N.35)

W (e, Ky) = log e, + B [pWEE (R Ber, Kipa) + (1 = p)WEE (R Ber, Kipa)]

with

H L

} Bato [1 + A%} K.

al — Qosz
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From (N.31)-(N.36), we obtain
(N.37)

1
Wl (e, Ky) = fit log Ki+—— log e;.
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Now, we are in a position to derive the value function at any date ¢ in the bubble
economy. WP (e, K;) is the value function of the entrepreneur at any date t in the
bubble economy who holds the net worth, e;, at the beginning of the period ¢ before

knowing his/her type of the period t. Given optimal decision rules, the Bellman

11



equation can be written as

(N.38)
W (e, Ky) = log e, + B [thﬁ?(Rfﬁetv Kipa) + (1 - p)Wtﬁ?<Rfﬁeta KtJrl)]
pWEL(R] Ber, Kipr) + (1 — p) A\WEL(R) Bey, Kii)

+ (1) +(1 = p)(L = NWES(RE ey, Kiia)

where R Be;, REBe;, and RFLBe; are the date t + 1 net worth of the entrepreneur
in each state. RA R and RFL are realized rate of return per unit of saving from
date ¢t to date t + 1, and in 0 < X\ < \*, they satisfy

( RYf = et (20,
1-0or
L P ot 1-p=¢(\)
(N:39) Ry = 6N = SN 55am s
\ RIL = Qt+1OéLg-1*p*¢()‘)].
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and in \* < X\ < 1, they satisfy

( RH — g1 (1-0)[1—p(N)]
t p ?
L __ Pyl 11100 [1—¢(N)]
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Aggregate capital stock until bubbles collapse follows:

We guess that the value function are linear functions of log K and loge :

(N.42) WPB(e;, K;) = m 4+ llog K, + nloge;.

From (N.37)-(N.42), and (N.38), applying the method of undetermined coefficients

12



yields

m = 1_157T10g(1—ﬁ)+1_157T%10gﬁ+1_157T1f510g0
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and in A* < A <1,
(1 - 9)[1 — ¢(\)] bal1 — (V)
p

S (1—p) — ¢(A>1 ’

J, = plog +(1—p)log {50)

J, = plog a’(1-0)[1 -9\ + (1 —p)Alog |:5()‘) 5(??(1 [i ;)QS_()\QZ]()\)}
+(1=p)(1 —A)log {%1 '

Thus, we have (32) in the text.
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Appendix N.2 the case where the government taxes en-

trepreneurs

When the government taxes entrepreneurs who do not suffer losses from bubble

investments, m and J, change as follows:

1 1 B

mo= g loe(l =B+ g los S+ g —1ﬁ7r1 —5 o0
+ﬁ1<0—_67? 1 —lﬁo 1 1 5l H(Y)
+”81<1_—_5Z> {fl + 5(10_—61) - —160 log [1 + F(A)]}
+3 _1%% [ Jy 4+ (1 =)y,
in0 <A<\,
5 = plog L= T)_O‘Ijﬁ D4 1= g [ =2 2O
+0—p)(L— X)Iog {aL[ —121; d)(A)q _
in A <A<
h = plog (1—7)af(1 ; 9)[1H— P(N)] + (1 —p)Alog [6(A)5(§)a(1 [i ;)QS_(AQZ%A)}
+(L=p)(1 = A)log [%_;(A)q :

Appendix O Procedures to derive numerical ex-

amples of entrepreneur’s welfare

When we compute (32), we make the following assumptions: aggregate capital
stock in the initial period is set to the steady-state value of the bubbleless economy;
population measure of entrepreneurs is assumed to be equal to one; in the initial

period, each entrepreneur is endowed with the same amount of capital, k! = ki,

14



and one unit of bubble assets, and owes no debt. Under these assumptions, all
entrepreneurs hold the same amount of net worth in the initial period, i.e., eg =
qoko + Py. By using determination of equilibrium bubble prices (L.15), ey can be
written as .
eo(\) = ————=0K{.
L—Bo(\) °

Inserting the above relation into (32) yields

log Ko — —— log [1 — B6(N)].

1
WP (Ko) = m(3) + —— -

L 1 +
1_ﬁoga

Figure 4 describes the relationship between WF? and \.
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