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A Static economy

A.1 Static model with consumption and labor income taxes

Representative households supply labor n to firms and earn wage rate w. They also

receive government transfers s. Let τc and τn denote consumption and labor income

taxes, respectively. The budget constraint of households is

(1 + τc) c ≤ (1 − τn)wn + s,

where c denotes consumption.

The firms are perfectly competitive. Their production function is

y = n,

where y denotes output.

The government budget constraint is

s + g = T,

where g is government consumption. Total tax revenue T is defined as

T = τcc + τnwn.

Since there is no investment, the resource constraint of this closed economy is

y = c + g.

Three types of utility functions are considered.

UKPR =
1

1 − η

{
c1−η

[
1 − κ(1 − η)n1+λ

]η
− 1

}
.

UAS =
c1−η − 1

1 − η − κn
1+λ.

UGG =
1

1 − η

{(
c − κn1+λ

)1−η
− 1

}
.
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A.2 Total tax revenue curve for consumption tax

In the main text, the consumption tax revenue curve is investigated. Here, we investigate

the total tax revenue curve, which also includes labor income tax revenue.

In the case of the total tax revenue curve, fiscal policy schemes are the following.

Definition A. 1. Scheme (1′): Tax revenue is used as a lump-sum transfer to households.

s = τcc + τnwn, g = 0

Definition A. 2. Scheme (2′): Tax revenue is used as government consumption.

g = τcc + τnwn, s = 0

A.2.1 Scheme (1′): Tax revenue is used as a lump-sum transfer

Propositions A.1, A.2, and A.3 are the analogues of Propositions 1, 2, and 3 in the main

text.

Proposition A. 1. Suppose that the utility function is KPR; UKPR. The total tax revenue

curve for consumption tax under Scheme (1′) is monotonically increasing. The total tax

revenue curve is unbounded except for λ = 0.

Proof. By the optimization condition for the consumption–labor choice,

η (1 + λ)
(

κcnλ

1 − κ(1 − η)n1+λ

)
=

1 − τn

1 + τc w,

it follows that

c = (1 − τn)1/(1+λ) [τcηκ (1 + λ) + κ(ηλ + 1) − τnκ(1 − η)
]−1/(1+λ) .

The total tax revenue is

T = τcc + τnwn

= (τc + τn)(1 − τn)1/(1+λ) [τcηκ (1 + λ) + κ(ηλ + 1) − τnκ(1 − η)
]−1/(1+λ) .
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Then,

dT
dτc = (1 − τn)1/(1+λ) [τcηκ (1 + λ) + κ(ηλ + 1) − τnκ(1 − η)

]−1/(1+λ)−1

× [
τcηκλ + κ(ηλ + 1 − τn)

]
> 0.

Since the consumption tax revenue is bounded if and only if λ = 0, as in Proposition 1

in the main text, the total tax revenue is also bounded if and only if λ = 0. □

Proposition A. 2. Suppose that the utility function is additively separable, UAS . The

total tax revenue curve for consumption tax under Scheme (1′) is hump shaped if and

only if τn < η + λ < 1, and the revenue is maximized at τc =
η+λ−τn

1−η−λ . If η + λ ≤ τn < 1,

the total tax revenue curve for consumption tax is monotonically decreasing. Otherwise,

the total tax revenue curve for consumption tax is monotonically increasing. The total

tax revenue is bounded if and only if η + λ ≤ 1. Otherwise, it is unbounded.

Proof. The optimization condition for the consumption–labor choice,

κ(1 + λ)cηnλ =
1 − τn

1 + τc w,

indicates that

c =
[
κ(1 + λ)
1 − τn (1 + τc)

]− 1
η+λ

.

The total tax revenue is

T = τcc + τnwn

= (τc + τn)
[

κ

1 − τn (1 + τc)
]− 1

η+λ

,

and thus,

dT
dτc =

[
κ(1 + λ)
1 − τn (1 + τc)

]− 1
η+λ−1 (

κ(1 + λ)
1 − τn

) [
τc

(
η + λ − 1
η + λ

)
+
η + λ − τn

η + λ

]
.

Suppose that η + λ = 1; then, dT
dτc > 0.
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Suppose that η + λ , 1; then,

dT
dτc =

[
κ(1 + λ)
1 − τn (1 + τc)

]− 1
η+λ−1 (

κ(1 + λ)
1 − τn

) (
η + λ − 1
η + λ

) [
τc − η + λ − τ

n

1 − η − λ

]
.

Suppose that η + λ > 1; then, dT
dτc > 0.

Suppose that η + λ < 1.
dT
dτc > 0 for τc < η+λ−τn

1−η−λ ,
dT
dτc = 0 for τc =

η+λ−τn

1−η−λ , and
dT
dτc < 0 for τc > η+λ−τn

1−η−λ .

Since the consumption tax revenue is bounded if and only if η+ λ ≤ 1, as in Proposition

2, the total tax revenue is also bounded if and only if η + λ ≤ 1. □

Proposition A. 3. Suppose that the utility function is additively separable, UGHH. The

total tax revenue curve for consumption tax under Scheme (1′) is hump shaped if and

only if τn < λ < 1, and the revenue is maximized at τc = λ−τn

1−λ . If λ ≤ τn < 1, the total tax

revenue curve for consumption tax is monotonically decreasing. Otherwise, the total tax

revenue curve for consumption tax is monotonically increasing. The total tax revenue is

bounded if and only if λ ≤ 1. Otherwise, it is unbounded.

Proof. The optimization condition for the consumption–labor choice,

κ(1 + λ)nλ =
1 − τn

1 + τc w,

indicates that

c =
[
κ(1 + λ)
1 − τn (1 + τc)

]− 1
λ

.

The total tax revenue is

T = τcc + τnwn

= (τc + τn)
[

κ

1 − τn (1 + τc)
]− 1

λ

,
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and thus,

dT
dτc =

[
κ(1 + λ)
1 − τn (1 + τc)

]− 1
λ−1 (

κ(1 + λ)
1 − τn

) [
τc

(
λ − 1
λ

)
+
λ − τn

λ

]
.

Suppose that λ = 1; then, dT
dτc > 0.

Suppose that λ , 1; then,

dT
dτc =

[
κ(1 + λ)
1 − τn (1 + τc)

]− 1
λ−1 (

κ(1 + λ)
1 − τn

) (
λ − 1
λ

) [
τc − λ − τ

n

1 − λ

]
.

Suppose that λ > 1; then, dT
dτc > 0.

Suppose that λ < 1.
dT
dτc > 0 for τc < λ−τn

1−λ ,
dT
dτc = 0 for τc = λ−τn

1−λ , and
dT
dτc < 0 for τc > λ−τn

1−λ .

Since the consumption tax revenue is bounded if and only if λ ≤ 1, as in Proposition 3

of the main text, the total tax revenue is also bounded if and only if λ ≤ 1. □

As for the consumption tax revenue curve, the total tax revenue curve for consump-

tion tax is monotonically increasing. in the case of the KPR utility function. In the case

of the additively separable utility function UAS , the condition η + λ < 1 is necessary

for a hump-shaped total tax revenue curve for consumption tax. Note that the total tax

revenue curve might be monotonically decreasing if the labor income tax rate is suffi-

ciently high (η+λ ≤ τn). This is interpreted as the case in which there is a negative peak

consumption tax rate that maximizes the total tax revenue (τc =
η+λ−τn

1−η−λ ) of the hump-

shaped total tax revenue curve. In the case of GHH utility, the condition λ < 1 is still

necessary for a hump-shaped tax revenue curve. The total tax revenue curve also might

be monotonically decreasing if the labor income tax rate is sufficiently high (λ ≤ τn),

since the peak tax rate is negative.
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A.2.2 Scheme (2′): Tax revenue is used as government consumption

Under Scheme (2′), since g = τcc + τnwn and n = c + g, the following is obtained:

n =
1 + τc

1 − τn c.

Propositions A.4, A.5, and A.6 are analogues of Propositions 4, 5, and 6 in the main

text.

Proposition A. 4. Suppose that the utility function is KPR, UKPR. The total tax revenue

curve for consumption tax under Scheme (2′) is monotonically increasing. The total tax

revenue is bounded.

Proof. By the optimization condition for the consumption–labor choice, the following

is obtained:

c = {[η (1 + λ) + (1 − η)]κ}− 1
1+λ (1 − τn)(1 + τc)−1.

Then,

n =
1 + τc

1 − τn c

= {[η (1 + λ) + (1 − η)]κ}− 1
1+λ

This implies that labor supply is independent from both τc and τn. The total tax revenue

is

T = τcc + τnwn

= τcc + τn {[η (1 + λ) + (1 − η)]κ}− 1
1+λ

Therefore, the shape of the total tax revenue curve is the same as that of the consumption

tax revenue curve.

Since the consumption tax revenue is bounded if and only if λ = 0, as in Proposition 4

in the main text, the total tax revenue is also bounded if and only if λ = 0. □
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Proposition A. 5. Suppose that the utility function is additively separable, UAS . The

total tax revenue curve for consumption tax under Scheme (2′) is hump shaped if and

only if

(1 + λ)τn − λ < η < 1,

and the revenue is maximized at τc =
(1+λ)τn−(η+λ)

η−1 .

Otherwise, the total tax revenue curve is

• monotonically increasing if η > 1 and (1 + λ)τn − λ ≤ η ;

• U shaped if η > 1 and (1 + λ)τn − λ > η;

• monotonically decreasing if η = 1 and (1 + λ)τn − λ > η;

• monotonically increasing if η = 1 and (1 + λ)τn − λ < η;

• flat if η = 1 and (1 + λ)τn − λ = η; and

• monotonically decreasing if η < 1 and (1 + λ)τn − λ ≥ η.

The total tax revenue is bounded if and only if η ≤ 1. Otherwise, it is unbounded.

Otherwise, the total tax revenue curve for consumption tax is monotonically increasing.

The total tax revenue is bounded if and only if η + λ ≤ 1. Otherwise, it is unbounded.

Proof. The optimization condition for the consumption–labor choice,

κ(1 + λ)cηnλ =
1 − τn

1 + τc w,

and n = (1 + τc)/(1 − τn)c indicate that

c = [κ(1 + λ)]−
1
η+λ (1 − τn)

1+λ
η+λ (1 + τc)−

1+λ
η+λ .

The total tax revenue is

T = τcc + τnwn

= [κ(1 + λ)]−
1
η+λ (1 − τn)

1+λ
η+λ (1 + τc)−

1+λ
η+λ

[
τc + τn

1 − τn

]
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and thus,

dT
dτc = [κ(1 + λ)]−

1
η+λ (1 − τn)

1+λ
η+λ (1 + τc)−

1+λ
η+λ−1

[
1

1 − τn

]
×{[

η − 1
η + λ

]
τc − 1 + λ

η + λ
τn + 1

}
Suppose that η = 1.

If τn < η+λ

1+λ , then dT/dτc > 0.

If τn > η+λ

1+λ , then dT/dτc < 0.

If τn =
η+λ

1+λ , then dT/dτc = 0.

Suppose that η , 1. The following is obtained:

dT
dτc = [κ(1 + λ)]−

1
η+λ (1 − τn)

1+λ
η+λ (1 + τc)−

1+λ
η+λ−1

[
1

1 − τn

]
×[

η − 1
η + λ

] {
τc − (1 + λ)τn − (η + λ)

η − 1

}
.

Suppose that η > 1.

If τn < η+λ

1+λ , then
∣∣∣ dT
dτc

∣∣∣ > 0.

If τn > η+λ

1+λ , then dT
dτc |τc=0 < 0 and dT

dτc > 0 for τc > (1+λ)τn−(η+λ)
η−1 .

Suppose η < 1.

If τn < η+λ

1+λ , then dT
dτc |τc=0 > 0 and dT

dτc < 0 for τc > (1+λ)τn−(η+λ)
η−1 0.

If τn ≥ η+λ

1+λ , then dT
dτc .

Finally, the condition τn < η+λ

1+λ is rewritten as

τn <
η + λ

1 + λ

⇐⇒ η > (1 + λ)τn − λ.

Since the consumption tax revenue is bounded if and only if η ≤ 1, as in Proposition

3 in the main text, the total tax revenue is also bounded if and only if η ≤ 1. □
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Proposition A. 6. Suppose that the utility function is additively separable, UGHH. The

total tax revenue curve for consumption tax under Scheme (2′) is hump shaped if and

only if

λ >
τn

1 − τn

and the revenue is maximized at τc = λ − (1 + λ)τn. Otherwise, the total tax revenue

curve is monotonically decreasing. The total tax revenue is bounded.

Proof. The optimization condition for the consumption–labor choice,

κ(1 + λ)nλ =
1 − τn

1 + τc w,

and n = (1 + τc)/(1 − τn)c indicate that

c = [κ(1 + λ)]−
1
λ (1 − τn)

1+λ
λ (1 + τc)−

1+λ
λ .

The total tax revenue is

T = τcc + τnwn

= [κ(1 + λ)]−
1
λ (1 − τn)

1+λ
λ (1 + τc)−

1+λ
λ

[
τc + τn

1 − τn

]
and thus,

dT
dτc = − [κ(1 + λ)]−

1
λ (1 − τn)

1+λ
λ (1 + τc)−

1+λ
λ −1

[
1

1 − τn

]
×

{[
1
λ

]
τc −

(
1 − 1 + λ

λ
τn

)}
= − [κ(1 + λ)]−

1
λ (1 − τn)

1+λ
λ (1 + τc)−

1+λ
λ −1

[
1

1 − τn

] (
1
λ

)
(τc − [λ − (1 + λ)τn]) .

If λ − (1 + λ)τn ≤ 0, then dT
dτc < 0.

If λ − (1 + λ)τn > 0, then
dT
dτc > 0 for τc < λ − (1 + λ)τn,
dT
dτc = 0 for τc = λ − (1 + λ)τn, and
dT
dτc < 0 for τc > λ − (1 + λ)τn.
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Finally, the condition λ − (1 + λ)τn > is rewritten as

λ >
τn

1 − τn .

The total tax revenue is also bounded. □

A.3 Alternative fiscal policy schemes

Schemes (1) and (2) consider that all tax revenue is used as a lump-sum transfer or

government consumption. Here, some relaxed versions are investigated. In this sub-

section, for the simplicity of analysis, the labor income tax rate is set to zero, and the

consumption tax revenue curve is the point of focus.

The following two schemes are one of the analogues of Schemes (1) and (2).

Definition A. 3. Scheme (1∗): The ratio of government consumption to output, g/y,

is constant and positive. The rest of tax revenue is used as a lump-sum transfer to

households.

s = τcc − g, g/y = ϕ̄gy

Definition A. 4. Scheme (2∗): The ratio of lump-sum transfer to output, s/y, is constant

and positive. The rest of tax revenue is used as government consumption.

g = τcc − s, s/y = ϕ̄sy

The following two schemes are other options, and are based on similar assumptions

employed by Trabandt and Uhlig (2011).

Definition A. 5. Scheme (1∗∗): Government consumption, g, is constant and positive.

The rest of tax revenue is used as a lump-sum transfer to households.

s = τcc − g, g = ḡ
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Definition A. 6. Scheme (2∗∗): The lump-sum transfer, s, is constant and positive. The

rest of tax revenue is used as government consumption.

g = τcc − s, s = s̄

A.3.1 Scheme (1∗): g/y is constant and changes in tax revenue are adjusted by a

lump-sum transfer

By the resource constraint,

c
y
+

g
y
= 1.

Then, c/y is constant (and independent from τc) under Scheme (1∗). The following

holds.

Remark A. 1. The elasticity of consumption with respect to the consumption tax rate

equals that of output: ∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ = ∣∣∣∣∣ dy/y
dτc/τc

∣∣∣∣∣ .
Proposition A.7 is about the case of KPR utility.

Proposition A. 7. Suppose that the utility function is KPR, UKPR. The consumption tax

revenue curve for consumption tax under Scheme (1∗) is monotonically increasing. The

consumption tax revenue is unbounded except for λ = 0.

Proof. The optimization condition for the consumption–labor choice,

η (1 + λ)
{

κcnλ

1 − κ(1 − η)n1+λ

}
=

1
1 + τc ,

yields

y = (κ)−1/(1+λ)
[
(1 − η) +

(
c
y

)
η(1 + λ)(1 + τc)

]−1/(1+λ)

.
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Since ỹ > 0 for τc ≥ 0,

(1 − η) +
(
c
y

)
η(1 + λ) > 0.

By Remark A.1, it follows that

dc/c
dτc/τc =

dy/y
dτc/τc = −

(
c
y

)
ητc

(1 − η) +
(

c
y

)
η (1 + τc) (1 + λ)

.

Letting

Ψ = (1 − η) +
(
c
y

)
η (1 + τc) (1 + λ) > 0,

it follows that∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ − 1 = − 1
Ψ

{
(1 − η) +

(
c
y

)
η(1 + λ) +

(
c
y

)
ητcλ

}
≤ 0.

The consumption tax revenue is unbounded if λ > 0, since
∣∣∣∣ dc/c
dτc/τc

∣∣∣∣ > 0. In the case of

λ = 0, the consumption tax revenue is given by

τcc = ϕτcy

= (κ)−1/(1+λ)
[
(1 − η) +

(
c
y

)
η(1 + λ)

]−1/(1+λ)
τc

1 + τc ,

where ϕ = c/y. This converges to (κ)−1/(1+λ)
[
(1 − η) +

(
c
y

)
η(1 + λ)

]−1/(1+λ)
. □

Proposition A.8 is about the case of additively separable utility.

Proposition A. 8. Suppose that the utility function is additively separable, UAS . The

consumption tax revenue curve for consumption tax under Scheme (1∗) is hump shaped

if and only if η + λ < 1, and the revenue is maximized at τc =
η+λ

1−η−λ . Otherwise, the

consumption tax revenue curve for consumption tax is monotonically increasing. The

consumption tax revenue is bounded if and only if η+λ ≤ 1. Otherwise, it is unbounded.
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Proof. In the case of additively separable utility, the consumption–labor choice condi-

tion is

κ(1 + λ)cηnλ =
1

1 + τc w

⇐⇒ κ(1 + λ)
(
c
y

)η (n
y

)λ
yη+λ =

1
1 + τc ,

then

y = (1 + τc)−1/(η+λ)
[

1
κ(1 + λ)

(
c
y

)−η]1/(η+λ)

.

By Remark A.1, it follows that

dc/c
dτc/τc =

dy/y
dτc/τc = −

1
η + λ

· τc

1 + τc .

Then, ∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ − 1 =
1

η + λ
· 1

1 + τc

{
(1 − η − λ)τc − (η + λ)

}
.

Suppose η + λ = 1. In this case,
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ − 1 < 0.

Suppose η + λ , 1. In this case,∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ − 1 =
1 − η − λ
η + λ

· 1
1 + τc

{
τc − η + λ

1 − η − λ

}
.

If η + λ ≥ 1, then
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ ≤ 1 for τc ≥ 0.

If η + λ < 1, then
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ ≤ 1 for τc ≤ (η + λ)/(1 − η − λ), and
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ > 1 for

τc > (η + λ)/(1 − η − λ).

By the elasticity of consumption, it is obvious that the consumption tax revenue is

bounded if η + λ < 1 and unbounded if η + λ > 1. In the case of η + λ = 1, the

consumption tax revenue is

τcc = ϕτcy

= ϕ
τc

1 + τc

[
1

κ(1 + λ)

(
c
y

)−η]1/(η+λ)

.

where ϕ = c/y. This converges to ϕ
[

1
κ(1+λ)

(
c
y

)−η]1/(η+λ)
as τc → ∞. □
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Proposition A.9 is about the case of GHH utility.

Proposition A. 9. Suppose that the utility function is additively separable, UGHH. The

consumption tax revenue curve for consumption tax under Scheme (1∗) is hump shaped if

and only if λ < 1, and the revenue is maximized at τc = λ
1−λ . Otherwise, the consumption

tax revenue curve for consumption tax is monotonically increasing. The consumption tax

revenue is bounded if and only if λ ≤ 1. Otherwise, it is unbounded.

Proof. In the case of additively separable utility, the consumption–labor choice condi-

tion is

κ(1 + λ)nλ =
1

1 + τc w

⇐⇒ κ(1 + λ)
(
n
y

)λ
yλ =

1
1 + τc ,

then

y = (1 + τc)−1/λ
[

1
κ(1 + λ)

]1/λ

.

By Remark A.1, it follows that

dc/c
dτc/τc =

dy/y
dτc/τc = −

1
λ
· τc

1 + τc .

Then, ∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ − 1 =
1
λ
· 1

1 + τc

{
(1 − λ)τc − λ

}
.

Suppose λ = 1. In this case,
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ − 1 < 0.

Suppose λ , 1. In this case,∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ − 1 =
1 − λ
λ
· 1

1 + τc

{
τc − λ

1 − λ

}
.

If λ ≥ 1, then
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ ≤ 1 for τc ≥ 0.

If λ < 1, then
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ ≤ 1 for τc ≤ λ/(1 − λ), and
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ > 1 for τc > λ/(1 − λ).
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By the elasticity of consumption, it is obvious that the consumption tax revenue is

bounded if λ < 1 and unbounded if λ > 1. In the case of λ = 1, the consumption

tax revenue is

τcc = ϕτcy

= ϕ
τc

1 + τc

[
1

κ(1 + λ)

]1/+λ

.

where ϕ = c/y. This converges to ϕ
[

1
κ(1+λ)

]1/λ
as τc → ∞. □

Note that Propositions A.7, A.8, and A.9 are the exactly same as Propositions 1, 2,

and 3 in the main text. Therefore, Scheme (1∗) is a natural extension of Scheme (1).

A.3.2 Scheme (2∗): s/y is constant and changes in tax revenue are adjusted by

government consumption

By the government budget constraint, it follows that

g
y
+

s
y
= τc c

y
.

Since s/y is constant,

g
y
= τc c

y
− constant.

The resource constraint is

c
y
+

g
y
= 1

⇐⇒ c
y
+ τc c

y
− constant = 1,

and then,

(1 + τc)
c
y
= constant.

Therefore, the following remark holds.
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Remark A. 2. The elasticity of consumption with respect to consumption tax rate equals

that of y/(1 + τc): ∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ =
∣∣∣∣∣∣d(1 + τc)−1y/(1 + τc)−1y

dτc/τc

∣∣∣∣∣∣
Proposition A. 10. Suppose that the utility function is KPR, UKPR. The consumption tax

revenue curve for consumption tax under Scheme (2∗) is monotonically increasing. The

consumption tax revenue is bounded.

Proof. By the consumption–labor choice condition, y is obtained

η (1 + λ)
{

κcnλ

1 − κ(1 − η)n1+λ

}
=

1
1 + τc

⇐⇒ η (1 + λ)

 κ
(

c
y

) (
n
ỹ

)λ
ỹ−1−λ − κ(1 − η)

(
n
y

)1+λ

 = 1
1 + τc

⇐⇒ y = (κ)−1/(1+λ)
[
(1 − η) +

(
(1 + τc)

c
y

)
η(1 + λ)

]−1/(1+λ)

.

Then, y is independent from τc.

By Remark A.2, the elasticity of (1 + τc)−1y is considered. Since

(1 + τc)−1y = (1 + τc)−1(κ)−1/(1+λ)
[
(1 − η) +

(
(1 + τc)

c
y

)
η(1 + λ)(1 + τc)

]−1/(1+λ)

,

it follows that

dc/c
dτc/τc =

d(1 + τc)−1y/(1 + τc)−1y
dτc/τc

= − τc

1 + τc .∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ is monotonically increasing in τc. If τc = 0, then
∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ = 0. As τc → ∞,∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣→ 1. Therefore, the consumption tax revenue curve is monotonically increasing.

The boundedness is shown as follows. Letting (1 + τc)c/y = ϕ yields

τcc = τcϕy(1 + τc)−1

= ϕ
τc

1 + τc (κ)−1/(1+λ)
[
(1 − η) +

(
(1 + τc)

c
y

)
η(1 + λ)(1 + τc)

]−1/(1+λ)

.
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As τc → ∞, it converges to ϕ(κ)−1/(1+λ)
[
(1 − η) +

(
(1 + τc) c

y

)
η(1 + λ)(1 + τc)

]−1/(1+λ)
.

□

Proposition A. 11. Suppose that the utility function is additively separable, UAS . The

consumption tax revenue curve for consumption tax under Scheme (2∗) is hump shaped if

and only if η < 1, and the revenue is maximized at τc =
η+λ

1−η . Otherwise, the consumption

tax revenue curve for consumption tax is monotonically increasing. The consumption

tax revenue is unbounded if and only if η ≤ 1. Otherwise, it is unbounded.

Proof. By the consumption–labor choice condition,

κ(1 + λ)cηnλ =
1

1 + τc

⇐⇒ κ(1 + λ)yη+λ
(
c
y

)η (n
y

)λ
=

1
1 + τc

⇐⇒ y = (1 + τc)−(1−η)/(η+λ)

 1
κ(1 + λ)

(
(1 + τc)

c
y

)−η (n
ỹ

)−1−λ1/(η+λ)

.

By Remark A.2, the elasticity of (1 + τc)y is considered. Since

(1 + τc)−1y = (1 + τc)−(1+λ)/(η+λ)
[

1
κ(1 + λ)

(
(1 + τc)

c
y

)−η]1/(η+λ)

,

it follows that

dc/c
dτc/τc =

d(1 + τc)−1y/(1 + τc)−1y
dτc/τc

= −1 + λ
η + λ

· τc

1 + τc .∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ is monotonically increasing in τc. If τc = 0, then
∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ = 0. If τc → ∞, then∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ → (1 + λ)/(η + λ). Therefore, a necessary and sufficient condition for a hump-

shaped consumption tax revenue curve is η < 1. The peak tax rate is

τc
max =

η + λ

1 − η .
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By the elasticity of consumption, it is obvious that the tax revenue is bounded if

η < 1 and unbounded if η > 1. Suppose η = 1. Letting (1 + τc)c/y = ϕ yields

τcc = τcϕy(1 + τc)−1

= ϕ
τc

1 + τc

 1
κ(1 + λ)

(
(1 + τc)

c̃
ỹ

)−11/(1+λ)

.

As τc → ∞, it converges to ϕ
[

1
κ(1+λ)

(
(1 + τc) c

y

)−1
]1/(1+λ)

.

□

Proposition A. 12. Suppose that the utility function is GHH, UGHH. The consumption

tax revenue curve for consumption tax under Scheme (2∗) is hump shaped if and only

if η < 1, and the revenue is maximized at τc =
η+λ

1−η . Otherwise, the consumption tax

revenue curve for consumption tax is monotonically increasing. The consumption tax

revenue is unbounded if and only if η ≤ 1. Otherwise, it is unbounded.

Proof. By the consumption–labor choice condition,

κ(1 + λ)nλ =
1

1 + τc

⇐⇒ κ(1 + λ)yλ
(
n
y

)λ
=

1
1 + τc

⇐⇒ y = (1 + τc)−1/λ

 1
κ(1 + λ)

(
n
ỹ

)−1−λ1/λ

.

By Remark A.2, the elasticity of (1 + τc)y is considered. Since

(1 + τc)−1y = (1 + τc)−(1+λ)/λ
[

1
κ(1 + λ)

]1/λ

,

it follows that

dc/c
dτc/τc =

d(1 + τc)−1y/(1 + τc)−1y
dτc/τc

= −1 + λ
λ
· τc

1 + τc .
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∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ is monotonically increasing in τc. If τc = 0, then
∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ = 0. If τc → ∞, then∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣→ (1+ λ)/λ. Therefore, the tax revenue curve is hump shaped. The peak tax rate

is

τc
max = λ.

The tax revenue is bounded.

□

A.3.3 Scheme (1∗∗): government consumption g is constant and changes in tax

revenue are adjusted by a lump-sum transfer

In the case of KPR utility, the consumption tax revenue curve is monotonically increas-

ing, but tax revenue is bounded under Scheme (1∗∗), as in the following proposition.

Proposition A. 13. Suppose that the utility function is KPR, UKPR. The consumption

tax revenue curve for consumption tax under Scheme (1∗∗) is monotonically increasing.

The consumption tax revenue is bounded.

Proof. By the production function and the resource constraint, it follows that

y = n = c + g.

Then, the consumption–labor choice condition is

η(1 + λ)
κcnλ

1 − κ(1 − η)n1+λ =
1

1 + τc

⇐⇒ η(1 + λ)
κc(c + g)λ

1 − κ(1 − η)(c + g)1+λ =
1

1 + τc

⇐⇒ η(1 + λ)κc(c + g)λ =
1 − κ(1 − η)(c + g)1+λ

1 + τc
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Taking the total derivatives yields

η(1 + λ)κ
[
(c + g)λ

dc
dτc + λc(c + g)λ−1 dc

dτc

]
= −

(1 + τc)(1 + λ)κ(1 − η)(c + g)λ dc
dτc + [1 − κ(1 − η)(c + g)1+λ]

(1 + τc)2 .

⇐⇒ (1 + τc)2η(1 + λ)κ(c + g)λ−1 [
(c + g) + λc

] dc
dτc

= −(1 + τc)(1 + λ)κ(1 − η)(c + g)λ
dc
dτc − [1 − κ(1 − η)(c + g)1+λ].

By the consumption–labor choice condition, it follows that

1 − κ(1 − η)(c + g)1+λ = (1 + τc)η(1 + λ)κc(c + g)λ.

Then, the following holds

(1 + τc)2η(1 + λ)κ(c + g)λ−1 [
(c + g) + λc

] dc
dτc

= −(1 + τc)(1 + λ)κ(1 − η)(c + g)λ
dc
dτc − (1 + τc)η(1 + λ)κc(c + g)λ

⇐⇒ (1 + τc)η
[
(c + g) + λc

] dc
dτc = −(1 − η)(c + g)

dc
dτc − ηc(c + g)

⇐⇒ {
(1 + τc)η

[
(c + g) + λc

]
+ (1 − η)(c + g)

} dc
dτc = −ηc(c + g)

⇐⇒ dc
dτc = −

ηc(c + g)
(1 + τc)η

[
(c + g) + λc

]
+ (1 − η)(c + g)

.

The elasticity of consumption is given by∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ = ητc(c + g)
(1 + τc)η

[
(c + g) + λc

]
+ (1 − η)(c + g)

=
ητc(c + g)

η(c + g) + τcη(c + g) + (1 + τc)ηλc + (c + g) − η(c + g)

=
ητc(c + g)

τcη(c + g) + (1 + τc)ηλc + (c + g)

=

[
1 +

1
ητc +

1 + τc

τc · λc
c + g

]−1

=

[
1 +

1
ητc +

1 + τc

τc · λ

1 + g/c

]−1

.
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∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ is increasing in τc. If τc = 0, then
∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ = 0. If τc → ∞, then
∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ → 1, since

c→ 0.

Therefore, the consumption tax revenue curve is monotonically increasing.

c→ 0 as τc → ∞, which is proved as follows. Since the elasticity of consumption is

negative, as τc → ∞, c converges to a non-negative value a ≥ 0. By the consumption–

labor choice condition, it follows that

η(1 + λ)κc(c + g)λ =
1 − κ(1 − η)(c + g)1+λ

1 + τc

⇐⇒ c =
1 − κ(1 − η)(c + g)1+λ

(1 + τc)η(1 + λ)κ(c + g)λ
.

The left-hand side of this equation converges to a as τc → ∞, and the right-hand side

converges to zero. Therefore, c→ 0.

The consumption tax revenue is given by

τcc =
1 − κ(1 − η)(c + g)1+λ

η(1 + λ)κ(c + g)λ
τc

1 + τc .

As τc → ∞, consumption tax revenue converges to 1−κ(1−η)g1+λ

η(1+λ)κgλ .

□

The result of Proposition A.13 is consistent with the result of Trabandt and Uhlig

(2011). They report that the slope of the tax revenue curve for consumption tax con-

verges to zero as τc → ∞ by numerical simulation under a similar fiscal policy scheme

(although their model is dynamic).

Proposition A. 14. Suppose that the utility function is additively separable, UAS . The

consumption tax revenue curve for consumption tax under Scheme (1∗∗) is hump shaped

if and only if η < 1. Otherwise, the consumption tax revenue curve for consumption

tax is monotonically increasing. The consumption tax revenue is bounded if and only if

η ≤ 1. Otherwise, it is unbounded.
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Proof. By the resource constraint and the production function, it follows that

y = n = c + g.

In the case of additively separable utility, the consumption–labor choice condition is

κ(1 + λ)cηnλ =
1

1 + τc w

⇐⇒ κ(1 + λ)cη(c + g)λ =
1

1 + τc

Taking the total derivatives yields

dc
dτc = −κ

−1(1 + λ)−1c1−η(c + g)1−λ [η(c + g) + λc
]−1 1

(1 + τc)2 .

By the consumption–labor choice condition, it follows that

c−η = κ(1 + λ)(c + g)λ(1 + τc),

and then,

dc
dτc = −c(c + g)(1 + τc)

[
η(c + g) + λc

]−1 · 1
(1 + τc)2

= −c
c + g

η(c + g) + λc
· 1

1 + τc .

The elasticity of consumption is∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ = c + g
η(c + g) + λc

× τc

1 + τc

=
1

η + λ c
c+g

× τc

1 + τc

=
1

η + λ 1
1+g/c

× τc

1 + τc .

| dc/c
dτc/τc | is increasing in τc. If τc = 0, then | dc/c

dτc/τc | = 0. If τc → ∞, then | dc/c
dτc/τc | = 1/η,

since c→ 0. Therefore, η < 1 is a necessary and sufficient condition for a hump-shaped

consumption tax revenue curve.
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c → 0 as τc → ∞, which is proved as follows. Since dc
dτc < 0, c converges to a

non-negative value a ≥ 0. By the consumption–labor choice condition, it follows that

c = [κ(1 + λ)]−1/η(c + g)−λ/η(1 + τc)−1/η.

The left-hand side converges to a, and the right-hand side converges to zero. Therefore,

c→ 0.

By the elasticity of consumption, it is obvious that the consumption tax revenue is

bounded if η < 1, and unbounded if η > 1. Suppose η = 1. The consumption tax revenue

is given by

τcc = [κ(1 + λ)]−1(c + g)−λ
τc

1 + τc .

This converges to [κ(1 + λ)]−1g−λ as τc → ∞.

□

Note that the condition for a hump-shaped consumption tax revenue curve is η < 1,

not η + λ < 1, under Scheme (1∗∗). This is because g/y increases as τc increases, and

represents downward pressure on consumption (negative income effect).

Proposition A. 15. Suppose that the utility function is additively separable, UGHH. The

consumption tax revenue curve for consumption tax under Scheme (1∗∗) is hump shaped.

The consumption tax revenue is bounded.

Proof. By the resource constraint and the production function, it follows that

y = n = c + g.

In the case of additively separable utility, the consumption–labor choice condition is

κ(1 + λ)nλ =
1

1 + τc w

⇐⇒ κ(1 + λ)(c + g)λ =
1

1 + τc
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Taking the total derivatives yields

dc
dτc = −κ

−1(1 + λ)−1λ(c + g)1−λ 1
(1 + τc)2 < 0.

By the consumption–labor choice condition, it follows that

κ(1 + λ)(c + g)λ(1 + τc) = 1,

and then,

dc
dτc = −

λ(c + g)
1 + τc .

The elasticity of consumption is∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ = λ(c + g)
c

× τc

1 + τc

= λ(1 + g/c) × τc

1 + τc .

| dc/c
dτc/τc | is increasing in τc, since dc

dτc < 0. If τc = 0, then | dc/c
dτc/τc | = 0. Because g/c > 0, it is

obvious that | dc/c
dτc/τc | > 1 for sufficiently high τc. Therefore, the consumption tax revenue

curve is hump shaped.

□

A.3.4 Scheme (2∗∗): Transfer s is constant and changes in tax revenue are ad-

justed by government consumption

Proposition A. 16. Suppose that the utility function is KPR, UKPR. The consumption

tax revenue curve for consumption tax under Scheme (2∗∗) is monotonically increasing.

The consumption tax revenue is bounded.

Proof. By the government budget constraint, it follows that

y = n = c + g = (1 + τc)c − s.
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By the consumption–labor choice condition, the following is obtained:

η(1 + λ)
κcnλ

1 − κ(1 − η)n1+λ =
1

1 + τc

⇐⇒ η(1 + λ)
κc[(1 + τc)c − s]λ

1 − κ(1 − η)[(1 + τc)c − s]1+λ =
1

1 + τc

⇐⇒ η(1 + λ)κc[(1 + τc)c − s]λ =
1 − κ(1 − η)[(1 + τc)c − s]1+λ

1 + τc .

Taking the total derivatives yields

η(1 + λ)κ
[

dc
dτc [(1 + τc)c − s]λ + cλ[(1 + τc)c − s]λ−1[c + (1 + τc)

dc
dτc ]

]
=
−(1 + τc)κ(1 − η)(1 + λ)[(1 + τc)c − s]λ[c + (1 + τc) dc

dτc ] −
{
1 − κ(1 − η)[1 + τc)c − s)]1+λ

}
(1 + τc)2

⇐⇒ (1 + τc)2η(1 + λ)κ
[

dc
dτc [(1 + τc)c − s]λ + cλ[(1 + τc)c − s]λ−1[c + (1 + τc)

dc
dτc ]

]
= −(1 + τc)κ(1 − η)(1 + λ)[(1 + τc)c − s]λ[c + (1 + τc)

dc
dτc ]

−
{
1 − κ(1 − η)[(1 + τc)c − s)]1+λ

}
⇐⇒ (1 + τc)2η(1 + λ)κ[(1 + τc)c − s]λ−1

[
dc
dτc [(1 + τc)c − s] + cλ[c + (1 + τc)

dc
dτc ]

]
= −(1 + τc)κ(1 − η)(1 + λ)[(1 + τc)c − s]λ[c + (1 + τc)

dc
dτc ]

−
{
1 − κ(1 − η)[(1 + τc)c − s)]1+λ

}
.

By the consumption–labor choice condition, it follows that

1 − κ(1 − η)[(1 + τc)c − s)]1+λ = η(1 + λ)κc[(1 + τc)c − s]λ(1 + τc),

27



and then,

⇐⇒ (1 + τc)2η(1 + λ)κ[(1 + τc)c − s]λ−1
[

dc
dτc [(1 + τc)c − s] + cλ[c + (1 + τc)

dc
dτc ]

]
= −(1 + τc)κ(1 − η)(1 + λ)[(1 + τc)c − s]λ[c + (1 + τc)

dc
dτc ]

− η(1 + λ)κc[(1 + τc)c − s]λ(1 + τc)

⇐⇒ (1 + τc)η[(1 + τc)c − s]−1
[

dc
dτc [(1 + τc)c − s] + cλ[c + (1 + τc)

dc
dτc ]

]
= −(1 − η)[c + (1 + τc)

dc
dτc ] − ηc

⇐⇒ η
dc
dτc + ηλ[(1 + τc)c − s]−1c2 + ηλc(1 + τc)[(1 + τc)c − s]−1 dc

dτc

= − 1
1 + τc

[
(1 − η)[c + (1 + τc)

dc
dτc ] + ηc

]
⇐⇒ η

dc
dτc + ηλ[(1 + τc)c − s]−1c2 + ηλc(1 + τc)[(1 + τc)c − s]−1 dc

dτc

= − 1
1 + τc

[
(1 − η)(1 + τc)

dc
dτc + c

]
.

⇐⇒ dc
dτc

{
η + ηλc(1 + τc)[(1 + τc)c − s]−1 + (1 − η)

}
= −ηλ[(1 + τc)c − s]−1c2 − c

1 + τc

⇐⇒ dc
dτc

{
1 + ηλc(1 + τc)[(1 + τc)c − s]−1

}
= −ηλ[(1 + τc)c − s]−1c2 − c

1 + τc

⇐⇒ dc
dτc = −

ηλ[(1 + τc)c − s]−1c2 + c
1+τc

1 + ηλc(1 + τc)[(1 + τc)c − s]−1 .

The elasticity of consumption is given by∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ = ηλc[(1 + τc)c − s]−1 + 1
1+τc

1 + ηλc(1 + τc)[(1 + τc)c − s]−1 × τ
c

=
τc

1 + τc ×
ηλc(1 + τc)[(1 + τc)c − s]−1 + 1
1 + ηλc(1 + τc)[(1 + τc)c − s]−1

=
τc

1 + τc .

Therefore, the consumption tax revenue curve is monotonically increasing.

The following results are obtained for boundedness. First, c→ 0 as τc → ∞. This is
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proved as follows. By the consumption–labor choice condition, it follows that

1 − κ(1 − η)[(1 + τc)c − s)]1+λ = η(1 + λ)κc[(1 + τc)c − s]λ(1 + τc)

⇐⇒ c =
1 − κ(1 − η)[(1 + τc)c − s)]1+λ

η(1 + λ)κ[(1 + τc)c − s]λ
× 1

1 + τc .

Suppose that c → a as τc → ∞. The left-hand side converges to a, and the right-hand

side converges to zero. Therefore, c→ 0.

The consumption tax revenue is given by

τcc =
1 − κ(1 − η)[(1 + τc)c − s)]1+λ

η(1 + λ)κ[(1 + τc)c − s]λ
× τc

1 + τc .

Suppose that τcc→ z as τc → ∞. This implies

z =
1 − κ(1 − η)[z − s)]1+λ

η(1 + λ)κ[z − s]λ
.

The limit z must satisfy this equation. It is obvious that z is finite (otherwise, the above

equation does not hold). □

Proposition A. 17. Suppose that the utility function is additively separable, UAS . The

consumption tax revenue curve for consumption tax under Scheme (2∗∗) is hump shaped

if and only if η < 1. Otherwise, the consumption tax revenue curve for consumption

tax is monotonically increasing. The consumption tax revenue is bounded if and only if

η ≤ 1. Otherwise, it is unbounded.

Proof. By the government budget constraint, it follows that

g = τcc − s.

By the production function and the resource constraint, it follows that

y = n = c + g = (1 + τc)c − s.
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In the case of additively separable utility UAS , the consumption–labor choice condition

is

κ(1 + λ)cηnλ =
1

1 + τc w

⇐⇒ κ(1 + λ)cη[(1 + τc)c − s]λ =
1

1 + τc .

Taking the total derivatives yields

κ(1 + λ)
[
ηcη−1[(1 + τc)c − s]λ

dc
dτc + λcη[(1 + τc)c − s]λ−1[c + (1 + τc)

dc
dτc ]

]
= − 1

(1 + τc)2

⇐⇒ κ(1 + λ)cη−1[(1 + τc)c − s]λ−1
[
η[(1 + τc)c − s]

dc
dτc + λc[c + (1 + τc)

dc
dτc ]

]
= − 1

(1 + τc)2 .

By the consumption–labor choice condition, it follows that

cη = (1 + τc)−1κ−1(1 + λ)−1[(1 + τc)c − s]−λ,

and then,

⇐⇒ c−1[(1 + τc)c − s]−1
[
η[(1 + τc)c − s]

dc
dτc + λc[c + (1 + τc)

dc
dτc ]

]
= − 1

1 + τc

⇐⇒
[
η[(1 + τc)c − s]

dc
dτc + λc[c + (1 + τc)

dc
dτc ]

]
= −c[(1 + τc)c − s]

1 + τc

⇐⇒
[
η[(1 + τc)c − s]

dc
dτc + λc(1 + τc)

dc
dτc + λc2

]
= −c[(1 + τc)c − s]

1 + τc

⇐⇒ [
η[(1 + τc)c − s] + λc(1 + τc)

] dc
dτc = −

c[(1 + τc)c − s]
1 + τc − λc2

⇐⇒ dc
dτc = −

[
η[(1 + τc)c − s] + λc(1 + τc)

]−1
[
c[(1 + τc)c − s]

1 + τc + λc2
]
.

The elasticity of consumption with respect to consumption tax rate is given by∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ = τc

c
[
η[(1 + τc)c − s] + λc(1 + τc)

]−1
[
c[(1 + τc)c − s]

1 + τc + λc2
]

=
τc

c
[
η[(1 + τc)c − s] + λc(1 + τc)

]−1
[
c[(1 + τc)c − s] + λc2(1 + τc)

1 + τc

]
=

τc

1 + τc ×
[(1 + τc)c − s] + λc(1 + τc)
η[(1 + τc)c − s] + λc(1 + τc)

=
τc

1 + τc ×
[(1 + τc) − s

c ] + λ(1 + τc)
η[(1 + τc) − s

c ] + λ(1 + τc)
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If η > 1, then
∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ < 1.

If η < 1, then the limit of
∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ is greater than 1/η, since c → 0. Therefore, the

condition η < 1 is a necessary and sufficient condition for a hump-shaped consumption

tax revenue curve.

c → 0 as τc → ∞, which is proved as follows. By the consumption–labor choice

condition, it follows that

c = (1 + τc)−1/ηκ−1/η(1 + λ)−1/η[(1 + τc)c − s]−λ/η.

Suppose that c→ a as τc → ∞. The left-hand side of this equation converges to a, while

the right-hand side converges to zero. Therefore, c→ 0.

By the elasticity of consumption, it is obvious that tax revenue is unbounded if η > 1,

and it is bounded if η < 1. Suppose η = 1. The consumption tax revenue is given by

τcc =
τc

1 + τc κ
−1(1 + λ)−1[(1 + τc)c − s]−λ

Let τcc → z. The left-hand side converges to z, while the right-hand side converges to

κ−1(1 + λ)−1[z − s]−λ. Therefore, z must satisfies the following:

z = κ−1(1 + λ)−1[z − s]−λ.

It is obvious that z is finite. (Otherwise, this equality does not hold.)

□

Proposition A. 18. Suppose that the utility function is additively separable, UGHH. The

consumption tax revenue curve for consumption tax under Scheme (2∗∗) is hump shaped

The consumption tax revenue is bounded.

Proof. By the government budget constraint, it follows that

g = τcc − s.
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By the production function and the resource constraint, it follows that

y = n = c + g = (1 + τc)c − s.

In the case of additively separable utility UAS , the consumption–labor choice condition

is

κ(1 + λ)nλ =
1

1 + τc w

⇐⇒ κ(1 + λ)[(1 + τc)c − s]λ =
1

1 + τc .

Taking the total derivatives yields

κ(1 + λ)λ[(1 + τc)c − s]λ−1
(
c + (1 + τc)

dc
dτc

)
= − 1

(1 + τc)2 .

By the consumption–labor choice condition, it follows that

κ(1 + λ)[(1 + τc)c − s]λ(1 + τc) = 1,

and then,

λ[(1 + τc)c − s]−1
(
c + (1 + τc)

dc
dτc

)
= − 1

1 + τc

⇐⇒ dc
dτc = −

1
(1 + τc)2λ

−1[(1 + τc)c − s] − c
1 + τc < 0.

The elasticity of consumption is given by∣∣∣∣∣ dc/c
dτc/τc

∣∣∣∣∣ = τc

1 + τc ×
1
λ
× (1 + τc)c − s

(1 + τc)c
+

τc

1 + τc

=
τc

1 + τc

[
1
λ

(
1 − s

(1 + τc)c

)
+ 1

]
.∣∣∣∣ dc/c

dτc/τc

∣∣∣∣ if τc = 0.
∣∣∣∣ dc/c
dτc/τc

∣∣∣∣ is greater than one for sufficiently high τc because (1+ τc)c− s =

n > 0.
∣∣∣∣ dc/c
dτc/τc

∣∣∣∣ is increasing in τc because

d
∣∣∣∣ dc/c
dτc/τc

∣∣∣∣
dτc =

1
(1 + τc)2

[
1
λ

(
1 − s

(1 + τc)c

)
+ 1

]
+

τc

1 + τc

(
1
λ

)
s(c + 1 + τc)
(1 + τc)2c2 > 0.

Therefore, the consumption tax revenue curve is hump shaped.

□
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B Dynamic economy à la Trabandt and Uhlig (2011)

B.1 Model

Representative households hold capital stock kt−1 and debt bt−1 as assets at the beginning

of the period. They supply labor nt and capital stock kt−1 to firms, and earn wage rate

wt, rental rate of capital dt, and interest rate on debt Rb
t . They also receive government

transfers st and transfers from abroad mt. Let τc
t , τ

n
t , and τk

t denote the consumption tax,

labor tax, and capital tax rates, respectively. The budget constraint of households is

(1 + τc
t )ct + xt + bt ≤ (1 − τn

t )wtnt + (1 − τk
t )(dt − δ)kt−1 + δkt−1 + Rb

t bt + st + mt,

where ct denotes consumption, δ the depreciation rate of capital, and xt investment. The

capital stock evolves according to the following equation.

kt = (1 − δ)kt−1 + xt.

The firms are perfectly competitive. Their production function is

yt = ξ
tkθt−1n1−θ

t ,

where ξ denotes the technology growth rate and θ the capital share of production. The

profit maximization problem implies

wt = (1 − θ) yt

nt
and

dt = θ
yt

kt−1
.

The government budget constraint is

gt + st + Rb
t bt−1 ≤ bt + Tt,

where gt denotes government consumption. The total tax revenue Tt is defined as

Tt = τ
c
t ct + τ

n
t wtnt + τ

k
t (dt − δ)kt−1.
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The resource constraint of this economy is

yt = ct + xt + gt − mt.

The KPR utility function for this dynamic economy is

UKPR =

∞∑
t=0

βt

[
1

1 − η

{
c1−η

t

[
1 − κ(1 − η)n1+λ

t

]η
− 1

}
+ v(gt)

]
,

where v(·) is an increasing function. The additively separable utility function is

UAS =

∞∑
t=0

βt

c1−η
t − 1
1 − η − κψ

t(1−η)n1+λ
t + v(gt)

 .
The preference over labor supply shifts with the level of technology, ψt(1−η), to guarantee

the existence of a balanced growth path, as utilized by Erceg, Guerrieri, and Gust (2006).

The GHH utility function is

UGHH =

∞∑
t=0

βt

[
1

1 − η̄

{(
ct − κψtn1+λ

t

)1−η̄
− 1

}
+ v(gt)

]
.

The preference shift parameter for the balanced growth path is ψt(1−η) in this case.

The tax revenue curve for consumption tax is given by the relationship between the

tax revenue and The tax rate on the balanced growth path. With regard to the use of tax

revenue, the following two schemes are considered.

Definition A. 7. Scheme (3): Government bond, b, grows at the balanced growth rate

and g/y is constant. The other changes in tax revenue are adjusted by a lump-sum

transfer to households.

s = T − (Rb − 1)b − g, g/y = ϕgy

Definition A. 8. Scheme (4): b/y and s/y are constant. The other changes in tax revenue

are adjusted by government consumption.

g = T − (Rb − 1)b − s, s/y = ϕsy, b/y = ϕby

Assumption A. 1. The ratio of net imports to GDP, m/y, is constant.
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B.2 Equilibrium system of the dynamic model

The equilibrium system of the dynamic model is

(1 + τc
t )λt = u1(ct, nt),

λt(1 − τn
t )wt = −u2(ct, nt),

λt = βEt

{
λt+1

[
(1 − δ) + (1 − τk

t+1)(dt+1 − δ) + δ
]}
,

λt = βEt

[
λt+1Rb

t+1

]
,

kt = (1 − δ)kt−1 + xt,

yt = ξ
t [kt−1]θ n1−θ

t ,

wt = (1 − θ) yt

nt
,

dt = θ
yt

kt−1
,

yt = ct + xt + gt − mt,

Tt = τ
c
t ct + τ

n
t wtnt + τ

k
t (dt − δ)kt−1,

where, if the utility function is KPR UKPR, marginal utility is defined as

Uc(ct, nt) ≡ (ct)−η
[
1 − κ(1 − η)n1+λ

t

]η
,

Un(ct, nt) ≡ −η (1 + λ)
{
(ct)1−η

[
1 − κ(1 − η)n1+λ

t

]η−1
κnλt

}
if the utility function is additively separable UAS , by

Uc(ct, nt) ≡ (ct)−η,

Un(ct, nt) ≡ −κψt(1−η)(1 + λ)nλt

and if the utility function is GHH UGHH, by

Uc(ct, nt) ≡ (ct − κψtn1+λ
t )−η̄,

Un(ct, nt) ≡ −κψt(1 + λ)nλt (ct − ψtκn1+λ
t )−η̄.
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The detrended equilibrium system is

(1 + τc
t )λ̃t = u1(c̃t, nt),

λ̃t(1 − τn
t )w̃t = −u2(c̃t, nt),

λ̃t = βψ
−ηEt

{
λ̃t+1

[
(1 − δ) + (1 − τk

t+1)(dt+1 − δ) + δ
]}
,

λ̃t = βψ
−ηEt

[
λ̃t+1Rb

t+1

]
,

ψk̃t = (1 − δ)k̃t−1 + x̃t,

ỹt =
[
k̃t−1

]θ
n1−θ

t ,

w̃t = (1 − θ) ỹt

nt
,

dt = θ
ỹt

k̃t−1
.

ỹt = c̃t + x̃t + g̃t − m̃t,

T̃t = τ
c
t c̃t + τ

n
t w̃tnt + τ

k
t (dt − δ)k̃t−1.

On the balanced growth path, the system becomes

(1 + τc)λ̃ = u1(c̃, n),

λ̃(1 − τn)w̃ = −u2(c̃, n),

1 = βψ−η
[
(1 − δ) + (1 − τk)(d − δ) + δ

]
,

1 = βψ−ηRb,

ψk̃ = (1 − δ)k̃ + x̃,

ỹ =
[
k̃
]θ

n1−θ,

w̃ = (1 − θ) ỹ
n
,

d = θ
ỹ
k̃
.

ỹ = c̃ + x̃ + g̃ − m̃t,

T̃ = τc
t c̃ + τ

nw̃n + τk(d − δ)k̃.
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Scheme (3): Changes in tax revenue are adjusted by a lump-sum transfer: Under

Scheme (3), g̃/ỹ = ϕg and m̃/ỹ = ϕm are constant. Then, the balanced growth path values

are obtained by

Rb =
ψη

β
,

d =
1

1 − τk

[
Rb − 1 + δ

]
,

k̃
ỹ
=
θ

d
,

x̃
ỹ
=

[
ψ − (1 − δ)] k̃

ỹ
,

c̃
ỹ
= 1 − x̃

ỹ
− g̃

ỹ
+

m̃
ỹ
,

n
ỹ
=

[ ỹ
k̃

]θ/(1−θ)
,

w̃ = (1 − θ) ỹ
ñ
,

From this system, the following lemma and corollary are obtained from the balanced

growth path equilibrium system.

Lemma A. 1. On the balanced growth path, the dividend (d), capital–output ratio

(k/y = k̃/ỹ), investment–output ratio (x/y = x̃/ỹ), consumption–output ratio (c/y = c̃/ỹ),

and labor–output ratio (n/ỹ) are independent from the consumption tax rate (τc).

Remark A. 3. The elasticity of consumption with respect to the consumption tax rate

equals that of output: ∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ = ∣∣∣∣∣ dỹ/ỹ
dτc/τc

∣∣∣∣∣ .
Scheme (4): Changes in tax revenue are adjusted by government consumption:

By the budget constraint, the following is obtained:

T̃ = τcc̃ + τnw̃n + τk(d − δ)k̃.
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Dividing by ỹ yields

g̃
ỹ
+

s̃
ỹ
+ (Rb − 1)

b̃
ỹ
= τc c̃

ỹ
+ τnw̃

ñ
ỹ
+ τk(d − δ) k̃

ỹ

Since n/ỹ and k̃/ỹ are independent from τc,

g̃
ỹ
= τc c̃

ỹ
+ constant.

The resource constraint can be rewritten as

c + i + g − m = y

⇐⇒ c̃
ỹ
+

ĩ
ỹ
+ τc c̃

ỹ
+ const − m̃

ỹ
= 1.

Since ĩ/ỹ and m̃/ỹ is independent from τc, it follows that

(1 + τc)
c̃
ỹ
= constant.

Therefore, the following lemma holds.

Lemma A. 2. (1 + τc)c̃/ỹ is independent from τc

By Lemma A.2, the following is obtained.

Remark A. 4. The elasticity of consumption with respect to the consumption tax rate

equals that of y/(1 + τc): ∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ =
∣∣∣∣∣∣d(1 + τc)−1ỹ/(1 + τc)−1ỹ

dτc/τc

∣∣∣∣∣∣
B.3 Consumption tax revenue curve in the dynamic model

In the main text, the total tax revenue curve is investigated as the tax revenue curve.

Here, the results for the consumption tax revenue curve are shown.
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B.3.1 Scheme (3): Changes in tax revenue are adjusted by a lump-sum transfer

Propositions A.19, A.20, and A.21 refer to the consumption tax revenue curve under

Scheme (3) in the dynamic economy.

Proposition A. 19. Suppose that the utility function is KPR, UKPR. The consumption tax

revenue curve for consumption tax under Scheme (3) is monotonically increasing. The

consumption tax revenue is unbounded except for λ = 0.

Proof. The optimization condition for the consumption–labor choice,

η (1 + λ)
{

κc̃nλ

1 − κ(1 − η)n1+λ

}
=

1 − τn

1 + τc (1 − θ) ỹ
h
,

yields

ỹ =
( ỹ
n

)
(κ)−1/(1+λ)

[
(1 − η) +

1
1 − θ

(
c̃
ỹ

)
η(1 + λ)

1 + τc

1 − τn

]−1/(1+λ)

.

Since ỹ > 0 for τc ≥ 0,

(1 − η) +
1

1 − θ

(
c̃
ỹ

)
η(1 + λ)

1
1 − τn > 0.

By Remark A.3, it follows that

dc̃/c̃
dτc/τc =

dỹ/ỹ
dτc/τc = −

1
1−θ

(
c̃
ỹ

)
η τc

1−τn

(1 − η) + 1
1−θ

(
c̃
ỹ

)
η
(

1+τc

1−τn

)
(1 + λ)

.

Letting

Ψ = (1 − η) +
1

1 − θ

(
c̃
ỹ

)
η

(
1 + τc

1 − τn

)
(1 + λ) > 0,

it follows that∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ − 1 = − 1
Ψ

{
(1 − η) +

1
1 − θ

(
c̃
ỹ

)
η(1 + λ)

1
1 − τn +

1
1 − θ

(
c̃
ỹ

)
η

τc

1 − τnλ

}
≤ 0.
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The consumption tax revenue is unbounded if λ > 0, since
∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣ > 0. In the case of

λ = 0, the consumption tax revenue is given by

τcc̃ = ϕτcỹ

=

( ỹ
n

)
(κ)−1

[
(1 − η) +

1
1 − θ

(
c̃
ỹ

)
η

1 + τc

1 − τn

]−1

τc

=

( ỹ
n

)
(κ)−1

[
1 − η
τc +

1
1 − θ

(
c̃
ỹ

)
η

1 + τc

τc

1
1 − τn

]−1

,

where ϕ = c/y. This converges to
(

ỹ
n

)
(κ)−1

[
1

1−θ

(
c̃
ỹ

)
η 1

1−τn

]−1
. □

Proposition A. 20. Suppose that the utility function is additively separable; UAS . The

consumption tax revenue curve for consumption tax under Scheme (3) is hump shaped

if and only if η + λ < 1, and the revenue is maximized at τc =
η+λ

1−η−λ . Otherwise, the

consumption tax revenue curve for consumption tax is monotonically increasing. The

consumption tax revenue is bounded if and only if η+λ ≤ 1. Otherwise, it is unbounded.

Proof. By the optimization condition for the consumption–labor choice,

κ(1 + λ)c̃ηnλ =
1 − τn

1 + τc w̃,

it follows that

ỹ = (1 + τc)−1/(η+λ)

 1 − θ
κ(1 + λ)

(1 − τn)
(
c̃
ỹ

)−η (n
ỹ

)−1−λ1/(η+λ)

.

By Remark A.3, it follows that

dc̃/c̃
dτc/τc =

dỹ/ỹ
dτc/τc = −

1
η + λ

· τc

1 + τc .

Then, ∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ − 1 =
1

η + λ
· 1

1 + τc

{
(1 − η − λ)τc − (η + λ)

}
.
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Suppose η + λ = 1. In this case,
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ − 1 < 0.

Suppose η + λ , 1. In this case,∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ − 1 =
1 − η − λ
η + λ

· 1
1 + τc

{
τc − η + λ

1 − η − λ

}
.

If η + λ ≥ 1, then
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ ≤ 1 for τc ≥ 0.

If η + λ < 1, then
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ ≤ 1 for τc ≤ (η + λ)/(1 − η − λ), and
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ > 1 for

τc > (η + λ)/(1 − η − λ).

By the elasticity of consumption, it is obvious that the consumption tax revenue is

bounded if η + λ < 1 and unbounded if η + λ > 1. In the case of η + λ = 1, the

consumption tax revenue is

τcc̃ = ϕτcỹ

= ϕ
τc

1 + τc

 1 − θ
κ(1 + λ)

(1 − τn)
(
c̃
ỹ

)−η (n
ỹ

)−1−λ .
where ϕ = c/y. This converges to ϕ

[
1−θ
κ(1+λ) (1 − τn)

(
c̃
ỹ

)−η ( n
ỹ

)−1−λ]
as τc → ∞. □

Proposition A. 21. Suppose that the utility function is additively separable, UGHH. The

consumption tax revenue curve for consumption tax under Scheme (3) is hump shaped if

and only if λ < 1, and the revenue is maximized at τc = λ
1−λ . Otherwise, the consumption

tax revenue curve for consumption tax is monotonically increasing. The consumption tax

revenue is bounded if and only if λ ≤ 1. Otherwise, it is unbounded.

Proof. By the optimization condition for the consumption–labor choice,

κ(1 + λ)nλ =
1 − τn

1 + τc w̃,

it follows that

ỹ = (1 + τc)−1/λ

 1 − θ
κ(1 + λ)

(1 − τn)
(
n
ỹ

)−1−λ1/λ

.
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By Remark A.3, it follows that

dc̃/c̃
dτc/τc =

dỹ/ỹ
dτc/τc = −

1
λ
· τc

1 + τc .

Then, ∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ − 1 =
1
λ
· 1

1 + τc

{
(1 − λ)τc − λ

}
.

Suppose λ = 1. In this case,
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ − 1 < 0.

Suppose λ , 1. In this case,∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ − 1 =
1 − λ
λ
· 1

1 + τc

{
τc − λ

1 − λ

}
.

If λ ≥ 1, then
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ ≤ 1 for τc ≥ 0.

If λ < 1, then
∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ < 1 for τc ≤ λ/(1 − λ),∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ = 1 for τc = λ/(1 − λ), and∣∣∣ dc̃/c̃
dτc/τc

∣∣∣ > 1 for τc > λ/(1 − λ).

By the elasticity of consumption, it is obvious that the consumption tax revenue is

bounded if η + λ < 1 and unbounded if λ > 1. In the case of

lambda = 1, the consumption tax revenue is

τcc̃ = ϕτcỹ

= ϕ
τc

1 + τc

 1 − θ
κ(1 + λ)

(1 − τn)
(
n
ỹ

)−1−λ1/λ

.

where ϕ = c/y. This converges to ϕ
[

1−θ
κ(1+λ) (1 − τn)

(
n
ỹ

)−1−λ]1/λ
as τc → ∞. □

Note that these propositions are the same as Propositions 1, 2, and 3 in the main

text, while the dynamic economy has a far richer structure (capital, investment, debt

evolution, etc.) than the static economy does.
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B.3.2 Scheme (4): Changes in tax revenue are adjusted by government consump-

tion

Proposition A. 22. Suppose that the utility function is KPR, UKPR. The consumption tax

revenue curve for consumption tax under Scheme (4) is monotonically increasing. The

consumption tax revenue is bounded.

Proof. By the consumption–labor choice condition, ỹ is obtained

η (1 + λ)
{

κc̃nλ

1 − κ(1 − η)n1+λ

}
=

1 − τn

1 + τc (1 − θ) ỹ
h

⇐⇒ η (1 + λ)

 κ
(

c̃
ỹ

) (
n
ỹ

)λ
ỹ−1−λ − κ(1 − η)

(
n
ỹ

)1+λ

 = 1 − τn

1 + τc (1 − θ) ỹ
n

⇐⇒ ỹ =
( ỹ
n

)
(κ)−1/(1+λ)

[
(1 − η) +

1
1 − θ

(
(1 + τc)

c̃
ỹ

)
η(1 + λ)

1
1 − τn

]−1/(1+λ)

.

Then, ỹ is independent from τc.

By Remark A.4, the elasticity of (1 + τc)−1ỹ is considered. Since

(1 + τc)−1ỹ = (1 + τc)−1
( ỹ
n

)
(κ)−1/(1+λ)

[
(1 − η) +

1
1 − θ

(
(1 + τc)

c̃
ỹ

)
η(1 + λ)

1
1 − τn

]−1/(1+λ)

,

it follows that

dc̃/c̃
dτc/τc =

d(1 + τc)−1ỹ/(1 + τc)−1ỹ
dτc/τc

= − τc

1 + τc .∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ is monotonically increasing in τc. If τc = 0, then
∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ = 0. As τc → ∞,∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣→ 1. Therefore, the consumption tax revenue curve is monotonically increasing.

The boundedness is shown as follows. Let (1 + τc)c̃/ỹ = ϕ; then,

τcc̃ = τcϕỹ(1 + τc)−1

= ϕ
τc

1 + τc

( ỹ
n

)
(κ)−1/(1+λ)

[
(1 − η) +

1
1 − θ

(
(1 + τc)

c̃
ỹ

)
η(1 + λ)

1
1 − τn

]−1/(1+λ)

.
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As τc → ∞, it converges to ϕ
(

ỹ
n

)
(κ)−1/(1+λ)

[
(1 − η) + 1

1−θ

(
(1 + τc) c̃

ỹ

)
η(1 + λ) 1

1−τn

]−1/(1+λ)
.

□

Proposition A. 23. Suppose that the utility function is additively separable, UAS . The

consumption tax revenue curve for consumption tax under Scheme (4) is hump shaped if

and only if η < 1, and the revenue is maximized at τc =
η+λ

1−η . Otherwise, the consumption

tax revenue curve for consumption tax is monotonically increasing. The consumption

tax revenue is bounded if and only if η ≤ 1. Otherwise, it is unbounded.

Proof. By the consumption–labor choice condition,

κ(1 + λ)c̃ηnλ =
1 − τn

1 + τc w̃

⇐⇒ κ(1 + λ)ỹη+λ
(
c̃
ỹ

)η (n
ỹ

)λ
=

1 − τn

1 + τc (1 − θ) ỹ
n

⇐⇒ ỹ = (1 + τc)−(1−η)/(η+λ)

 1 − θ
κ(1 + λ)

(1 − τn)
(
(1 + τc)

c̃
ỹ

)−η (n
ỹ

)−1−λ1/(η+λ)

.

By Remark A.4, the elasticity of (1 + τc)ỹ is considered. Since

(1 + τc)−1ỹ = (1 + τc)−(1+λ)/(η+λ)

 1 − θ
κ(1 + λ)

(1 − τn)
(
(1 + τc)

c̃
ỹ

)−η (n
ỹ

)−1−λ1/(η+λ)

,

it follows that

dc̃/c̃
dτc/τc =

d(1 + τc)−1ỹ/(1 + τc)−1ỹ
dτc/τc

= −1 + λ
η + λ

· τc

1 + τc .∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ is monotonically increasing in τc. If τc = 0, then
∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ = 0. If τc → ∞, then∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ → (1 + λ)/(η + λ). Therefore, a necessary and sufficient condition for a hump-

shaped consumption tax revenue curve is η < 1. The peak tax rate is

τc
max =

η + λ

1 − η .
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By the elasticity of consumption, it is obvious that the tax revenue is bounded if

η < 1 and unbounded if η > 1. Suppose η = 1. Letting (1 + τc)c̃/ỹ = ϕ, the following is

obtained:

τcc̃ = τcϕỹ(1 + τc)−1

= ϕ
τc

1 + τc

 1 − θ
κ(1 + λ)

(1 − τn)
(
(1 + τc)

c̃
ỹ

)−1 (
n
ỹ

)−1−λ1/(1+λ)

.

As τc → ∞, it converges to ϕ
[

1−θ
κ(1+λ) (1 − τn)

(
(1 + τc) c̃

ỹ

)−1 (
n
ỹ

)−1−λ]1/(1+λ)
.

□

Proposition A. 24. Suppose that the utility function is additively separable, UGHH. The

consumption tax revenue curve for consumption tax under Scheme (4) is hump shaped,

and the revenue is maximized at τc = λ. The consumption tax revenue is bounded.

Proof. By the consumption–labor choice condition,

κ(1 + λ)nλ =
1 − τn

1 + τc w̃

⇐⇒ κ(1 + λ)ỹλ
(
n
ỹ

)λ
=

1 − τn

1 + τc (1 − θ) ỹ
n

⇐⇒ ỹ = (1 + τc)−1/λ

 1 − θ
κ(1 + λ)

(1 − τn)
(
n
ỹ

)−1−λ1/λ

.

By Remark A.4, the elasticity of (1 + τc)ỹ is considered. Since

(1 + τc)−1ỹ = (1 + τc)−(1+λ)/λ

 1 − θ
κ(1 + λ)

(1 − τn)
(
n
ỹ

)−1−λ1/λ

,

it follows that

dc̃/c̃
dτc/τc =

d(1 + τc)−1ỹ/(1 + τc)−1ỹ
dτc/τc

= −1 + λ
λ
· τc

1 + τc .
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∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ is monotonically increasing in τc. If τc = 0, then
∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣ = 0. If τc → ∞, then∣∣∣∣∣ dc̃/c̃
dτc/τc

∣∣∣∣∣→ (1 + λ)/λ > 1. Therefore, the consumption tax revenue curve is hump shaped.

The peak tax rate is

τc
max = λ.

It is obvious that the tax revenue is bounded.

□

These propositions are the same as Propositions 4, 5, and 6 in the main text, which

concern the consumption tax revenue curve in the static economy.
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