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A Static economy

A.1 Static model with consumption and labor income taxes

Representative households supply labor n to firms and earn wage rate w. They also
receive government transfers s. Let 7 and 7" denote consumption and labor income

taxes, respectively. The budget constraint of households is
1+71)ec<d-=1Ywn+s,

where ¢ denotes consumption.

The firms are perfectly competitive. Their production function is

y=n,

where y denotes output.

The government budget constraint is
s+g=T,
where g is government consumption. Total tax revenue 7 is defined as
T =7+ 1"wn.
Since there is no investment, the resource constraint of this closed economy is
y=c+g.

Three types of utility functions are considered.

UKPR = ! {1’7[1—K(1 n)nl”]”—l}.

1-7n
1-n _ 1
UAS :C —antt
-7
GG 1 1+/1 -
:ﬁ]{ c—Kn —1}.
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A.2 Total tax revenue curve for consumption tax

In the main text, the consumption tax revenue curve is investigated. Here, we investigate
the total tax revenue curve, which also includes labor income tax revenue.

In the case of the total tax revenue curve, fiscal policy schemes are the following.
Definition A. 1. Scheme (1’): Tax revenue is used as a lump-sum transfer to households.
s =7+ m'wn, g=0

Definition A. 2. Scheme (2'): Tax revenue is used as government consumption.

g=T1c+1"wn, s=0

A.2.1 Scheme (1’): Tax revenue is used as a lump-sum transfer

Propositions A.1, A.2, and A.3 are the analogues of Propositions 1, 2, and 3 in the main

text.

Proposition A. 1. Suppose that the utility function is KPR; UXPR. The total tax revenue
curve for consumption tax under Scheme (1’) is monotonically increasing. The total tax

revenue curve is unbounded except for A = 0.

Proof. By the optimization condition for the consumption—labor choice,

kent 1-7"
= w
k(1 —n)nt+1 147

1+A4
n( )(1 -
it follows that
_ nz1/(142) [ ¢ n =1/(1+2)
c=(1-7 [Tk (1 + ) + k(nA + 1) = T (1 — )] .
The total tax revenue is

T =71c+7"'wn

=@+ A =TI (1 + ) + k(A + 1) = (1 — n)]_l/(lw .



Then,

dar
dre

= (1 =)D [k (1 + A) + k(A + 1) = (1 — )]+

X [t°nkd + k(nA + 1 = 1")] > 0.

Since the consumption tax revenue is bounded if and only if 4 = 0, as in Proposition 1

in the main text, the total tax revenue is also bounded if and only if 4 = 0. O

Proposition A. 2. Suppose that the utility function is additively separable, U*S. The
total tax revenue curve for consumption tax under Scheme (1') is hump shaped if and
only if ™" < n+ A < 1, and the revenue is maximized at ¢ = %_j Ifn+A<7 <1,
the total tax revenue curve for consumption tax is monotonically decreasing. Otherwise,

the total tax revenue curve for consumption tax is monotonically increasing. The total

tax revenue is bounded if and only if n + A < 1. Otherwise, it is unbounded.

Proof. The optimization condition for the consumption—labor choice,

1-7"
1+ "' = :
K( )cn 2"
indicates that
1+2 g
_ | +r‘)]
-7

The total tax revenue is

T =1c+71"'wn
1

=@ | Enae|
-1

and thus,
L
dT I+4 g I+4 A-1 A-1"
‘:K(+)(1+TC) kd+ D] o (n+ LntA-Th
dre -7 -7 n+A4 n+a4

Suppose that 7+ A = 1; then, 4% > 0.



Suppose that 7 + A # 1; then,

dr

dre¢

)1+ T 1+ D\ a-1\[, p+d-7
(1 +79 P ALk
-1 -1 n+A4 l-n-4

Suppose that  + A > 1; then, % > 0.

Suppose that n + 1 < 1.
dr
dr¢

dr
dr¢

dr
dt¢

C
>0 for7° < T-—,

=0fort¢ = , and
<Ofor7r > +——
Since the consumption tax revenue is bounded if and only if 7 + A < 1, as in Proposition

2, the total tax revenue is also bounded if and only if n + 4 < 1. O

Proposition A. 3. Suppose that the utility function is additively separable, U, The

total tax revenue curve for consumption tax under Scheme (1') is hump shaped if and

only if " < A < 1, and the revenue is maximized at 7° = 11—_3 If A < 1" < 1, the total tax
revenue curve for consumption tax is monotonically decreasing. Otherwise, the total tax
revenue curve for consumption tax is monotonically increasing. The total tax revenue is

bounded if and only if A < 1. Otherwise, it is unbounded.

Proof. The optimization condition for the consumption—labor choice,

n

1 —
k(1 + Dn' = i ,
1 +7¢
indicates that

1
1+4 T2

N CREL TC)]

1 -7

The total tax revenue is

T=1c+71"'wn

=

= (1) [ﬁ(l ¥ TC)]_ ,



and thus,

ar [K(l + 1) C)]‘i‘l (K(l +a))

1+ fA-1 +/l—T”
T T .
dre 1 -1 1—-1n A A
Suppose that A = 1; then, 4L dc > 0.

Suppose that 4 # 1; then,

ar  [«(1+), . k(DN (A-1\[, A-7
= (1”)] (1—Tn)( 1 )[T_ 1—4]'

dre

Suppose that A > 1; then, << > 0.

9 d -C
Suppose that 4 < 1.

dr

art

dT
drc

dT
dre

> 0 for ¢ <

A-1"
=2
/l‘r”

1-a°
/lT"

and

=0 for 7°
<0 for ¢ >
Since the consumption tax revenue is bounded if and only if 4 < 1, as in Proposition 3

of the main text, the total tax revenue is also bounded if and only if 1 < 1. m|

As for the consumption tax revenue curve, the total tax revenue curve for consump-
tion tax is monotonically increasing. in the case of the KPR utility function. In the case
of the additively separable utility function U4, the condition 7 + 1 < 1 is necessary
for a hump-shaped total tax revenue curve for consumption tax. Note that the total tax
revenue curve might be monotonically decreasing if the labor income tax rate is suffi-
ciently high (n+ A < 7). This is interpreted as the case in which there is a negative peak
consumption tax rate that maximizes the total tax revenue (7¢ = '7” s ‘=) of the hump-
shaped total tax revenue curve. In the case of GHH utility, the condmon A < 1isstill
necessary for a hump-shaped tax revenue curve. The total tax revenue curve also might

be monotonically decreasing if the labor income tax rate is sufficiently high (1 < 7"),

since the peak tax rate is negative.



A.2.2 Scheme (2’): Tax revenue is used as government consumption

Under Scheme (2'), since g = 7°c + "wn and n = ¢ + g, the following is obtained:

1+7¢
= C.
1—-1

n

Propositions A.4, A.5, and A.6 are analogues of Propositions 4, 5, and 6 in the main

text.

Proposition A. 4. Suppose that the utility function is KPR, UXPR. The total tax revenue
curve for consumption tax under Scheme (2') is monotonically increasing. The total tax

revenue is bounded.

Proof. By the optimization condition for the consumption—labor choice, the following

is obtained:
c={lnA+ D)+ -l ™ (1 =)A+79)7".

Then,

1+7°
= c
1-1

= {1+ )+ (1 -k} ™

n

This implies that labor supply is independent from both 7¢ and 7”. The total tax revenue

18

T=1c+7"'wn

.

=7c+ 7T {n(1+)+ (1 —-nlk} ™

Therefore, the shape of the total tax revenue curve is the same as that of the consumption
tax revenue curve.
Since the consumption tax revenue is bounded if and only if 4 = 0, as in Proposition 4

in the main text, the total tax revenue is also bounded if and only if 4 = 0. O
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Proposition A. 5. Suppose that the utility function is additively separable, U"S. The

total tax revenue curve for consumption tax under Scheme (2') is hump shaped if and
only if

1+ -A<n<1,
and the revenue is maximized at 7° = (1”);#

Otherwise, the total tax revenue curve is

e monotonically increasing ifn > 1l and (1 + )" —A<n;
o Ushapedifn>1and (1 + )" —-A>n;

e monotonically decreasing ifn =1 and (1 + )" — A >n;
e monotonically increasing ifn =1 and (1 + )" — A <n;
e flatifn=1and (1 + )" — A =n, and

e monotonically decreasing ifn < 1 and (1 + )" - A >n.

The total tax revenue is bounded if and only if n < 1. Otherwise, it is unbounded.
Otherwise, the total tax revenue curve for consumption tax is monotonically increasing.
The total tax revenue is bounded if and only if n + A < 1. Otherwise, it is unbounded.

Proof. The optimization condition for the consumption—labor choice,

_Tn

1
k(1 + Dc'nt = T

2

and n = (1 + 7)/(1 — 7")c indicate that
1 1+1 . 141
c=[k(1+)] ™ (1 —7")ma(l + 7).
The total tax revenue is

T =1c+71"'wn

|76+ T

- I+ 1 (1 ey

_TVZ



and thus,

dT L L oLt 1
— = [k(1 + )] 72 (1 = ") (1 + 7°) 7 X

drc 1-1
-1l . 1+4
i ¢ — T"+1}

n+A4

{ n+A4

Suppose that 7 = 1.

If 7" < 2 then dT/d7¢ > 0.

1+2°

If 7 > X then dT /dt¢ < 0.
If 7" = 2, then dT/d7° = 0.

Suppose that 7 # 1. The following is obtained:

T 1 1+ _mg 1
= [k(1+ D177 (1= )i (1 + 1) X

dre 1 -1
n-1 TC_(1+/1)T”—(77+/1)
n-1 '

n+4

Suppose that > 1.

n o nt+d |d_T
Ifr < lM,then =

> 0.

noo dr| dT e o DT =(+D)
If 7" > 15, then $2| < 0 and 5% > 0 for 7° > T .

Suppose np < 1.
n o ntd dar dr. ¢ o DT+
If 7" < T3, then §Clezo > 0 and g% < 0 for 7¢ > 27220,

n s dr
Ifr > lM,then =g

Finally, the condition 7" < %2 is rewritten as

o n+4
1+A4

— n>{0+)"-A

Since the consumption tax revenue is bounded if and only if < 1, as in Proposition

3 in the main text, the total tax revenue is also bounded if and only if n < 1. O
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Proposition A. 6. Suppose that the utility function is additively separable, U, The
total tax revenue curve for consumption tax under Scheme (2') is hump shaped if and
only if

TV!

1-1n

A>

and the revenue is maximized at ™ = A — (1 + )T". Otherwise, the total tax revenue

curve is monotonically decreasing. The total tax revenue is bounded.

Proof. The optimization condition for the consumption—labor choice,

_Tn

1
1+ )nt =
o n 1 +7

b

andn = (1 + 7)/(1 — 7")c indicate that

1+4

c=[k(1+ )T (1= 1) T (1 +79) T

The total tax revenue is

T=1c+7'wn
1 1 ¢4+
= k(1 + D] T =) R+ Tl il
_Tn
and thus,
dT 1 144 144 1 1 1+A4
=—[k(I+D] T (A -7 (A+79) 7! xq|=[ =1~ "
o= K T () [1_Tn {A]T ( /lT)}

—

1

(Z) (T“=[A-0+ D).

I e ]
1 -1

If - (1+)7" <0, then 4% < 0.
IfA-(+ )7 >0, then

jTTC>0fOI‘TC</1—(1+/l)T",

% =0fort“=1-(1+ AD)7", and

%<0f0rrc>/l—(1+/l)7”.

11



Finally, the condition A — (1 + A)7" > is rewritten as

Tl’l

A> .
1-1

The total tax revenue is also bounded. O

A.3 Alternative fiscal policy schemes

Schemes (1) and (2) consider that all tax revenue is used as a lump-sum transfer or
government consumption. Here, some relaxed versions are investigated. In this sub-
section, for the simplicity of analysis, the labor income tax rate is set to zero, and the
consumption tax revenue curve is the point of focus.

The following two schemes are one of the analogues of Schemes (1) and (2).

Definition A. 3. Scheme (17): The ratio of government consumption to output, g/y,

is constant and positive. The rest of tax revenue is used as a lump-sum transfer to

households.

s=1c—g, 8/ly = ¢gy

Definition A. 4. Scheme (2*): The ratio of lump-sum transfer to output, s/y, is constant

and positive. The rest of tax revenue is used as government consumption.

g =175, s/y = ¢

The following two schemes are other options, and are based on similar assumptions

employed by Trabandt and Uhlig (2011).

Definition A. 5. Scheme (1**): Government consumption, g, is constant and positive.

The rest of tax revenue is used as a lump-sum transfer to households.

s=Tc—g,

oQ
Il
oQ
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Definition A. 6. Scheme (2*): The lump-sum transfer, s, is constant and positive. The

rest of tax revenue is used as government consumption.

Il
i

— C
g="1c—s, s

A.3.1 Scheme (17): g/y is constant and changes in tax revenue are adjusted by a

lump-sum transfer

By the resource constraint,

E+§:1.
y oy

Then, c/y is constant (and independent from 7¢) under Scheme (1*). The following

holds.

Remark A. 1. The elasticity of consumption with respect to the consumption tax rate

equals that of output:

dc/c
dre/t¢

_ |y
dre/re|’

Proposition A.7 is about the case of KPR utility.

Proposition A. 7. Suppose that the utility function is KPR, UX"R. The consumption tax
revenue curve for consumption tax under Scheme (1*) is monotonically increasing. The

consumption tax revenue is unbounded except for 1 = 0.

Proof. The optimization condition for the consumption—labor choice,

77(1"'/1){ kent } 1

T—k(—pn [ T+7<

yields

. —1/(1+0)
y = ()Y [(1 -+ (;) n(1 + )1 +7°)

13



Since ¥ > 0 for ¢ > 0,
c
1-n+ (—)n(l +A)> 0.
y
By Remark A.1, it follows that

dc/c _ dyly __ (g)m-c
drefte drfe (g + (Y + (1 + D)

Letting

‘I’:(l—77)+(§)17(1+TC)(1+/1)>0,

it follows that

dc/c
dre/T¢

—1=—l{(1—n)+(5) (1+/l)+(£)777€/1}s0.
¥ y y

dc/c

—| > 0. In the case of
¢ /T

The consumption tax revenue is unbounded if 4 > 0, since

A = 0, the consumption tax revenue is given by

T°c = ¢1°Yy
S+,

b

1+t

= (k)"0*D [(1 —m)+ (g)n(l + 1)

“1/a
where ¢ = c/y. This converges to (k)~!/(1+ [(1 -n)+ (%) n(1 + /l)] e M).

Proposition A.8 is about the case of additively separable utility.

Proposition A. 8. Suppose that the utility function is additively separable, U"S. The

consumption tax revenue curve for consumption tax under Scheme (1*) is hump shaped

if and only if n + 1 < 1, and the revenue is maximized at ¢ = % Otherwise, the

consumption tax revenue curve for consumption tax is monotonically increasing. The

consumption tax revenue is bounded if and only if n+ A < 1. Otherwise, it is unbounded.

14



Proof. In the case of additively separable utility, the consumption—labor choice condi-

tion is
1+ )"t =
K( )c"n I +TCW
n A
1
= K(1+a)(f) (f) yrt= ——,
v \y 1+7¢
then
1 c -1/ (+A)
— (1 + ) V@+D ¢ ‘
y=+7) K1+ \y
By Remark A.1, it follows that
dc/c _ dyly _ 1 . 7€
dre/t¢  dre/t¢ n+ad 1+71¢
Then,
dc/c 1 1
- 1l=—: 1—-n—-D)1° - +/l}.
dre/t¢ n+4 1+T"{( n=AT =+
Suppose n + A = 1. In this case, d‘i”;; -1<0.

Suppose 7 + 4 # 1. In this case,

dc/c | l-n-4 1 {C n+4 }
—_ = . T _—_— .
dre/t¢ n+a4 1+ I-n-4
Ifn+ 221, then | ;25| < 1 for 2 0.
If 7+ < 1, then |72%| < 1 for* < (p+ /(1 —n - A), and |F2Z| > 1 for

“>Mm+ D/ -n-2).

By the elasticity of consumption, it is obvious that the consumption tax revenue is
bounded if  + 4 < 1 and unbounded if n + 4 > 1. In the case of n + 4 = 1, the

consumption tax revenue is

T'c = ¢ty
< 1 R
=T D y '
, | (M)
where ¢ = c/y. This converges to ¢ [K(IH) (5) ] as ¢ —s oo, g
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Proposition A.9 is about the case of GHH utility.

Proposition A. 9. Suppose that the utility function is additively separable, U™, The

consumption tax revenue curve for consumption tax under Scheme (1*) is hump shaped if

and only if 1 < 1, and the revenue is maximized at 7° = ﬁ Otherwise, the consumption

tax revenue curve for consumption tax is monotonically increasing. The consumption tax

revenue is bounded if and only if A < 1. Otherwise, it is unbounded.

Proof. In the case of additively separable utility, the consumption—labor choice condi-

tion is
k(1 + Dn't = ! w
1+
n\* 1
= K(1+/l)(—) yt= ,
y 1+
then
1 1/4
=(1 + c\—1/4
y=U+or e aT D
By Remark A.1, it follows that
dcfc  dyly 1 7€
drejte  dr¢jrc A 1+71¢
Then,
dc/c 1 1 .
-1=-- 1 -0 - /l}.
dre /T A 1+TC{( 7
Suppose A = 1. In this case, % -1<0.

Suppose A # 1. In this case,

dc/c | 1-4 1 { . A }
—l=-" T ———¢.
dre/te B U 1-21
If 2> 1, then | ;%% | < 1 for 7 > 0.
If A < 1, then | 25| < 1 for 7 < /(1 = ), and | 255 | > 1 for ¢ > A/(1 = ).
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By the elasticity of consumption, it is obvious that the consumption tax revenue is
bounded if 4 < 1 and unbounded if 4 > 1. In the case of 4 = 1, the consumption

tax revenue is

T'c = g1y
_ ¢ TC 1 1/+/l
T+ k(1 + Q)
. L
where ¢ = c¢/y. This converges to ¢ [m] as 7° — oo. O

Note that Propositions A.7, A.8, and A.9 are the exactly same as Propositions 1, 2,

and 3 in the main text. Therefore, Scheme (1%) is a natural extension of Scheme (1).

A.3.2 Scheme (2%): s/y is constant and changes in tax revenue are adjusted by

government consumption

By the government budget constraint, it follows that

K .C
y y y
Since s/y is constant,
c
g _ 7°— — constant.
y y
The resource constraint is
c
-+ ‘g =1
y 'y
c Ne
— -+ 7°— — constant = 1,
y y

and then,
o C
(1 + 7% - = constant.
y

Therefore, the following remark holds.
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Remark A. 2. The elasticity of consumption with respect to consumption tax rate equals

that of y/(1 + 7):

defc | d(1 +79)7ly/(1 + 197y
drejre| dre/te

Proposition A. 10. Suppose that the utility function is KPR, UXPR. The consumption tax

revenue curve for consumption tax under Scheme (2*) is monotonically increasing. The

consumption tax revenue is bounded.

Proof. By the consumption—labor choice condition, y is obtained

kent 1
nl+ /l){l ~i( —n)nl”} T Tir
«(5) () 1

S P A

— n(l+2A4)

c —1/(1+2)
= y = (k)Y [(1 -+ ((1 + Tc);) n(l+2)

Then, y is independent from 7¢.

By Remark A .2, the elasticity of (1 + 7)~'y is considered. Since
—1/(1+2)

b

(1+7) 7y =1 +7)" () /M [(1 -+ ((1 + TC)E) n(1+ )1 +79

it follows that
defcd1+7)y/(A+71)y

dre/t¢ B dre/t¢
TC
o1+
dc/c | : . . . . c c _ dc/c _ c
+i| 18 monotonically increasing in 7. If 7° = 0, then |;Z7=| = 0. As 7° — oo,
¢ /T dre /T
dc/c

— 1. Therefore, the consumption tax revenue curve is monotonically increasing.

dre /¢

The boundedness is shown as follows. Letting (1 + 7°)c/y = ¢ yields

7°c = °¢y(1 + )"
e ~1/(1+2)
I+

=¢ ()~ [(1 -+ ((1 + Tc)g) n(1+ )1 +71)

18



. . 113+
As 7 — oo, it converges to ()1 [(1 =) + (1 + 7)) g1+ H(A +79)] "

O

Proposition A. 11. Suppose that the utility function is additively separable, U*S. The
consumption tax revenue curve for consumption tax under Scheme (2*) is hump shaped if
and only if n < 1, and the revenue is maximized at ¢ = % Otherwise, the consumption
tax revenue curve for consumption tax is monotonically increasing. The consumption

tax revenue is unbounded if and only if n < 1. Otherwise, it is unbounded.

Proof. By the consumption—labor choice condition,

k(1 + Dcnt =

1+7c
n A
1
— K(1+/1)yn+/l(£) (9) =
v/ \y 1+7c
1 A\ (n 1271/ (m+)
= y=1+7r)y " 11 +19)-| (=
k(1+A4) y y

By Remark A.2, the elasticity of (1 + 7)y is considered. Since

! —q 1@
—((1 +TC)5) ] :
y

1+ 79y = (1 + 6)" /D
(1+7)"y=>0+79 PE)

it follows that

defcd1+7)y/(A+719)y

drejtc dre /T
o l+a T
n+ad 1+7¢
ddf/ ¢ | is monotonically increasing in 7°. If 7¢ = 0, then |-2</<| = 0. If 7° — oo, then
¢ /T dre/t
d‘ifﬁc — (1 + A)/(n + A). Therefore, a necessary and sufficient condition for a hump-

shaped consumption tax revenue curve is 7 < 1. The peak tax rate is

. _17+/l

T = .
max l_n

19



By the elasticity of consumption, it is obvious that the tax revenue is bounded if

n < 1 and unbounded if > 1. Suppose n = 1. Letting (1 + 7°)c/y = ¢ yields
°c = °gy(1 + )"

1 K%
K(1+/1)((1+T)§) ]

_1]1/(1+/l)

. 1/(1+.2)

-
1+7c

=¢

As 7 — oo, it converges to ¢

e (4 75)

O

Proposition A. 12. Suppose that the utility function is GHH, U The consumption
tax revenue curve for consumption tax under Scheme (2*) is hump shaped if and only
if n < 1, and the revenue is maximized at 7° = %71 Otherwise, the consumption tax
revenue curve for consumption tax is monotonically increasing. The consumption tax

revenue is unbounded if and only if n < 1. Otherwise, it is unbounded.

Proof. By the consumption—labor choice condition,

1
1+ )nt =
o n 1+7c

T

= y=(+7) Lz o
k(1+)\y

By Remark A.2, the elasticity of (1 + 7)y is considered. Since

A
— K(1+/l)y/l(§)_ !

1/a

1 1/
14+ 7Yy = (1 4 9)-(+D/ _
I+ y=0+719) e

it follows that

defc d(1+ )7 ly/(1 +19)7 1y

drjr - =
B 1+4 T°
B A 1+7

20



dc/c de/c

—=1 = 0. If 7° — oo, then

is monotonically increasing in 7¢. If 7° = 0, then

dr¢ /¢ dr¢ /¢
d‘ifﬁc — (1 + 1)/ A. Therefore, the tax revenue curve is hump shaped. The peak tax rate

is

The tax revenue is bounded.

A.3.3 Scheme (1"*): government consumption g is constant and changes in tax

revenue are adjusted by a lump-sum transfer

In the case of KPR utility, the consumption tax revenue curve is monotonically increas-

ing, but tax revenue is bounded under Scheme (1), as in the following proposition.

Proposition A. 13. Suppose that the utility function is KPR, UX"R. The consumption
tax revenue curve for consumption tax under Scheme (1**) is monotonically increasing.

The consumption tax revenue is bounded.

Proof. By the production function and the resource constraint, it follows that
y=n=c+g.

Then, the consumption—labor choice condition is

1+ ) kent B 1
7 I—xk(I—mpn™1 T+
ke(e + g)t 1
=  pl+d ZA—
1 —k(1=n)(c+ 9 1+
1 —«(1 - +g)t*
— n(l + Dke(e + g)’l = K e +8)

1+ ¢
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Taking the total derivatives yields

n(1+ Dk |(c+ g)ﬂd—c. + dc(c + )" dc‘
dre dr¢
(1+ 7)1+ Dkl = m)c + QML + [1 — k(1 —m)(c + &)'*]
T (1 +71)2 '
dc

— (1 + 7931 + Dk(c + 9 [(c + g) + Ac]

dr¢
‘ d
= -1 +70 + V(1 = n)(c + g)ﬁd—:c —[1 = k(1 =m(c+ "

By the consumption—labor choice condition, it follows that

1 —«(1 =m)(c+ )" =1+ 11 + Dke(c + ).

Then, the following holds

(1 + 792701 + V(e + g¥' " [(c + g) + Ac] j:c

= —(1+ 7)1 + V(1 —n)(c + g)’I% — (1 + (1 + Dke(c + g)*
= Al g+ 5o = (- ne+ e~ ne(c + g)
= {0+ )mc+g+A]+1 —n)(C+g)}% = —nc(c+g)

dc ne(c +g)

= =— .
dte (IT+71m[c+g +Ac]+(A =n)c+g)

The elasticity of consumption is given by

defc | nt‘(c+ g)
drejtel (1 +19m[(c+g) + Ac] + (1 —p)(c + g)
_ nt(c+g)
(e +g) +Tnlc+ g) + (1 +1)nde + (¢ + g) —nic + 8)
nt(c+g)

B ™nic+g)+ ({1 +1)ndc+ (c+g)
1 1+ A |
+ .
nte T c+g
1 1+7€ A
+ .
nre ¢ 1+¢g/c

1+

-1
1+
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dc/c
dr¢ /¢

dc/c
dre/t¢

dc/c
dr¢ /¢

is increasing in 7¢. If ¢ = 0, then =0. If 7° — oo, then — 1, since

c— 0.
Therefore, the consumption tax revenue curve is monotonically increasing.

¢ — 0 as 7 — oo, which is proved as follows. Since the elasticity of consumption is
negative, as 7¢ — oo, ¢ converges to a non-negative value a > 0. By the consumption—
labor choice condition, it follows that

L —k(1 —n(c+g'™

n(1 + Dke(c + @)t = T3 <

1=k =nc+ '
T U+ + Dxc + 9t

The left-hand side of this equation converges to a as 7° — oo, and the right-hand side
converges to zero. Therefore, c — 0.
The consumption tax revenue is given by

. 1 —x(1=n)(c+g)'™t ¢
T°c = .
n(l+Dx(c+ gt 1+71°

1-k(1-n)g'*™1

c .
As ¢ — oo, consumption tax revenue converges to T+ kgt

O

The result of Proposition A.13 is consistent with the result of Trabandt and Uhlig
(2011). They report that the slope of the tax revenue curve for consumption tax con-
verges to zero as 7° — oo by numerical simulation under a similar fiscal policy scheme

(although their model is dynamic).

Proposition A. 14. Suppose that the utility function is additively separable, U%. The
consumption tax revenue curve for consumption tax under Scheme (1**) is hump shaped
if and only if n < 1. Otherwise, the consumption tax revenue curve for consumption
tax is monotonically increasing. The consumption tax revenue is bounded if and only if

n < 1. Otherwise, it is unbounded.
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Proof. By the resource constraint and the production function, it follows that

y=n=c+g.

In the case of additively separable utility, the consumption—labor choice condition is

k(1 + D)t = T TCW

= k(1 +DNc+g'=
1+t

Taking the total derivatives yields

dc -1 -1 1- 1-2 -1 1
=—k (1+24 T(c+ +g)+Ac] ——.
By the consumption—labor choice condition, it follows that
¢ =k(1+D(c+g)'A+719,
and then,
dc ) -1 1
=—clc+g)(l+1° +g)+4 —
c+g 1
=—c . .
nc+g+Ac 1+
The elasticity of consumption is
de/c | c+g « T°
drejtc|l nplc+g) +Ac” 1+1¢
1 T°
= — X
n+ /lcjr—g I +7°
1 7€
= — X -
n+ /11+g/c 1+
dcjc | 2 . . c c _ dcfc | _ c dc/c | _
|5 /T[.l is increasing in 7. If 7° = 0, then |- /Tcl = 0. If 7° — oo, then |- /T(.l =1/n,

since ¢ — 0. Therefore, n < 1 is a necessary and sufficient condition for a hump-shaped

consumption tax revenue curve.
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¢ — 0as ° — oo, which is proved as follows. Since % < 0, ¢ converges to a

non-negative value a > 0. By the consumption—labor choice condition, it follows that
¢ = [&k(1+ D]+ )1 + )7,

The left-hand side converges to a, and the right-hand side converges to zero. Therefore,
c— 0.

By the elasticity of consumption, it is obvious that the consumption tax revenue is
bounded if n < 1, and unbounded if 7 > 1. Suppose n = 1. The consumption tax revenue
is given by

,.[.C

c= k(1 + )] (c+g)™! el

This converges to [k(1 + 2)]'g™ as ° — 0.

O

Note that the condition for a hump-shaped consumption tax revenue curve is g < 1,
not 7 + A < 1, under Scheme (1**). This is because g/y increases as 7¢ increases, and

represents downward pressure on consumption (negative income effect).

Proposition A. 15. Suppose that the utility function is additively separable, U The
consumption tax revenue curve for consumption tax under Scheme (1**) is hump shaped.

The consumption tax revenue is bounded.

Proof. By the resource constraint and the production function, it follows that
y=n=c+g.
In the case of additively separable utility, the consumption—labor choice condition is

k(1 + Dt =

w
1+7c

= k(1 +Dc+g'=

1+

25



Taking the total derivatives yields

dc

=k 'A+ D) A+ )
dre

— <0
(1 +79)2

By the consumption—labor choice condition, it follows that

k(1 + D+ +719) =1,

and then,
de  Ac+g)
dre 1+t
The elasticity of consumption is
defc |  Alc+g) y T°¢
drejte| c 1+
= A1+ g/c) X

1+7¢

dc/c
dr¢ /¢

| dc/c

pry —| is increasing in 7, since jTCC <0.If ° =0, then |

| = 0. Because g/c > 0, it is

dc/c
dr¢ /¢

obvious that | | > 1 for sufficiently high 7¢. Therefore, the consumption tax revenue

curve is hump shaped.

A.3.4 Scheme (2°*): Transfer s is constant and changes in tax revenue are ad-

justed by government consumption

Proposition A. 16. Suppose that the utility function is KPR, UX"R. The consumption
tax revenue curve for consumption tax under Scheme (2**) is monotonically increasing.

The consumption tax revenue is bounded.

Proof. By the government budget constraint, it follows that

yv=n=c+g=(10+71)c-s.
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By the consumption—labor choice condition, the following is obtained:

(1+2) ken? 1
7 -« - T+t
ke[(1 + 1) ¢ = s]* 1

= n(l+2)

1—k(1 =1 +71)c -5 1+71°
A =k =1 + 7% - 5"
B 1+t '

— n(1 + Dxe[(1 + 7°)c — 5]

Taking the total derivatives yields

n(1 + D« ﬁ[(l + 7 = s]* + cA[(1 + ) — s e + (1 + 79 dc‘]]
dre dre
(1 + 7)1 = )1 + D[(1 + 1) — s c+ (1 + T")L%CC] - {1 — k(1 =m[1 +71°)c— s)]l”}

(1 + 792

= (1 +7°°n(1 + Dk

ﬁ[(l +7¢ — st + cA[(1 + )¢ — s e + (1 + 79 dc ]]
dre dre

dc
dre¢

= —(1 + k(1 = )1 + D[ + 1) = s]'[c + (1 + T9)—]

~{1 =k = + 79 = 91"

dre dr
dc
dre

= 1+ + D[l + 1) - 5] [ﬁ[(l + 7% — 5] + cAc + (1 +7°) dcc

]]

= —(1 + k(1 = )1 + D[ + 1) = s]'[c + (1 + T9)—]

—{1= k(1 = I + 7 = 91"}
By the consumption—labor choice condition, it follows that

1 — k(1 =1 + 1) = )" = n(1 + Drc[(1 + )c = s]H(1 + 79,
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and then,

= (1 + 7931 + Dk[(1 + )¢ — s]*! [‘ﬁ[(l +7¢ — 5]+ cA[c + (1 +7°) dc.]]
dare dre

= (1 + %1 = )1 + D[ +7¢ — s e + (1 + TC)j:C]

— (1 + Dke[(1 + %) = s1'( + 7°)
— A+ 730 + 1) - 5] [d—c_[(l +7)c—s]+cAdlc+ (1 + Tc)ﬁ]]

dre dre
= —(I-mle+(1+ ﬂjﬂ] e
T

— nﬁ +nA[(1 + 7°)c - s7'e? + nAc(l + [ + 7%)c - s]7! dc

dre ) dre

1 . dc

=11 7(1 -Mle++71 )ﬁ]+nc
— n de +7A[(1 + )¢ = s17'e? + nac(1 + [ + )¢ — 5] dc

dTC ch

I .. dc

=1 7(1 - (1 +T)ﬁ+c .
= de {n +7c(1 +)[A + ) — s+ (1 - n)} = (1 + %) — 5] = —<

dre 1+t
= j:c {1 +ndc(1 + 79[ + )¢ — s]—l} = —gA[(1 + %) — s]7'¢? - ; :TC

de nAl(1 + 1%)c — s]7'c? + =
= = - .

dre 1 +ndc(1 + 79[ + 1) — s]7!

The elasticity of consumption is given by

dc/c

L

nAc[(1 + %) — s + T .

dre/T¢

T e+ O+ -8 "

T y nAc(l + )1 + 1) —s]7' + 1
IL+7¢ 1+nde(l + 1)+ 1) —s]!

— TC

T

Therefore, the consumption tax revenue curve is monotonically increasing.

The following results are obtained for boundedness. First, c — 0 as 7¢ — oo. This is
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proved as follows. By the consumption—labor choice condition, it follows that

1 — k(1 =1 + 7 =)™ =51 + Drcl(1 + )¢ = s1' (1 + 79

C1=k(1 =1+ 7 — 9]+ o
(1 + Dk + 1) — s 1+

Suppose that ¢ — a as 7° — oo. The left-hand side converges to a, and the right-hand
side converges to zero. Therefore, ¢ — 0.
The consumption tax revenue is given by

o _ 1=k =l +1)c=9I" = 1
Tc = % .
n(1 + Dk[(1 + )¢ — 5] 1+ 1e

Suppose that 7°c — z as 7 — oco. This implies

11—kl -mplz- 9"
T (L + Dz - s

The limit z must satisfy this equation. It is obvious that z is finite (otherwise, the above

equation does not hold). O

Proposition A. 17. Suppose that the utility function is additively separable, U*S. The
consumption tax revenue curve for consumption tax under Scheme (2**) is hump shaped
if and only if n < 1. Otherwise, the consumption tax revenue curve for consumption
tax is monotonically increasing. The consumption tax revenue is bounded if and only if

n < 1. Otherwise, it is unbounded.

Proof. By the government budget constraint, it follows that
g=T1c—s.
By the production function and the resource constraint, it follows that

y:n:c+g:(l+Tc)C—S.
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In the case of additively separable utility U5, the consumption—labor choice condition

18

k(1 + Dcnt = 7 TCW

, 1
— k(1 + D1 + 1) - s]* = .
I+

Taking the total derivatives yields

dc dc 1
n—1 N QAT n ISP /ey | c _
k(1 + ) [nc™ [(1 + 7%)c — 5] T + A1 +7%)c = 5] [c+ (1 +T)ch]] 1+ )

—1 TR ' E | C\ o ﬁ Cdc —_;
— k(1 + D) [(1 +1%)c — 5] [n[(1+7)c s]dTC+/lc[c+(1+T)ch]]— 10

By the consumption—labor choice condition, it follows that

=0+ A+ DA +1)e - 5174,

and then,
d . d 1
= MU+ =T pl(1 + e — sl + Aele + (1 + 19)——1]| = - :
dre drte 1+71°
. d d 1 AP
= [77[(1 +7%)c - S]d_:c + Acle+ (1 + T‘)d—:c]] _ <l -1'_1 : J
- dc . dc c[(1 +7°)c = 5]
1+ 7% — s]— + Ac(1 + %) — + A% | = -
= [77[( rTe S]dT"+ o +T)dTC+ ¢ 1+7c
d 1+7)¢—
= [0+ sl el + 7] o = _ll :i“ 1
d ~ 1+ 1) —
€ ol + e — 5]+ de(1 + oo | LLETZ ST el
dre 1+t
The elasticity of consumption with respect to consumption tax rate is given by
d ¢ _ o 1 N
el [7[(1 + 1) = 51+ Ac(1 + 9] dd+me=sh, e
dre/t¢ c 1+ ¢
: i [el(+ 79 = 5]+ A1 +1°
= T—[U[(1+Tc)c—s]+/lc(1+Tc)] l[c[( + e 1i]+ (1 +719)
C €

T¢ y [+ 7)Y — 5]+ Ac(1 + 7°)
1+7¢ gl +71)c—s]+ Ac(1 + 79)
7€ [(1+79) =21+ A1 + 719

T+ g+ = 2+ A1+ 1)
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dc/c

dr¢ /¢ <1

If n > 1, then

dc/c
dr¢ /¢

If n < 1, then the limit of

is greater than 1/n, since ¢ — 0. Therefore, the
condition 7 < 1 is a necessary and sufficient condition for a hump-shaped consumption
tax revenue curve.

¢ — 0as ° — oo, which is proved as follows. By the consumption—labor choice

condition, it follows that
c=1+7)AA + )7+ ) — 517V

Suppose that ¢ — a as 7° — co. The left-hand side of this equation converges to a, while
the right-hand side converges to zero. Therefore, ¢ — 0.

By the elasticity of consumption, it is obvious that tax revenue is unbounded if > 1,
and it is bounded if 7 < 1. Suppose n = 1. The consumption tax revenue is given by

C

e A+ DTA e =81

Let 7°c — z. The left-hand side converges to z, while the right-hand side converges to

k~'(1 + 2)7![z — s]7*. Therefore, z must satisfies the following:
2=k 1+ D)7z - s

It is obvious that z is finite. (Otherwise, this equality does not hold.)

O

Proposition A. 18. Suppose that the utility function is additively separable, US"". The
consumption tax revenue curve for consumption tax under Scheme (2**) is hump shaped

The consumption tax revenue is bounded.

Proof. By the government budget constraint, it follows that

g=1c—s.
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By the production function and the resource constraint, it follows that
y:n:c+g:(1+Tc)C—S.

In the case of additively separable utility U5, the consumption—labor choice condition

18

1+ Dnt =
k(1 + Dn s TCW
1
— k(1 + D[(1 +7°)c - s]* = )
1+ 7¢
Taking the total derivatives yields
d 1
k(1 + DA + )¢ — 5] (c +(1+ rf)d:c) =~

By the consumption—labor choice condition, it follows that

k(1 + D[ + 1) - s]'A +7°) =1,

and then,
dc 1
Al + 7% — 5]t 1+7° =—
[(1+7%)c—s] (c+( +T)ch) T3
dc 1
= =1+ 1) —s] - 0
are T Tt rTemslm <

The elasticity of consumption is given by

defc | 1° 1 (1+7t)c-s T¢
drejrel 1+1¢ 7 A (1 +71%)c 1+7¢
T° 1 S
= A - ——]+1].
1+7¢]A4 (1+71°%)c
d‘ifﬁ, if ° = 0. d‘ifﬁc is greater than one for sufficiently high 7¢ because (1 +7¢)c— s =
n>0. difﬁc is increasing in 7 because
d dc/c

dre /7 1 1 s 7 (1) s(c+1+71°
= e — )1+ ——|= > 0.
dre (I+719)?|2 (1+7%)c L+7e\2) (1+719)2%?

Therefore, the consumption tax revenue curve is hump shaped.

32



B Dynamic economy a la Trabandt and Uhlig (2011)

B.1 Model

Representative households hold capital stock k,_; and debt b,_; as assets at the beginning
of the period. They supply labor n, and capital stock k,_; to firms, and earn wage rate
wy, tental rate of capital d;, and interest rate on debt R?. They also receive government
transfers s, and transfers from abroad m,. Let 7¢, 77, and 7 denote the consumption tax,

labor tax, and capital tax rates, respectively. The budget constraint of households is
(1 + Tf)ct + X, + bl S (l - T?)tht + (l - Tf)(dt - 5)k[_1 + 6kt_1 + Rtbbt + St + mt,

where ¢, denotes consumption, ¢ the depreciation rate of capital, and x, investment. The

capital stock evolves according to the following equation.
ky = (1 — O)ki—y + x;.
The firms are perfectly competitive. Their production function is
Ve = fzk?—ln;_e’

where & denotes the technology growth rate and 6 the capital share of production. The

profit maximization problem implies

w,=(1- 6’)& and
n;

Vi
d; = 60—.
C ke
The government budget constraint is
gt + St + Rijbf—l S bt + Tt’

where g, denotes government consumption. The total tax revenue 7, is defined as

T, =7/c, +Tiwin, + Tf(dt —0)k;_1.
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The resource constraint of this economy is
Ve =Cr+ X+ & — My,
The KPR utility function for this dynamic economy is
o) 1 . .
Ut = ;ﬁ[ [m{ct "1 =k = - 1} + V(gt)],
where v(+) is an increasing function. The additively separable utility function is

00 1—]7
[UAS — Zﬁt |:Ct1 -1 _ Kwt(l—n)ntl+/l + V(g;)} )
-n
=0

The preference over labor supply shifts with the level of technology, /!, to guarantee
the existence of a balanced growth path, as utilized by Erceg, Guerrieri, and Gust (2006).
The GHH utility function is

UGHH — ilgl [i_] {(c, - Kl,btntlJr/l)l_ﬁ - 1} + V(gt)] .
t=0

The preference shift parameter for the balanced growth path is "~ in this case.
The tax revenue curve for consumption tax is given by the relationship between the
tax revenue and The tax rate on the balanced growth path. With regard to the use of tax

revenue, the following two schemes are considered.

Definition A. 7. Scheme (3): Government bond, b, grows at the balanced growth rate
and g/y is constant. The other changes in tax revenue are adjusted by a lump-sum

transfer to households.
S:T_(Rh_l)b_g’ 8ly =g

Definition A. 8. Scheme (4): b/y and s/y are constant. The other changes in tax revenue

are adjusted by government consumption.
gZT—(Rb—l)b—S, S/y:(bsy, b/y:¢b)'
Assumption A. 1. The ratio of net imports to GDP, m/y, is constant.
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B.2 Equilibrium system of the dynamic model

The equilibrium system of the dynamic model is

(1 + 1) = ui (e ny),

A1 =1Hw, = —ua(cs, ny),

A =BE Ay [(1=6) + (1 = 75,)(d1 — 6) + 6]},
A = BE | AR, |,

k= (1= 6)ky + xi,

e =& Tkl n™,

w, = (1-0)2,

n;

Vi
d, = 6=,
" ke

Ve =C+ X+ 8 —my,

Tl = T;‘C[ + T?W[n[ + TI;(d[ - 6)]([_1,
where, if the utility function is KPR UX”R marginal utility is defined as

Uelern) = () [1 =1 =",

-1
Uerm) = =1+ D) [1 = = mpnt] ]
if the utility function is additively separable UAS, by

Ucci,ng) = (c)™,

U, (ci,n) = k™ ™P(1 + )n?
and if the utility function is GHH U“"# | by

Ud(ci,my) = (¢ — k'n/*H7,

U,(c;,ny) = =k (1 + /l)nf(c, - t,[/’/(ntl”)_ﬁ.
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The detrended equilibrium system is

(1 + 719, = uy (&, ny),

(1 =YW, = —up(&,ny),

A = By E A [ (1= 6) + (1 = 74, )(dyr — 6) + 6]},
A =By E, [;lt+1Rf+1] ,

Yk, = (1 = 6)k_y + X,

Vi = [7@—1]9 n’,

W= -02%,
n;

d, =02,

t—1
Vi=C+X+g —my,

TZ‘ = T;‘Et + T?tht + Tf(dl - 6)]}1_1.
On the balanced growth path, the system becomes

(1 + 792 = uy (&, n),
A0 = YW = —ua(E, n),

L=y |(1-6)+ (1 -7)d-06) +4],

1 =By "RY,
Yk = (1 -0k + %,
§= [7{] nl—H,
W =(1-0),

_ n
d=62.

k
y=c+x+g-nmy,

T = 7¢ + ™Wn + 7(d - d)k.
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Scheme (3): Changes in tax revenue are adjusted by a lump-sum transfer: Under

Scheme (3), §/y = ¢, and m/y = ¢,, are constant. Then, the balanced growth path values

are obtained by

g =Y

B

1 b
d=r——|R"-1+4].
kK 0
y od
X k
—=ly-10-9]=,
y y
C__f g0
y y oy ¥
n )79/(1—9)
2
W=(1-0)2,

n

From this system, the following lemma and corollary are obtained from the balanced

growth path equilibrium system.

Lemma A. 1. On the balanced growth path, the dividend (d), capital-output ratio
(k/y = l~</)7), investment—output ratio (x/y = X/V), consumption—output ratio (c/y = ¢/9),

and labor—output ratio (n/y) are independent from the consumption tax rate (7¢).

Remark A. 3. The elasticity of consumption with respect to the consumption tax rate

equals that of output:

dé/e
dre/t¢

dy/y
dre/re|’

Scheme (4): Changes in tax revenue are adjusted by government consumption:

By the budget constraint, the following is obtained:

T =1 + Wn + 7(d - O)k.
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Dividing by y yields

b ¢ i i
+ (R =)= = 1°S + P + 74(d - )~
y y y

+
y

< | oot
<] wm

Since n/y and k/7 are independent from 7¢,

g .
§ = 1°= + constant.
y

<

The resource constraint can be rewritten as

c+i+g—m=y

.C
+ 17°= + const —

y y

~.1

+ =1.

<l o
<]

Since 7/ ¥ and /¥ is independent from 7¢, it follows that

¢
(1 + 7%= = constant.

Therefore, the following lemma holds.
Lemma A. 2. (1 + 7°)¢/V is independent from t°

By Lemma A.2, the following is obtained.

Remark A. 4. The elasticity of consumption with respect to the consumption tax rate

equals that of y/(1 + 7°):
deje
drejte|

3 d(l + )75/ + )71y
dre/t¢

B.3 Consumption tax revenue curve in the dynamic model

In the main text, the total tax revenue curve is investigated as the tax revenue curve.

Here, the results for the consumption tax revenue curve are shown.
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B.3.1 Scheme (3): Changes in tax revenue are adjusted by a lump-sum transfer

Propositions A.19, A.20, and A.21 refer to the consumption tax revenue curve under

Scheme (3) in the dynamic economy.

Proposition A. 19. Suppose that the utility function is KPR, UXPR_ The consumption tax
revenue curve for consumption tax under Scheme (3) is monotonically increasing. The

consumption tax revenue is unbounded except for A = Q.

Proof. The optimization condition for the consumption—labor choice,

ken' 1 —1" y
1-6)=
1 —«(1- n)n“ﬂ} ( n

n(1+ﬂ){

T 1+ h
yields

—1/(1+4)

o (DN [y L (€ 1+7
7= (2)w [(1 n)+1_9(y)n(l+ﬂ)1_ﬂ

C

Since y > 0 for 7¢ > 0,

1 (¢
1 - — =71+ 2 0.
( n)+1_9(y)n( tOTTS
By Remark A.3, it follows that
dje &y 5 (5) s

drefredrfre (- () p(ER) A+ )

1-7"

Letting

dé/e
dre/t¢
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/e | < (). In the case of

The consumption tax revenue is unbounded if A > 0, since

A = 0, the consumption tax revenue is given by dre [
7°C = ¢7°y
(e fom e (el
(e [ o]
where ¢ = ¢/y. This converges to (%) (k)" [ﬁ; (%)771_17,,]_1. ]

Proposition A. 20. Suppose that the utility function is additively separable; U%S. The

consumption tax revenue curve for consumption tax under Scheme (3) is hump shaped

if and only if n + A < 1, and the revenue is maximized at ¢ = % Otherwise, the

p
consumption tax revenue curve for consumption tax is monotonically increasing. The

consumption tax revenue is bounded if and only if n+ A < 1. Otherwise, it is unbounded.

Proof. By the optimization condition for the consumption—labor choice,

1 _ n
k(1 + )&t = — L,
1+7¢
it follows that
- —1-171/(m+2)
1-6 A\ (n\!
5=(1+7° -1/(n+A) 1=7M(= - )
y=0+71% —K(1+/l)( T)y 5
By Remark A.3, it follows that
dejc  dyly 1 7
dre/t¢ dre/t¢ np+Ad 1471
Then,
dé/e 1
-1=—": 1—-np-—-D)7° - A }
dre /¢ n+A4 1+TC{( n=A7 =0+
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deje

e 1<0.

Suppose 7 + A = 1. In this case, |

Suppose 17 + A # 1. In this case,

dé/e
dre/t¢

| l-n-4 1 {C n+4 }
= . T8 —
n+a4 1+ 1-n-4

Ifn+A>1,then |d‘fﬁ < 1fort¢>0.

If 7+ < 1, then |25

“>Mm+AD)/(1—-n-2).

> 1 for

< 1for < (+ /(1 —n—2), and |75

By the elasticity of consumption, it is obvious that the consumption tax revenue is
bounded if 7 + 4 < 1 and unbounded if n + 4 > 1. In the case of n + 4 = 1, the

consumption tax revenue is

TC = o1y
© [ 1-6 A [\
=¢ 1-1z) |z :
I+7¢ k(1 +2) v ¥
where ¢ = ¢/y. This converges to ¢ [K(lljr%(l — 7" (;)_" (g)_l_”] a8 7° — 00, g

Proposition A. 21. Suppose that the utility function is additively separable, USHH. The
consumption tax revenue curve for consumption tax under Scheme (3) is hump shaped if
and only if A < 1, and the revenue is maximized at T° = ﬁ Otherwise, the consumption

tax revenue curve for consumption tax is monotonically increasing. The consumption tax
revenue is bounded if and only if A < 1. Otherwise, it is unbounded.
Proof. By the optimization condition for the consumption—labor choice,

Tn

1 -
k(1 + n' = T—— W,

-1-2
ool |
k(1 +A2) v
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By Remark A.3, it follows that

deje dyly 1 T

drejre  dr¢jrc A 1+71¢

Then,
dcje 1 1 :
dTC;TC —1= A 1+ ‘rc{(l — AT - /l}.
Suppose A = 1. In this case, d‘ﬂi -1<0.
Suppose A # 1. In this case,
dc/e _1:1—_/1. 1 {Tc_i}_
dre/te A 1+7 1-21
If 2> 1, then | 2| < 1 for 7 > 0.
If 2 < 1, then |25 | < 1 for 7 < A/(1 = ),
92| = 1 for 7 = 2/(1 - 2), and
] > 1 for ¢ > A/(1 = ).

By the elasticity of consumption, it is obvious that the consumption tax revenue is
bounded if 7 + 4 < 1 and unbounded if 2 > 1. In the case of

lambda = 1, the consumption tax revenue is

TC = ¢1°y
TC‘ 1 _ 0 . n —1-2 1/4
=¢ . 1-7912
1+ 7¢| k(1 +2) y
—1-2]1/1
where ¢ = c¢/y. This converges to ¢ [Kll‘fﬁ)(l -7 (f) ] as 7° — oo. |

Note that these propositions are the same as Propositions 1, 2, and 3 in the main
text, while the dynamic economy has a far richer structure (capital, investment, debt

evolution, etc.) than the static economy does.
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B.3.2 Scheme (4): Changes in tax revenue are adjusted by government consump-

tion

Proposition A. 22. Suppose that the utility function is KPR, UX"R. The consumption tax
revenue curve for consumption tax under Scheme (4) is monotonically increasing. The

consumption tax revenue is bounded.

Proof. By the consumption—labor choice condition, y is obtained

ken' -1 7
1+ = 1-6)2
n +){1—41—mMM} rre m 0

- A
k(<)% 1 n ¥
= n(1+/1){ (y)(y) 1+/l}: 1+Tc( -6
F - k(1= (%) ' !
B 1 - -1/(1+2)
= 5=(2)e [(1 -+ ((1 " ﬂ%)n(l + D T,,]

Then, ¥ is independent from 7¢.

By Remark A .4, the elasticity of (1 + 7)~'§ is considered. Since

ey ly= ey (2) e [(1 R ((1 + r")g) R ——
n y 1-71

—1/(1+2)
1-6 ]

it follows that

defe d(l+7)5/(1+7)y

dre/t¢ dre/te
TL'
I+
4e/¢ | is monotonically increasing in 7¢. If ¢ = 0, then |[-Z£| = 0. As 7° — oo
dr¢ /TC y g T. T - ) dr¢ /TC - . T s
d‘ifﬁc — 1. Therefore, the consumption tax revenue curve is monotonically increasing.

The boundedness is shown as follows. Let (1 + 7°)¢/y = ¢; then,

¢ = °¢5(1 + )"

T

—1/(1+2)
—y ]

— (Z)wr [(1 4 ((1 s 0

1+7¢\n
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As ¢ — o0, it converges to ¢ (2) (k) [(1 = i) + 15 (1 + 79)E) (1 + D)

I-7"

]—1/(1+/l)
O

Proposition A. 23. Suppose that the utility function is additively separable, UAS. The
consumption tax revenue curve for consumption tax under Scheme (4) is hump shaped if
and only if n < 1, and the revenue is maximized at ¢ = % Otherwise, the consumption
tax revenue curve for consumption tax is monotonically increasing. The consumption

tax revenue is bounded if and only if n < 1. Otherwise, it is unbounded.

Proof. By the consumption—labor choice condition,

1-7"

1+ )&t = 7
K( )¢'"n s T"W
e\ (n\' 1-1 y
= k(1 + )yt (:) (:) = (1-0)=
y] \y 1+ n
- —1-Aq /D)
. 1-6 B\ (n\
= y=+ry e 2T o1 +s) (=
k(1 +2) y y
By Remark A .4, the elasticity of (1 + 7)y is considered. Since
1/(n+)

1-6

~\ 1] -1-1
en-lo ex—(1+)/(7+) - o n ¢ n
A+ y=0+19) U —K(1+/1)(1 T)((1+T))~)) ()7) ] ,

it follows that

dé/c 3 d(1 +79)7'5/(1 + )71y
dre /T B dre /T
1+A4 T°¢

n+ad 1+7¢

ddf/ lis monotonically increasing in 7¢. If 7 = 0, then dije | — (. If 7° — oo, then
¢ /T dre/t
d‘i‘;; — (1 + )/(n + A). Therefore, a necessary and sufficient condition for a hump-

shaped consumption tax revenue curve is 7 < 1. The peak tax rate is

. n+A4
Tmax = °
1-n
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By the elasticity of consumption, it is obvious that the tax revenue is bounded if
n < 1 and unbounded if > 1. Suppose n = 1. Letting (1 + 7°)¢/y = ¢, the following is

obtained:

¢ = 1¢§(1 + 197!

- “1 -1
TESI _”((“”) (5) ]

1_1]1/(1”)

. 1/(1+2)

-
1+7c

=¢

As ¢ — oo, it converges to ¢ |:K(l+/1)(1 -7 )((1 + TC)%)_I (5

O

Proposition A. 24. Suppose that the utility function is additively separable, U°HH. The
consumption tax revenue curve for consumption tax under Scheme (4) is hump shaped,

and the revenue is maximized at 7 = A. The consumption tax revenue is bounded.

Proof. By the consumption—labor choice condition,

k(1 + Dt = ::w
n 4 1-7"
— K(1+/1)51/l(:) = (1 —9)—
y + 7€
1-0 n\
~ -1/ o
= §=(1+719 [K(1+/1)(1 T)(y) }

By Remark A .4, the elasticity of (1 + 7)y is considered. Since

_ 1/2
1-6 n 1=
1+ 7915 = (1 4 £9)-(+0/2 1—(2
T+7)"y=(10+79 K(1+/l)( T)y ,
it follows that

defe _d(1+7)7'5/(L+ 1)y

dre/t¢ B dre /T
1+ T¢
B A 1+7¢
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de/e de /e

is monotonically increasing in 7¢. If 7° = 0, then = 0. If 7° — oo, then

dr¢ /¢ dr¢ /¢
d‘ifﬁc — (1 +)/A > 1. Therefore, the consumption tax revenue curve is hump shaped.

The peak tax rate is

It is obvious that the tax revenue is bounded.

O

These propositions are the same as Propositions 4, 5, and 6 in the main text, which

concern the consumption tax revenue curve in the static economy.
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