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Debt-Ridden Borrowers and Productivity Slowdown

Keiichiro Kobayashi and Daichi Shirai *
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Abstract

Economic growth is known to slow down for an extended period after a financial
crisis. We construct a model in which the one-time buildup of debt can depress
the economy persistently even when there is no shock on financial technology. We
consider the debt dynamics of firms under an endogenous borrowing constraint. The
borrowing constraint binds tighter and production inefficiency is higher when the
initial amount of debt is larger. Tightening aggregate borrowing constraints lowers
aggregate productivity, leading to a persistent recession. This model therefore implies
that debt reduction for overly indebted agents may restore economic growth.

JEL code: E30, GO1, 040
Keywords: Endogenous borrowing constraint, debt overhang, secular stagnation, labor

wedge

1 Introduction

The decade after a financial crisis tends to be associated with low economic growth (Rein-
hart and Rogoff, 2009; Reinhart and Reinhart, 2010). Growth in total factor productivity
(TFP) can slow down or even become negative for a decade (Kehoe and Prescott, 2007).
Relatedly, there is growing concern about “secular stagnation” in the aftermath of the
Great Recession, namely that the US and/or European economies may stagnate persis-

tently (Summers, 2013; Eggertsson and Mehrotra, 2014). It has also been pointed out that
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financial constraints were tightened during and after the Great Recession of 2007-2009
(e.g., Altavilla et al., 2015). However, which factors tightened these financial constraints
and whether their tightening can cause a persistent slowdown in economic growth remain
unclear. In this study, we propose a theoretical model in which the buildup of debt tightens
borrowing constraints and lowers growth in aggregate productivity persistently.

In existing models, persistent recessions are usually caused by persistent shocks (see,
for example, Christiano et al. (2015) for the Great Recession, Cole and Ohanian (2004) for
the Great Depression, and Kaihatsu and Kurozumi (2014) for the lost decade of Japan).
In this study, a temporary shock changes the economy persistently. We consider that
an exogenous shock increases firms’ debt substantially, whereas there is no change in the
structural parameters in production or financial technologies. The increase in debt tightens
borrowing constraints persistently. The shock we consider can thus be understood as a
redistribution shock, which redistributes wealth from borrowers to lenders as a one-time
shock. One example of such a redistribution shock is the boom and burst of the asset-price
bubble that changes the value of collateral for debt. We consider the debt dynamics in
which the stock of debt is repaid in multiple or possibly infinite number of periods.

Our model is a version of those with endogenous borrowing constraints, in which a
distinction between inter-period and intra-period loans is made in a similar way as in
Jermann and Quadrini (2012). It is shown that the borrowing constraint on intra-period
loans is binding, whereas the constraint on inter-period loans is nonbinding. The borrowing
constraint binds tighter and production inefficiency is higher as the initial amount of inter-
period debt is larger. As the borrowing constraint tightens, firms cannot raise sufficient
intra-period debt for working capital and they continue inefficient production. When the
initial debt reaches the maximum repayable amount, firms fall into a “debt-ridden” state
in which production inefficiency stays highest permanently.

We embed the model with endogenous borrowing constraints into a general equilibrium
setting, where the economy grows endogenously because of the productivity growth caused
by the firms’ R&D activities. It is shown in the general equilibrium that borrowing
constraints become tighter for normal firms when the measure of debt-ridden firms is
larger. If a substantial number of firms become debt-ridden, both aggregate borrowing
capacity and productivity decline persistently. After the Great Recession of 2007-2009,
many authors argued that a shock in the financial sector can cause a severe recession
(e.g., a risk shock in Christiano et al. 2014 and a financial shock in Jermann and Quadrini
2012). In our model, the emergence of a substantial number of debt-ridden firms manifests
itself as a tightening of the aggregate borrowing constraint, which can be interpreted as a
financial shock. Tighter borrowing constraints discourage R&D activity by firms and make
productivity growth persistently low. They also diminish the labor wedge persistently.

These features of our model seem to be consistent with the facts observed in persistent



recessions after financial crises (see Section 2).

Our contribution is to show that the buildup of debt can persistently tighten the
borrowing constraint and thus cause aggregate inefficiency, even if there is no technological
shock. This feature of our model implies a policy recommendation distinct from those of
the models of exogenous financial shocks that debt restructuring or debt forgiveness for
overly indebted borrowers may restore aggregate efficiency and enhance economic growth.
If, on the contrary, the risk shock or financial shock were exogenous, debt restructuring
would not have any aggregate effects.

Related literature.— Our theory is related to the literature on debt overhang. My-
ers (1977) pointed out the suboptimality of debt in the corporate finance literature and
Lamont (1995) applied the notion of debt overhang in macroeconomics.! The debt over-
hang problem typically causes inefficiency in the short-run. In this study, inefficiency can
continue permanently. This study is also close to Caballero et al. (2008). They analyzed
“zombie lending,” defined as the provision of a de facto subsidy to unproductive firms from
banks. They argued that congesting zombie firms hinder the entry of highly productive
firms and lower aggregate productivity. In this study, we make a complementary point to
their argument: even an intrinsically productive firm can become unproductive when it
is debt-ridden. In the macroeconomic literature, endogenous borrowing constraints were
introduced by the seminal work of Kiyotaki and Moore (1997).2 Endogenous borrowing
constraints in the economy where intra-period and inter-period loans exist are analyzed
by Albuquerque and Hopenhayn (2004), Cooley et al. (2004), and Jermann and Quadrini
(2006, 2007, 2012). The modeling method in this study is closest to that of Jermann and
Quadrini (2012), while the difference is that they consider the borrowing constraint on
the total loan, whereas we consider two distinct constraints on the inter-period and intra-
period loans. Our model is also closely related to that of Kobayashi and Nakajima (2015),
which analyzes endogenous borrowing constraints and nonperforming loans (NPLs). Per-
sistent recession in the aftermath of a financial crisis is explained by Guerron-Quintana
and Jinnai (2014). Our model is also close to theirs in that a temporary shock affects pro-
ductivity growth persistently, although there is a stark difference in policy implications.
In our model, the emergence of debt-ridden borrowers because of a temporary redistribu-
tion shock causes persistent recession. Thus, debt restructuring (i.e., wealth redistribution
from creditors to borrowers) restores aggregate efficiency, whereas debt restructuring has
no effect in Guerron-Quintana and Jinnai (2014) because the financial shock is an exoge-
nous technological shock in their model. Another study closely related to ours is Ikeda

and Kurozumi (2014). They built a medium scale DSGE model with financial friction

'See also Krugman (1988) on debt overhang in international finance.
2Kobayashi and Shirai (2016) analyzed the effects of wealth redistribution on the economy by using a

similar borrowing constraint model.



a la Jermann and Quadrini (2012) and endogenous productivity growth & la Comin and
Gertler (2006). The distinction from ours is that Ikeda and Kurozumi (2014) also posited
a financial crisis as an exogenous technological shock.

The remainder of this paper is organized as follows. In the next section, we review
the facts on persistent recessions after financial crises. Section 3 presents the partial
equilibrium model of the lender—borrower relationship and analyzes the debt dynamics.
In Section 4, we construct the full model by embedding the model of the previous section
into an endogenous growth model, showing that stagnation can continue persistently when
a substantial number of debt-ridden borrowers emerge. Section 5 presents our concluding

remarks.

2 Facts on persistent recessions after financial crises

Numerous examples of decade-long stagnation after a financial crisis have been observed.
The most notable episode was the Great Depression in the 1930s in the United States and
the similar depressions in that period in other major nations. Ohanian (2001) highlighted
the large productivity decline during the US Great Depression that is unexplained by
capital utilization or labor hoarding. Kehoe and Prescott (2007) drew our attention to
the fact that many countries have experienced decade-long recessions, which they called the
“great depressions” of the 20th century. The studies presented in their book unanimously
emphasized that declines in the growth rate of TFP were the primary cause of these great
depressions.

Another example of a decade-long recession was the 1990s in Japan. The growth rates
of GDP and TFP in the 1990s were both lower than those in the 1980s. The kink at the
beginning of the 1990s is apparent, when huge asset-price bubbles burst in the stock and
real estate markets. Table 1 presents various estimates of the TFP growth rate in Japan.
Hayashi and Prescott (2002) emphasized that growth in TFP slowed in the 1990s. Fukao
and Miyagawa (2008) estimated TFP by using a microeconomic dataset called the Japan
Industrial Productivity (JIP) database and confirmed the substantial TFP slowdown in
the 1990s.

One notable feature in the 1990s in Japan was the significant decrease in entries and
increase in exits of firms. Figure 1 compares the entry and exit of firms in Japan and
the United States. In the literature, the procyclicality of net entry is well known (Bilbiie
et al., 2012). Net entry also contributes significantly to TFP growth for US manufacturing
establishments (Bartelsman and Doms, 2000).3

Another characteristic of Japan in the 1990s that may be related to such a productivity

3Nishimura et al. (2005) argued that the malfunctioning entries and exits contributed substantially to
the fall in Japan’s TFP in the late 1990s.



HP KI  JIP2014

1971-1980 0.83 2.04
1981-1990 1.93 2.06 2.02
1991-2000 0.36 0.35 0.03
2001-2005 0.71 1.39
2006-2011 -0.28

Table 1: TFP growth rate in Japan

Note: HP, KI, and JIP2014 are from updated versions of Hayashi and Prescott (2002), Kobayashi and
Inaba (2006), and Fukao and Miyagawa (2008), respectively.
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Figure 1: Entry and exit of private sector establishments: United States and Japan
Note: Japan’s figures after 2001 are based on 1993-basis industry classification.

Sources: (Japan) Ministry of Internal Affairs and Communications, “Establishment and Enterprise Cen-

sus”; (US) Bureau of Labor Statistics, “Business Employment Dynamics.”

slowdown was the persistently lingering NPLs in the banking sector. NPLs represent
the excess debt of nonfinancial firms, mainly in the real estate, wholesale, retail, and
construction sectors. Figure 2 shows NPLs in Japan from 1992 to 2009. The delayed
disposal of huge NPLs was seen as a de facto subsidy to nonviable firms (i.e., zombie
lending). This zombie lending has also been considered to be the cause of Japan’s persistent
recession (Peek and Rosengren, 2005; Caballero et al., 2008).

Recently, a growing literature on business cycle accounting (Chari et al., 2007) has ana-
lyzed various episodes of business fluctuations including decade-long stagnations. Business
cycle accounting focuses on four wedges as the driving forces of business cycles: the ef-
ficiency wedge, labor wedge, investment wedge, and government wedge. The efficiency
wedge is the observed TFP; labor wedge is MRS/MPL, where MRS is the marginal rate of
substitution between consumption and leisure and MPL is the marginal product of labor;

investment wedge is the wedge between the market rate of interest and stochastic discount
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Figure 2: Development of NPLs
Note: The NPLs are the risk management loans (RMLs) defined in the Banking Act in Japan. These

consist of loans to bankrupt borrowers, delayed loans, three-month overdue loans, and loans with modified

terms and conditions. RMLs do not include securitized loans. .
Sources:  Financial Services Agency,Status of Non-Performing Loans; Cabinet Office, Government of

Japan,Annual Report on National Accounts.

factor; and government wedge is the deadweight loss, which manifests itself as government
consumption in a simple real business cycle model. Chari et al. (2007) noted that reduc-
tions in the efficiency wedge and labor wedge were the two primary factors that drove the
Great Depression of the 1930s. Kobayashi and Inaba (2006) and Otsu (2011) emphasized
the same factors for the lost decade of Japan in the 1990s. The macroeconomic literature
has recently focused considerable attention on the effects of a reduction in the labor wedge
in recessions (see Mulligan, 2002; Shimer, 2009). A sharp decline in the labor wedge was
also observed in the US economy during the Great Recession of 2007-2009 (Kobayashi,
2011; Pescatori and Tasci, 2011).

3 Model of debt dynamics

In this section, we consider the partial equilibrium model of debt contracts. We derive the
borrowing constraint and analyze the debt dynamics under the exogenously given prices.

We then embed this model into the endogenous growth model in Section 4.

3.1 Setup

Time is discrete and continues from 0 to infinity: ¢ =0,1,2, - ,00. There are four agents

in this model: two banks (lenders), a firm (borrower), and a household (worker). The



main players are the banks and firm, and the household just supplies labor at the market
wage rate, wy, and buys consumer goods from the firm. The two banks play distinct roles:
one bank makes the inter-period loan and the other bank makes the intra-period loan.
The details of the loans are specified shortly. We call the former the “inter-period bank”
and the latter the “intra-period bank.” Consumer goods are produced by the firm from

the labor input. The firm’s gross revenue in period t is given by
Ft(kt—hlt) = Al? + (1 + Tt)]{?t_l,

where k;_1 is the capital stock purchased in period ¢ — 1, [; is the labor input chosen in
period t, r; is the rate of interest for a safe asset, A is a positive constant, and 0 < n < 1.
We focus on the case where there exists the initial debt stock Ryd_1 at t = 0, where d_;
is the amount of inter-period debt at the end of the previous period and R; is the gross
rate of corporate loans, which satisfies (2) below, in equilibrium.

Suppose that the firm holds capital stock k; and owes debt d; to the inter-period bank
at the end of period £. At the end of period t, a firm dies with probability p. When the
firm dies, all the remaining debt d; is automatically defaulted and the remaining capital
k: is eaten by the firm (or, in other words, given to the firm’s owner). Debt evolves from
period t to period t+ 1 at the gross rate R;y1. Thus, debt at the beginning of period ¢+ 1
is Ryy1d;.

In period t+41, the survived firm employs labor I, from the household to produce and
sell consumer goods, and earns revenue Fyi1(ky, li41) = AZZZJrl +(147441)ke. The cost of the
labor input for the firm is wyy1ls41, where wyyq is the market wage rate. The firm needs
to borrow w;11liy1 from the intra-period bank and pay the wage to the worker in advance
of production. In addition, at this point the firm borrows b;;; from the intra-period bank

to pay the inter-period bank in order to fix the new inter-period debt at
dir1 = Ryprdy — bigq. (1)

Now, we assume that the prices {r, w;}22, are given. When the firm completes production,
it holds revenue Al} "1 + (1 +7441)ks and owes inter-period debt di11 to the inter-period
bank and intra-period debt wgy1li41 + bey1 to the intra-period bank. Intra-period debt
is to be repaid in the current period ¢ + 1 and inter-period debt is to be carried over
to the next period ¢ + 2. The risk of sudden death imposes the following constraint on
(bt+1, di+1) because the inter-period bank agrees if and only if the expected repayment
value is no less than d;:

dy < 11_'__7;;(@“ + di11),

which implies



in equilibrium. After the new inter-period debt d;. 1 is fixed, the firm pays wyy1lp11+bs11 to

the intra-period bank. Then, the remaining cash flow, Al?_H + (1471 ke —wer1lirr —biga,

is paid out as the investment in the new capital k;;1 and the dividend to the firm’s owner

7¢+1. Following Jermann and Quadrini (2012), we assume that the gross dividend payout,
1

0(me41), consists of the dividend 741 and adjustment cost, 5-(m1 — 7)2:

O(m) =m+ 21X(7r —7)2,

where 7 is the target dividend. In the general equilibrium setting, in Section 4, we assume

2

that the adjustment cost, i(w—ﬁ) , is not a deadweight loss, but is given to the household

as a lump-sum transfer. The budget constraint for the firm is given by
O(mes1) + k1 < Frpa (ke lep1) — wegaleyr — beya (3)
The payment of the intra-period loan w1141 +40b¢41 is subject to the borrowing constraint:
Weprliy1r +bepr < QAL + o (14 7rep1)ke, (4)

which is derived in the next subsection, where 0 < ¢ <1l and 0 <o < 1.
Now, we can describe the optimization problem for the firm. Denoting the value of
the firm with debt stock d; and capital stock k; by Vi(dy, k), the firm’s problem is written

as the following Bellman equation:

Vildiske) = max  phy+ ——— [mer1 + Virr (dest, ko) (5)
le+1,bt41,kt+1 1+ 7441

subject to the budget constraint (3), the law of motion for debt (1), the borrowing con-

straint (4), and the limited liability constraint?
Tt+1 Z 0. (6)
The usual arguments of dynamic programming ensure the existence of the value function

‘/:‘,(dta kt)

3.2 Derivation of the borrowing constraint

In this subsection, we describe the counterfactual defaults and derive the borrowing con-
straint (4).

3.2.1 Counterfactual default on the inter-period debt

At the beginning of period t 4 1, the firm owes inter-period debt R;yi1d;. At this point,

the firm has a chance to default on R;yid;. If the firm defaults, all the remaining assets

4 Albuquerque and Hopenhayn (2004) called this the limited liability constraint because it implies the

limited liability of the firm’s owner.



(1 + ry41)k; are seized by the inter-period bank and the firm obtains zero as the outside
value. Hence, the payoff for the firm (or firm owner) when it defaults on the inter-period
debt is zero. In what follows, we focus on the case where d; is not too large so that
Vi(dy, kt) satisfies

Vi(dy, ki) > 0. (7)

This inequality implies that the firm never chooses to default on the inter-period debt in

equilibrium.

3.2.2 Counterfactual default on the intra-period debt

As described in the previous subsection, the firm borrows intra-period debt w;i1ly4+1+bgt1
in period t 4+ 1. After the firm’s revenue is realized, there arrives a chance to default on
the intra-period debt. Note that the firm also owes diy1 = (1 + 7441)dy — b1 to the
inter-period bank and can default only on the intra-period debt at this point. Once the
firm defaults, the intra-period bank unilaterally seizes a proportion of the firm’s revenue,
¢Al?+1 + o(1 + 7r441)kt, where 0 < ¢ < 1 and 0 < o < 1. The intra-period bank can
impose no additional penalty on the defaulting firm. Thus, the intra-period bank makes
the intra-period loan no greater than ¢ Al ; + (1 + r¢y1)ks, implying the constraint (4).
The defaulting firm can continue operating with inter-period debt dy41, which it owes to
the inter-period bank. This assumption is used to show that (4) is also the no-default
condition, as we see below. The payoff for the firm if it defaults is the solution to

max 7 + V(k,di41),

7,k

subject to
O(m) + k< (1= )ALy + (1 =o)L+ repa)k,

k >0, and m > 0. The firm’s payoff if it does not default is the solution to
maxm + V(k‘, dt+1),
.,k

subject to

O(m) + k < Frpa(ke, lig1) — werr b — beg,

k > 0, and m > 0. The no-default condition is that the former is no greater than the
latter, and implies inequality (4).

Note— Endogenous borrowing constraints are usually formulated as the participation
constraint for the borrower (e.g., Albuquerque and Hopenhayn, 2004), following the spirit
of Kehoe and Levine (1993). The difference between the borrowing constraint in our
model and in the Albuquerque-Hopenhayn model is as follows. The borrowing constraint

in the Albuquerque—Hopenhayn model is derived from the participation constraint with



respect to total debt (i.e., the sum of intra- and inter-period debt), while in our model we
distinguish between the participation constraint with respect to the intra-period debt and
that with respect to the inter-period debt. In our model, the former provides the borrowing
constraint, whereas the latter is basically nonbinding. The difference between the two
constraints is caused by the difference in financial technology between the inter-period
and intra-period banks. That is, the inter-period bank can destroy all the firm’s future
dividends when it defaults, whereas the intra-period bank can only seize collateral and
cannot impose any further penalty on the defaulter. This technological difference seems a
realistic setting that reflects, for example, the differences in organizational structures and

agency problems in short-term and long-term lenders in reality.

3.3 Characterization of the firm with no debt
The optimization problem for a firm with no debt stock is as follows:

1—p
Vi (k) = ky + ————
i (kt) ktfﬂfﬁil P+ 1+ 74

.t O(meq1) + ker < Fogr(key lepr) — wegileg,
Wil < QAL + (1 + rega) k.

[Ter1 + Vi1 (ke1)]

It is easily shown that when the borrowing constraint is nonbinding for all ¢ > 0, production

is efficient: )
nAltn
liv1 =lnty1 = | — ;
Wy
and there is no adjustment cost in the dividend payout: €'(my1) = 1, which implies
Tt4+1 = 771'.5

3.4 Debt dynamics and the emergence of debt-ridden firms

We derive the debt dynamics in the case where prices are constant: w; = w and r; = r for
all t. The results in this section can be easily generalized in the case that prices vary over
time. Under time-invariant prices and the nonbinding borrowing constraint, the variables

for a firm with no debt are given as follows:

w
k: :ﬁ—(l—n)AZZ
n r 9
Tp = T,

3

Vilk) = b+ L2200
r+p

®In the numerical example of the general equilibrium model that we analyze in Section 4, the borrowing
constraint binds on the balanced growth path (BGP). This is because in the general equilibrium model,

firms conduct R&D activity in addition to production, which is subject to the borrowing constraint.

10



Here, we assume (1 — n)Al; < 7. We also assume that the parameters are chosen such

that the borrowing constraint is strictly nonbinding:
wly, < QAL + o (1 + 1)k,

We analyze the response of the economy to the exogenously given initial debt: d_; = d > 0.

We assume that the initial capital stock is k,, in all cases that we consider in this section.
k_1=ky.
The problem for the firm is written as
V(d,k) = max pk+ — P

b7k+17l77r 1 + Tt-f—l
O(m) + k41 < (L +71e41)k + Al — weql — b,
W1l + 0 < @Al + o (1 + req1)k,
s.t. >0,
dyy = SLd — b,

b>0.

[+ V(dy1, k)], (8)

;

where (rey1, w1, Ap1) = (r, w, A).

3.4.1 Debt dynamics with the initial debt d

In this model, we can show that inefficiency is inevitable when there exists a positive

amount of initial debt d_1 = d > 0.

Lemma 1. We consider that there exists a positive amount of initial debt d > 0 and focus
on the equilibrium path that converges to a steady state eventually. Then, there existst > 0

such that my < 7 and/or Iy < l,.
Proof. See Appendix B O

Lemma 2. Suppose that the initial debt d is positive, d > 0, and that the equilibrium path

converges to a steady state: m — Too and Iy — loo. Then, moo < T and loo < Iy.
Proof. See Appendix B O

This lemma implies that if there exists the initial debt d > 0, then the borrowing
constraint binds and production becomes inefficient eventually. When the initial amount of
debt is larger, the borrowing constraint binds tighter and production inefficiency is higher
in the steady state. This implication that even a small amount of debt has a negative
effect permanently is an artifact due to the specific form of the borrowing constraint for
intra-period loans. The model can be modified with additional complications in such a

way that debt is fully repaid and efficiency is restored in a few periods if the initial debt is

11



small.® Nevertheless, we stick to the current form of the model for simplicity because we
focus on the case where the borrower owes the maximum repayable debt and the borrowing

constraint in the modified model ends up in (4) when d is sufficiently large.

3.4.2 Debt-ridden firms and persistence of inefficiency

We define a debt-ridden firm as one with the maximum repayable initial debt. Define d,

and [, by

_(1=p@a-n (1—p)(1—¢)o B
&= r+p {¢+1—(1—p)(1—0)}AlZ+Qlkn 220(0),

= [{or i <_1p—)(p1><_1¢—)(;>}ﬂlln’

where the derivation of d, and [, and the values of €21 and 2y are given in Appendix A.

d. is the maximum repayable debt by the firm.” When a firm becomes debt-ridden, debt
stays high at d; = d,, and production stays inefficient, i.e., l; = [, forever. The dividend
is zero for the debt-ridden firm:

m =0, Vt>0.

It is shown that
I, <y,

if either o = 0 or p > 0. We assume o > 0 and p > 0 in what follows.® Note also that the
production inefficiency (I; = [, < [,,) is not a decline in the borrower’s productivity, but
rather a reduction in the labor wedge at the firm level.” In the next section, we see that
this inefficiency causes a slowdown in productivity growth at the aggregate level.

Our result that inefficiency due to debt stock can continue indefinitely is in stark con-
trast to the existing literature on financial frictions. In standard models such as Carlstrom

and Fuerst (1997) and Bernanke et al. (1999), financial frictions have negative effects only

5Suppose that the intra-period bank can liquidate the defaulter and recover the liquidation value,
Vi, > 0, and the inter-period debt diy1 is senior to the intra-period debt. In this case, the similar

argument as Jermann and Quadrini (2012) implies that the intra-period borrowing constraint is
Wegrli41 + b1 < ¢Al,?+1 + o(1+ req1)ke + max {Vi — dyy1, 0},

instead of (4). With this modified borrowing constraint, it is shown that the debt, d, is fully repaid in a
finite period if d < VL.

7If the initial debt d is larger than d., the bank has no other choice than to write off the excess, d — d.,
in this model. It is interesting to analyze the debt dynamics when the bank is allowed to evergreen the
debt d (> d.). Kobayashi and Nakajima (2015) analyzed such an evergreening of debt.

8As k; is used as collateral for the borrowing, k; relaxes the borrowing constraint if ¢ > 0. When ¢ > 0
and p > 0, k; is not used as collateral with probability p. This failure also causes inefficiency.

9The labor wedge, 1 — 7, can be defined as 1 — 7 = = n%lf" at the firm level. See also

nAl !
footnotel2. The labor wedge reduces as I; changes from [,, to [.

12



temporarily. In our model, a debt stock has a negative effect on the output of the bor-
rower potentially indefinitely. The persistent effects of debt may enrich the macroeconomic

analysis, as we see in the next section.

4 Full model

Now, we embed the partial equilibrium model of the previous section into a general equi-
librium model. We consider a closed economy in which the final good is produced com-
petitively from capital input and from varieties of intermediate goods. The firms are mo-
nopolistic competitors and they produce their respective varieties of intermediate goods
from the labor input. The model is a version of the expanding variety model, in which the
new entry of firms increases aggregate productivity ( Rivera-Batiz and Romer 1991, Ace-
moglu 2009). We follow Benassy (1998) in that labor is used to produce the intermediate
goods as well as to conduct R&D activities that expand the variety. We assume that the
monopolistically competitive firms, which are subject to borrowing constraints, produce

the intermediate goods as well as conduct R&D.

4.1 Basic setup

A representative household owns a mass of firms, indexed by i € [0, N¢], that produce
intermediate goods, where Ny is the measure of the varieties of intermediate goods in
period t. Firm ¢ produces the variety ¢ monopolistically, and can borrow funds from the
bank, which is also owned by the representative household. In what follows, we omit the
bank for simplicity and consider the household as the lender. The final good is produced
competitively from the intermediate goods zj, i € [0, V], and capital by the following

Ny o
Yt:( / x?tdi) K}/,
0

where 0 < @ < 1 and 0 < n < 1. Because the final good producer maximizes Y; —

production function:

fONt DitTirdi — rtK K,_1, where p;; is the real price of the intermediate good 7 and rtK is the
rental rate of capital, perfect competition in the final good market implies that

Yy
Ky’

= (1-a)
Pit = P(ﬂﬁit) = Atﬂﬁ?t_l,

where

13



Firm ¢ produces the intermediate good i from labor input /;; by the following production

function:
Tit = .

Firm 4, where 0 < i < Ny, chooses z;;(= l;¢) to obtain revenue p(z; )z and pay wages
wel;y, where wy is the wage rate. In this subsection, we only consider the case where
firms do not owe any debt.'® Each firm ¢ employs labor h;, produces intermediate goods
xit = lit, and conducts R&D with input h;; —1;; (> 0). The labor input h;; —1;; in the R&D
activity creates /th{hit — l;+} units of new varieties of intermediate goods, where N, is the
social level of the variety, which represents the externality from the stock of knowledge
on the R&D activity. This externality ensures the existence of the balanced growth path
(BGP). When a new variety is created, a new monopolistic firm that produces the variety
is also born. Each new variety is produced by the newborn firm. A newborn firm is given
capital stock kj; by the parent firm that created the new firm. The parent firm treats
newborn firms as members of its own dynasty and decides kr; to maximize the value of its
dynasty. The p proportion of the varieties of intermediate goods and corresponding firms
die every period.

The value of the firm is determined by

1—
Vot (kt) = max pkt"‘ip[ﬂ't—&-l + Varg1(Keg1) 9)
Pl 1,741 14 7re
kty1.kret1

+ &Npr1 {1 — L1 Ve (kres)],

st 9t+1(77t+1) + kt+1 < Ft—f—l(kty lt—l—l) - wt+1ht+1 - HNt+1{ht+1 - lt—‘rl}kft—l—la
wiprthepr < QAvalyy ) + o (1 + 701k,

where

Fioa(kelopr) = (L4 ren) ke + Al

and ry11 is the market rate of interest for safe assets. The gross dividend, (), is defined
by
2

1
0 = B — — T
t(m¢) = ¢ + s (e — )7,

where the second term is the adjustment cost transferred to the household as a lump sum.
The FOCs imply that the initial capital stock kjs41 for a newborn firm in period ¢ is equal
to ktJrl:

kriv1 = kg1,

and the values of the parent and newborn firms are identical (i.e., Vy41(ki11))-

10Tn Section 4.3 we consider the case where some firms with measure Z; have the maximum repayable

debt, meaning that they are debt-ridden, whereas others with measure N; — Z; have no debt.
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A representative household solves the following problem:

o
max BInCs + v 1In(1 — Hy 10
s 3 ) (10)

subject to the budget constraint
Nt
Ci+ Kf — (1= 0)K£, <wH, +rfK{, +/ mirdi 4 Ty, (11)
0

where ( is the subjective discount factor, C} is consumption, H; is total labor supply,
KC is capital stock, d is the depreciation rate of capital, 7 is the dividend from firm
i € 1[0, N¢], and T} is a lump-sum transfer from the firms, which represents the adjustment
cost of the dividend and transfer associated with the deaths of firms. Note that K is
less than total capital stock in this economy, K;, because the firms hold some capital
stock. Let A; be the Lagrange multiplier associated with the budget constraint for the
representative household, which is given by the FOC with respect to Cj:

1

A= —.
e)
The FOC with respect to K} and arbitrage between K§ and a safe asset imply

_ At :Ct+1
Bhir1 BC

1+7"t+1:7"t]_<~_1+1—5
The market clearing conditions are
Niy1
K, =K+ / knedi,
0
Ci+Ki—(1-90)Ki—1 =Y,
Ny
/ hydi = Nphy = Hy,
0
Ny
/ ltdl = Ntlt = Lt.
0
The law of motion for varieties is
Nepi = (1= p)[Ne + £N(Hy — Ly)].
The equilibrium conditions are
Nt = Ntv
Nt

Tt = {9(71'“5) — ﬂ'it}di + [Nt + K,Nt(Ht — Lt)]pknt (12)
0
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4.2 BGP without debt-ridden firms

In this subsection, we characterize the BGP where firms do not owe intertemporal debt.

Competitive equilibrium.— A competitive equilibrium where firms do not owe debt
consists of sequences of prices {r;, 7, w;}, household’s decisions {C}, Hy, K¢}, firms’ de-
cisions {my, hy, ly, knt }, aggregate capital stock Ky, and measure of varieties NV; such that
(i) the representative household and firms solve their respective optimization problems,
taking prices as given; and (7i) the market clearing conditions, law of motion for varieties,
and equilibrium conditions are all satisfied.

On the BGP, labor and the growth rate are constant: H; = H and L; = L and
Niy1/Ny = g. We define gy by

1—n

gy =9 7

We guess that ¥; = V x N7/ ¢, = ¢ x NV K, = K x N, =
wx N by = HING, by = LINg, Vi = V x NOT720 0y — e N2, () =
H(W)Nt(l_%)/n, Xt = XNt(1_2")/77,frt = ﬁNt(l_Qn)/", and 0 < 7 < x, where

The FOCs and constraints imply that there exists the unique BGP, which is given in
Appendix C.

For the numerical simulation, we set the parameter values, which are given in Table 2,
according to the method described in Appendix F. Note that we set = 0.98 as it is an
annual model.!! This set of parameter values implies that the borrowing constraint binds
on the BGP, that is, the value of the Lagrange multiplier associated with the borrowing
constraint, u, is positive on the BGP: p = 0.1.

4.3 Low growth equilibrium with debt-ridden firms

Now, we consider the equilibrium where some firms owe the maximum repayable debt to
the representative household. We assume that firms i € [0, Z;] have identical debt stock
d; and firms i € (Z;, N¢| have no debt. Owing to symmetry, we can assume without loss of
generality that all firms with debt choose an identical labor input l;; = I, and repayment
bit = by for i € [0, Z;] and that all firms with no debt also choose an identical labor input
lit = lpt for @ € (Z;, N;]. We assume that the initial value of the measure of debt-ridden

firms, Zj, is given exogenously and Z; evolves by

Zy=1—=p)Zy—y, for t>1.

"Hayashi and Prescott (2002) estimated 3 = 0.976 and Sugo and Ueda (2008) used 8 = 0.98 for the

annual discount rate of the Japanese economy.
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Common parameters

Parameter Economic interpretation value
16 the subjective discount factor 0.98
) the depreciation rate of capital 0.06
n the parameter for the aggregation function 0.7
P the exit rate 0.06

Country-specific parameters

Parameter Economic interpretation Japan United States EU
« the share of labor in production 0.69 0.67  0.63
X the inverse of the adjustment cost of dividends  0.018 0.018 0.025
y the inverse of the elasticity of labor supply 1.58 2.01  2.08
K the efficiency of R&D 1.47 1.67 1.51
10} the collateral ratio of revenue 0.95 0.94 093
T the target level of dividends 0.018 0.018 0.025
o the collateral ratio of safe assets 0.11 0.15 0.18
H total labor supply at the steady state 0.36 0.30 0.28
gTFP the growth rate of TFP at the steady state 1.020 1.017 1.011
210 the ratio of debt-ridden firms in period 10 0.560 0.504 0.478

Table 2: Parameter settings

In this case, the representative household solves (10) subject to the following budget

constraint
Ci+KE —(1-0KC,

Z Ny Z
< ’UJth + T{(Ktcll + / Wztdi + / 7Tntd’i + / bztd’i + Tt,
0 Zy 0

instead of (11). The borrowing constraint for a firm with debt stock d; and capital stock

kit is derived from the same argument as presented in Section 3:

A
Weytheer + b < @Al + Lk,
BAt+1
where d; = uf’)z\%(btﬂ +d¢+1). The problem for the owner of a debt-ridden firm, who
owes the maximum repayable debt, d.:, is given as follows:
1— A
Vi (dzt7 kzt) = max pkzt+w[wzt+l + ‘/Zt+1(dzt+17 kthrl) (]-3)

Tot+1:Pzt4+1:lzt41, )\t
bat+1:Kzt+1:K2Tt4+1

+ &N 1{Pat11 — Lot Va1 (kzres1)],
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subject to

bat+1 = U_,ﬁ\%dn — dsti1,

Ori1(arr1) + kaerr < Fyrpa(Ket, Loe1) — wegrhaerr — baer
—kNpp1 {1 — Loty Yoz,

Wig1hzie1 + bapgpr < QA1 + 05,{\7;17%75,

lthrl S hzt+1 )

Tat41 2> 0.

We choose parameter values such that (D3) in Appendix D is satisfied so that h.; = [,
when d,; is the maximum repayable debt. Given that h,; = [,4, d,; is given as the solution

to the following Ramsey problem for the lender.

(1 —p)BC;
dyt = max At ) +d ’
* bztt1,kzt41,l2041 Cii1 [bt-41 t11]

subject to
g(ﬁzt-l—l) + kzt—l—l < Ft+1(kzta lzt-l—l) - wt—l—llzt—i-l - bzt—l—h
C
wt—i—llzt—i—l + bzt+l < ¢At+1lgt+1 + Ugtig'tlkzm

Tat41 2> 0.
The following solution is derived from a similar argument to that in Appendix A:
1
1—p)A—g)o | A\
lz = Lzt = —_ )
== { o+ e

T2t =0.

The normal firms solve (9).

Competitive equilibrium.— A competitive equilibrium with normal and debt-ridden
firms consists of sequences of prices {r;, 7, w;}, household’s decisions {Cy, Hy, Kf}, firms’
decisions {mnt, Tot, baty Pty Pzty Int, knt, k2t }, the aggregate capital stock Ky, and measures
of varieties {Ny, Z;} such that (i) the representative household and normal and debt-
ridden firms solve their respective optimization problems, taking prices as given; and (ii)
the market clearing conditions, laws of motion for varieties, and equilibrium conditions
are all satisfied, where one of the equilibrium conditions (12) is replaced to

Nt B
T’t = {9(7‘(’115) — ﬂit}di + [Nt — Zt + HNt(Ht — Lt)]pknt + thkzt-
0

Numerical experiment: We can calculate the equilibrium dynamics numerically by
using a full nonlinear method. Linearization is not necessary for the deterministic simu-
lation (see Appendix D for detrending and Appendix E for the details of the dynamics).
Figure 3 shows the results of the numerical simulation in which the economy is initially
on the BGP, where Z; = 0, and an unexpected redistribution shock hits the economy in
period 10 that makes z19 = 0.56, where z; is defined by z; = Z;/N;. That is, 56% of all

18



firms become debt-ridden in period 10. The parameter values are given as those for Japan
in Table 2 and calibrated in Appendix F. The features of the equilibrium path shown in

Figure 3 are as follows:

e Productivity slowdown: Borrowing constraints are tighter not only for debt-ridden
firms but also for normal firms after the buildup of debt. Thus, the aggregate labor

input for R&D is lowered and productivity growth slows for an extended period.

e Decrease in net entry: The growth rate of the number of firms, g = Nyy1/Ng,
decreases. This feature is consistent with observations on the entry and exit of firms

in Japan in the 1990s.

e Buildup of NPLs: In this example, there are Z; debt-ridden firms and their debt
stays at an inefficiently high level. This feature is consistent with the historical
episodes of persistent stagnation with overly indebted firms and/or households, such

as Japan in the 1990s.

e Labor-wedge reduction: In this example, the labor wedge, 1 — 7, diminishes persis-
tently as a direct consequence of the tightening of the aggregate borrowing constraint
on working capital loans for wage payments. This tighter borrowing constraint cre-
ates a larger gap between the wage rate and marginal product of labor. This gap
is measured by 7. In this way, the persistent reduction in the labor wedge observed
in the aftermath of a financial crisis can be accounted for by the emergence of debt-

ridden firms.!2

Note that immediately after the exogenous shock hits the economy, the labor reallo-
cation from the R&D sector to the production sector results in a spike in L that causes
spikes in the macroeconomic variables. This labor reallocation is caused by the buildup of
debt that makes the debt-ridden firms unable to conduct R&D. The counterfactual spikes
may lower if realistic frictions such as the imperfect mobility of labor are introduced into

our model.

12 As Chari et al. (2007) posited, the labor wedge, 1 — 7¢, is defined by 1 — 7 = %ﬁj, where M RS: =

1101% =w¢ and MPL; = % in our model. Thus, the labor wedge can be calculated by 1 — 7, = “’Ojgt . In

our model, the labor wedge 1 — 7 is proportional to the labor share. Thus, both the productivity slowdown

and the shrinkage of labor share because of the buildup of debt are observed simultaneously in our model.
This feature of our model is in stark contrast to the countercyclicality of the labor share in business cycle
frequencies (Schneider, 2011). Our model seems, however, compatible with countercyclicality in the short
run. In our model, the buildup of debt causes the long-term variations in the labor wedge, whereas short-
run countercyclicality can be caused by factors such as productivity shocks and redistributive shocks in

the business cycle frequencies (Rios-Rull and Santaeulalia-Llopis, 2010).
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Figure 3: Responses to a buildup of debt (Japan)
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Next, we calibrate and conduct numerical simulations for the United States and Eu-
ropean Union (EU).'® The parameter values are also given in Table 2. Figure 4 compares
the observed TFP of the numerical experiment with the actual TFP in Japan, the United
States, and the EU. Similarly, Figure 5 compares the output in the numerical experiment
with actual GDP. We assume that the unexpected shock hits the economy in period 10 of
the simulation, which corresponds to the asset-price bubble collapse in 1991 in Japan and
the housing-price collapse in 2006 in the United States. The figures show that the model
fits the data fairly well. The conspicuous spikes in the growth rates of TFP and output
are caused by labor reallocations from R&D to production, whereas they could have been

mitigated if we assumed realistic rigidities in labor reallocations.

4.4 Policy implications

The policy implications of the results presented in this paper have significant importance
from a practical point of view. The shocks that cause persistent stagnations are considered
to be exogenous in the existing literature. In our model, the one-time buildup of debt
tightens the borrowing constraint and causes a persistent slowdown in economic growth.
Thus, our model implies that reducing overly accumulated debt can restore economic
growth. As described in Sections 3 and 4, lenders are content to keep borrowers debt-ridden
forever. Thus, policy interventions by the government that foster wealth redistribution
from lenders to borrowers can improve social welfare. The policy measures may include
regulatory reforms to make bankruptcy procedures less costly and debt-for-equity swaps
easier as well as subsidies to banks that forgive debt and write off NPLs. This policy
implication is straightforward and robust in our model and seems reasonable from our
experience of recent financial crises, whereas existing models may not clearly imply that

the reduction in excessively accumulated debt is good for a crisis-hit economy.

5 Conclusion

Decade-long recessions with low productivity growth are often observed after financial
crises. In particular, the “secular stagnation” hypothesis has drawn much research at-
tention since the Great Recession. In this paper, we hypothesized that the emergence of
debt-ridden borrowers causes a persistent productivity slowdown. Economic agents be-
come overly indebted, sometimes for reasons such as the boom and burst of asset-price

bubbles. By analyzing the endogenous borrowing constraint, we showed that borrowers

13The EU comprises the following 28 countries: Austria, Belgium, Bulgaria, Croatia, Cyprus, Czech
Republic, Denmark, Estonia, Finland, France, Germany, Greece, Hungary, Ireland, Italy, Latvia, Lithuania,
Luxembourg, Malta, the Netherlands, Poland, Portugal, Romania, Slovakia, Slovenia, Spain, Sweden, and
the United Kingdom.
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with the maximum repayable debt fall into a debt-ridden state, where they are subject to
tighter borrowing constraints than those in normal times and continue inefficient produc-
tion persistently.

The emergence of a substantial number of debt-ridden borrowers lowers aggregate pro-
ductivity by tightening the aggregate borrowing constraint. This tightening of aggregate
borrowing constraints owing to the mass emergence of debt-ridden borrowers may man-
ifest itself as a “financial shock” during or after a financial crisis. We also showed that
the growth rate of aggregate productivity lowers persistently if the measure of debt-ridden
firms is large. This result has a significant policy implication that governmental inter-
vention to facilitate mass debt restructuring for overly indebted borrowers may enhance
economic growth when the economy falls into persistent stagnation in the aftermath of a
financial crisis.

The endogenous borrowing constraint of this study has a unique feature that debt
tightens the constraint and generates inefficiency permanently, and therefore may serve as
a useful building block for business cycle models, thereby enriching aggregate dynamics.

Broader applications are left for future research.

References

Adjemian, Stéphane, Houtan Bastani, Frédéric Karamé, Michel Juillard, Junior Maih, Fer-
hat Mihoubi, George Perendia, Johannes Pfeifer, Marco Ratto, and Sébastien Villemot
(2011) “Dynare: Reference Manual Version 4,” Dynare Working Papers 1, CEPREMAP.

Albuquerque, Rui and Hugo A. Hopenhayn (2004) “Optimal Lending Contracts and Firm
Dynamics,” Review of Economic Studies, Vol. 71, No. 2, pp. 285-315, April.

Altavilla, Carlo, Matthieu Darracq Paries, and Giulio Nicoletti (2015) “Loan supply, credit
markets and the euro area financial crisis,” Working Paper Series 1861, European Cen-

tral Bank.

Bartelsman, Eric J. and Mark Doms (2000) “Understanding Productivity: Lessons from
Longitudinal Microdata,” Journal of Economic Literature, Vol. 38, No. 3, pp. 569-594,
September.

Benassy, Jean-Pascal (1998) “Is there always too little research in endogenous growth with

expanding product variety?” Furopean FEconomic Review, Vol. 42, No. 1, pp. 61 — 69.

Bernanke, Ben S., Mark Gertler, and Simon Gilchrist (1999) “The Financial Accelerator
in a Quantitative Business Cycle Framework,” in John B. Taylor and Michael Woodford
eds. Handbook of Macroeconomics, Vol. 1: Elsevier, Chap. 21, pp. 1341-1393.

24



Bilbiie, Florin, Fabio Ghironi, and Marc J. Melitz (2012) “Endogenous Entry, Product
Variety, and Business Cycles,” Journal of Political Economy, Vol. 120, No. 2, pp. 304 —
345, April.

Caballero, Ricardo J., Takeo Hoshi, and Anil K. Kashyap (2008) “Zombie Lending and
Depressed Restructuring in Japan,” American Economic Review, Vol. 98, No. 5, pp.
1943-1977, December.

Carlstrom, Charles T. and Timothy S. Fuerst (1997) “Agency Costs, Net Worth, and Busi-
ness Fluctuations: A Computable General Equilibrium Analysis,” American Economic
Review, Vol. 87, No. 5, pp. 893-910, December.

Chari, Varadarajan V., Patrick J. Kehoe, and Ellen R. McGrattan (2007) “Business Cycle
Accounting,” Econometrica, Vol. 75, No. 3, pp. 781-836, May.

Christiano, Lawrence J., Roberto Motto, and Massimo Rostagno (2014) “Risk Shocks,”
American Economic Review, Vol. 104, No. 1, pp. 27-65, January.

Christiano, Lawrence J., Martin S. Eichenbaum, and Mathias Trabandt (2015) “Under-
standing the Great Recession,” American FEconomic Journal: Macroeconomics, Vol. 7,
No. 1, pp. 110-167, January.

Cole, Harold L. and Lee E. Ohanian (2004) “New Deal Policies and the Persistence of the
Great Depression: A General Equilibrium Analysis,” Journal of Political Economy, Vol.
112, No. 4, pp. 779-816, August.

Comin, Diego and Mark Gertler (2006) “Medium-Term Business Cycles,” American Eco-
nomic Review, Vol. 96, No. 3, pp. 523-551, June.

Cooley, Thomas, Ramon Marimon, and Vincenzo Quadrini (2004) “Aggregate Conse-
quences of Limited Contract Enforceability,” Journal of Political Economy, Vol. 112,
No. 4, pp. 817-847, August.

Eggertsson, Gauti B. and Neil R. Mehrotra (2014) “A Model of Secular Stagnation,”
NBER Working Papers 20574, National Bureau of Economic Research, Inc.

Fernald, John (2012) “A quarterly, utilization-adjusted series on total factor productivity,”
Working Paper Series 2012-19, Federal Reserve Bank of San Francisco. (updated March
2014).

Fukao, Kyoji and Tsutomu Miyagawa eds. (2008) Productivity and Japan’s Economic
Growth, Tokyo: University of Tokyo Press. (in Japanese).

Guerron-Quintana, Pablo and Ryo Jinnai (2014) “Liquidity, trends, and the great reces-
sion,” Working Papers 14-24, Federal Reserve Bank of Philadelphia.

25



Havik, Karel, Kieran Mc Morrow, Fabrice Orlandi, Christophe Planas, Rafal Raciborski,
Werner Roeger, Alessandro Rossi, Anna Thum-Thysen, and Valerie Vandermeulen
(2014) “The Production Function Methodology for Calculating Potential Growth Rates
& Output Gaps,” European Economy - Economic Papers 535, Directorate General Eco-

nomic and Financial Affairs (DG ECFIN), European Commission.

Hayashi, Fumio and Edward C. Prescott (2002) “The 1990s in Japan: A Lost Decade,”
Review of Economic Dynamics, Vol. 5, No. 1, pp. 206-235, January.

Ikeda, Daisuke and Takushi Kurozumi (2014) “Post-Crisis Slow Recovery and Monetary
Policy,” IMES Discussion Paper Series 14-E-16, Institute for Monetary and Economic
Studies, Bank of Japan.

Jermann, Urban and Vincenzo Quadrini (2006) “Financial Innovations and Macroeco-
nomic Volatility,” NBER Working Papers, No. 12308, June.

Jermann, Urban J. and Vincenzo Quadrini (2007) “Stock market boom and the produc-
tivity gains of the 1990s,” Journal of Monetary Economics, Vol. 54, No. 2, pp. 413-432,
March.

Jermann, Urban and Vincenzo Quadrini (2012) “Macroeconomic Effects of Financial
Shocks,” American Economic Review, Vol. 102, No. 1, pp. 238-271, February.

Juillard, Michel (1996) “Dynare : a program for the resolution and simulation of dynamic
models with forward variables through the use of a relaxation algorithm,” CEPREMAP
Working Papers (Couverture Orange) 9602, CEPREMAP.

Kaihatsu, Sohei and Takushi Kurozumi (2014) “What caused Japan’s Great Stagnation
in the 1990s? Evidence from an estimated DSGE model,” Journal of the Japanese and
International Economies, Vol. 34, No. C, pp. 217-235.

Kehoe, Timothy J. and David K. Levine (1993) “Debt-Constrained Asset Markets,” Re-
view of Economic Studies, Vol. 60, No. 4, pp. 865-888, October.

Kehoe, Timothy J. and Edward C. Prescott eds. (2007) Great Depressions of the Twentieth

Century, Minneapolis: Federal Reserve Bank of Minneapolis.

Kiyotaki, Nobuhiro and John Moore (1997) “Credit Cycles,” Journal of Political Economy,
Vol. 105, No. 2, pp. 211-248.

Kobayashi, Keiichiro (2011) “A Model of Financial Crises: Coordination failure due to bad
assets,” Discussion papers 11010, Research Institute of Economy, Trade and Industry
(RIETI).

26



Kobayashi, Keiichiro and Masaru Inaba (2006) “Business cycle accounting for the Japanese

economy,” Japan and the World Economy, Vol. 18, No. 4, pp. 418-440, December.

Kobayashi, Keiichiro and Tomoyuki Nakajima (2015) “A Theory of Non-performing Loans

and Debt Restructuring.” mimeo.

Kobayashi, Keiichiro and Daichi Shirai (2016) “Heterogeneity and redistribution in finan-

cial crises,” Macroeconomic Dynamics. forthcoming.

Krugman, Paul R. (1988) “Financing vs. forgiving a debt overhang,” Journal of Develop-
ment Economics, Vol. 29, No. 3, pp. 2563-268, November.

Lamont, Owen (1995) “Corporate-Debt Overhang and Macroeconomic Expectations,”
American Economic Review, Vol. 85, No. 5, pp. 1106-1117, December.

Mulligan, Casey B. (2002) “A Dual Method of Empirically Evaluating Dynamic Compet-
itive Equilibrium Models with Market Distortions, Applied to the Great Depression &
World War II,” NBER Working Papers 8775, National Bureau of Economic Research,

Inc.

Myers, Stewart C. (1977) “Determinants of corporate borrowing,” Journal of Financial
Economics, Vol. 5, No. 2, pp. 147-175, November.

Nishimura, Kiyohiko G., Takanobu Nakajima, and Kozo Kiyota (2005) “Does the natu-
ral selection mechanism still work in severe recessions?: Examination of the Japanese
economy in the 1990s,” Journal of Economic Behavior & Organization, Vol. 58, No. 1,

pp- 53-78, September.

Ohanian, Lee E. (2001) “Why Did Productivity Fall So Much during the Great Depres-
sion?” American Economic Review, Vol. 91, No. 2, pp. 34-38, May.

Otsu, Keisuke (2011) “Accounting for Japanese Business Cycles: A Quest for Labor

Wedges,” Studies in Economics 1106, School of Economics, University of Kent.

Peek, Joe and Eric S. Rosengren (2005) “Unnatural Selection: Perverse Incentives and
the Misallocation of Credit in Japan,” American Economic Review, Vol. 95, No. 4, pp.
1144-1166, September.

Pescatori, Andrea and Murat Tasci (2011) “Search frictions and the labor wedge,” Working
Paper 1111, Federal Reserve Bank of Cleveland.

Reinhart, Carmen M. and Vincent R. Reinhart (2010) “After the Fall,” NBER Working
Papers, No. 16334, September.

27



Reinhart, Carmen M. and Kenneth S. Rogoff (2009) This Time Is Different: Eight Cen-

turies of Financial Folly, Princeton: Princeton University Press.

Rios-Rull, José-Victor and Raiil Santaeulalia-Llopis (2010) “Redistributive shocks and
productivity shocks,” Journal of Monetary Economics, Vol. 57, No. 8, pp. 931-948,

November.

Rotemberg, Julio J. and Michael Woodford (1997) “An Optimization-based Econometric
Framework for the Evaluation of Monetary Policy,” in Ben S. Bernanke and Julio J.
Rotemberg eds. NBER Macroeconomics Annual 1997, Cambridge, MA: MIT Press, pp.
297-346.

Schneider, Dorothee (2011) “The Labor Share: A Review of Theory and Evidence,” SFB
649 Discussion Papers SFB649DP2011-069, Humboldt University, Collaborative Re-
search Center 649.

Shimer, Robert (2009) “Convergence in Macroeconomics: The Labor Wedge,” American

Economic Journal: Macroeconomics, Vol. 1, No. 1, pp. 280-97, January.

Sugo, Tomohiro and Kozo Ueda (2008) “Estimating a dynamic stochastic general equilib-
rium model for Japan,” Journal of the Japanese and International Economies, Vol. 22,

No. 4, pp. 476-502, December.

Summers, Lawrence H. (2013) “IMF Economic Forum: Policy Responses to Crises.” speech

at the IMF Fourteenth Annual Research Conference, Washington, DC, 9 November.

A Appendix A: Derivation of [, and d.

We derive the labor input and debt stock for the debt-ridden firm, which solves the fol-

lowing problem. Here, we allow (A, wy, ;) to vary over time. The firm with debt d solves

(8).
We assume and verify later that m; = 0 and the borrowing constraint binds for all ¢.

Under this assumption,

ki1 = (1= @) Apali, + (1 — o) (1 + rep1) ke — 6(0),

biy1 = <Z>At+1lf+1 +o(1+re1)ke — w1l

with k_1 = k. Debt d; is defined recursively by

1—p - (1—p)
dt = ———[bi41 + dpy1] = — b1
1+ 741 ]:ZI H‘gzl(l + 7°t+i> !
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The terms in d; that include l;41 are written as follows:

(1-p) , (1-p)?
L +r2) 0 (T ree2) (1 + 7ers)

mﬂ(l +re2)(1 = @) Apally

biyg+ -+

= —wir1ler1 + QA ll ) +

(1-p)?
(1 + T’H_Q)(l + 'r’t+3)

o(L+7r2)(1 =o)L+ r3)(1 — @) Appaly + -+

= —wipilp1 + [0+ (1= p)a(1—¢)+ (1 —p)Po(l—0)(1—¢) + | Al + -

1-— 1—9)o

This equation implies that if

(1—p)L—¢)o }nAtHTin
—(1-p1-0) !

then d; is maximized. Note that the value of l;;; that maximizes d; does not depend on

lig1 = Ly1 = Héf)Jr 1

W41

the prices and revenue parameters (wy4; and A;y; for j > 2) in future periods but only
on the current price, wyy1, and current parameter, Ay 1.

Denoting I' = {¢ + %}, the terms of d_; that includes lgy,l1,12,13,--- are
written as follows:

o0
(1 _ p)t+1 )
d_1 = ——— [T Ay — wily] + terms that include k&, and 6(0).
; TTi_o(1+ms)
In the steady state in which A; = A, r» = r, and w; = w, the maximum repayable debt,

d., is given by l; = 1.. As wl, = nT'Al}, d_1 = d, is expressed as

1—p
d, = TAIT — wly] + Qiky — Q20(0
r+p[ wlz] + O 20(0)
1—p)(1—
_ U= = Wk — 0,000,
r+p

where 2; and {29 are given below.

Now, we show that Iy = [, for all ¢ > 0 is attained as the solution to the Ramsey
problem for the bank. The Ramsey problem is for the bank to maximize the initial debt
d—1 so that the firm chooses [, and repayment plan {b:}7°, by solving its problem. The
FOC:s for the firm’s problem implies that

1
liy1 = {1 — Vg1 + dpu16 (1) nA } e
* 1 —vep1 + pus10 (mes1)  we ’
where pi;41 is the Lagrange multiplier for the borrowing constraint and v, is the Lagrange

multiplier for the limited liability constraint (7441 > 0). The solution to the firm’s problem

includes ly41 = l441 if

pirb'(megn)  p
1— v (1—p)o’
41 = 0,
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and k41 is given by the budget constraint. These variables satisfy all constraints and the
FOCs for the firm’s problem. Therefore, if the bank sets the initial debt d_; = d,, then
the firm optimally chooses I; = [,; for all ¢.

The values of 21 and €5 are given by similar arguments to those above. By rearranging

the terms of the initial debt d_; that include k_; = k;,, and 6(0), we obtain

_ (1-p)o
T
2
Qy — (1-p)o

1-1=pA=a)llr+p)

For Online Publication

B Appendix B: Proofs of Lemma 1 and Lemma 2
The FOCs and constraints for the problem (8) imply that the dynamics are given by

O(mer1) + kepr < AL+ (14 7k — wlir — byyt,
Wiyt + ber1 < QAL + o (1 + 1)k,

1= 0'(T41) Aet1,

A1+ pit1 + Vi1 — S = —Valdita, ki),

Avy1 = Vi(digr, keyr),

)\t+1[77Al?J:11 —w] + p1[PAl, —w] =0,

Va(dy, ki) = Va(dir1, k1) + veya,

Viede k) = p+ (1 = p) (A1 + opit1),

where A, ut, 14, and & are the Lagrange multipliers for the budget constraint, borrowing
constraint, nonnegativity constraint for dyy1 (di+1 > 0), and nonnegativity constraint for
bit1 (bey1 > 0).

Proof of Lemma 1.— Proof is by contradiction. Suppose that 7y = 7, I; = [,,, and
ki = k,, for all t > 0. Then, the budget constraint implies that b; = 0 for all ¢ and so d > 0
is not repayable. It is a contradiction. Therefore, there must exist ¢ such that m < 7
and/or l; < I, and/or k; < k,. Now, suppose that m; = 7 and I, = l,, for all t > 0. For b;
to be positive, it must be the case that k; < k. Then, the budget constraint implies that
kiy1 < ki for any by > 0 and it is easily shown that k; < 0 eventually. This contradicts
the condition that k; > 0. Therefore, there must exist ¢ such that m, < 7 and/or l; < [,,.

Without loss of generality, Lemma 1 implies that 7y < 7 and/or ly < ,, in period 0,
given that d_; = d > 0. That 79 < 7 and Iy < l,, imply that g = % > 1 and po > 0,
respectively. Therefore, Ao + pg > 1. Obviously, it must be the case that by > 0 and so
& = 0. Thus, we have shown that \g + po — & > 1.
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Proof of Lemma 2.— We can show by induction that A\ + ps — & > Ao+ po — & > 1
for all £ > 0. We know Ao + o — & > 1. Suppose that A + pr — & > Ao + po — o > 1.
The FOC and envelope condition for d; imply that

At e — &+ v = A1+ gt — i1

As vy > 0 by definition, it is clear that Agp1 + per1 — &1 > Me+Hpe —& > Ao+ po— & > 1.
Thus, we have shown A\s + iy — & > Ao+ o — & > 1 for all t > 0. As we assume that the
equilibrium converges to the steady state, A\; and u; also converge to constants, namely

Ao and fiso, respectively. The above inequality implies that
Aoo + oo = Ao + o > 1.
The FOC and envelope condition for k; imply that
Aoo =1+ u_p/))auoo.

These two results directly imply that Ao > 1 and ps > 0. Thus, it follows that 7o, < 7
and ls < Iy

C Appendix C: The BGP

We choose the parameter values such that the borrowing constraint is binding on the
BGP. The detrended variables of the BGP, {g,gv,Y, K,C, H, L,w,r V k,m, 0,1}, are
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determined by the following system of equations:

1-n

gy =97,
Y = K'"°L?,
C+(gy —1+0)K =Y,
’Uj_if}/c

C1-H’

Y
?a
gy :/B(TK+1 _6)a
= (1 =p)[l+r(H - L),

= (1-a)

v=pht E st - v,

g

k=-""[wH—¢aK"*L* >0,

O(r) = (1 — p)aK =LY + (1 — a)%k — 1+ x(H — L)k,
_ k(VO () — k)
1+ pd(7)
K(VO (1) — k) = [1 4 ¢pb' (m)na k' L,
1 A=pLtopd(m)
om) "7 /() |

Q.
O(r) =m+ X( )°.

D Appendix D: Detrending for firm’s problems

We change the variables as follows: V.; = Vi N(l_%)/n A = A N(l_n)Q/n Y = }7]\7(1_")/77,
Cr = C N(l i , K = K N(l i/ y Lot = xzt/Ntv Tpt = Tpt/Ne, Lot = lzt/Nt, nt = nt/Nt,
het = hot/Niy ot = hot/Niy wp = BN, ", by = by NO2 4y = dy NSO
m = m NI 0, () = O(FINSTEM 2 = Z,/Ny, and g = Nip1/Ni. Then, the

firm’s problem (13) can be rewritten as follows. Given d.;,

55T (1—p)BC

Vii(dat, kog) = max phy 4+ ~——22—" [~zt+1 + Vis1(dai1, kzrgr)

9:Cri1

i hatir — Loerr Voot (Fares) |

subject to

( ~ -
g:Cii1
bzt—|—1 (1— p),@C d d2t+17

0(Fati1) + kotor < Fry1(kat, Lot1) — @es1haerr — baer1 — £{hatir — Lotra Yhzzern,

C
wt+1hzt+1 + bzt+1 < d)AtJFllzt-‘,-l 4 O.Qtﬂ t+1 k‘

lzt+1 S hzt+1 ’

Tat1 > 0.
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The FOCs imply that if for any é’z[t_‘_l >0,

) > R{vnt+1('1%z1t+l)é/(7}zt+l) - I;zItJrl} _

- 1, 14
Tres (14)

<
Mzt+19 (7th+1

then,

hzt+1 = lzt-l—lv

k.riv1 =0,

where pi,¢+1 is the Lagrange multiplier for the borrowing constraint. Inequality (14) implies
that the marginal cost of hiring labor for the R&D activity, {1 + uztﬂél(ﬁztﬂ)}@tﬂ, is
strictly larger than the marginal benefit of R&D, H{Vnt+1(l~€21t+1)9~/(7~r2t+1) — ]%Z[t+1}, for
a debt-ridden firm. We choose the parameters such that inequality (14) holds in our
numerical simulation.

Detrended problem for normal firms without debt is written as follows.

- - 1—p)3C; 1. - - - -
T (Fons) — max pknt+(9(§)ﬁt Fotes + {1+ KCmss — Do)} Vness (o) |, (15)
tUt+1

subject to

O(Tnt+1) + kntr1 < Fip1(Bnt, lntr1) — Wep1hnerr — 6{hnts1 — oty Fener 1,
. = - G w
Wig1hniyr < QA + Ugtﬁéjl Ent,

lnt+1 § hnt+1a
Tnt+1 = 0.

The FOCs for normal firms imply that

{ Vot (kne11)0 (Fnerr) = knera}

W1

Nnt—&-lé/(ﬁ'nt—s—l) = 1,

where we denote the Lagrange multiplier associated with the borrowing constraint by
tnt+1- Given this equation, we obtain the sufficient condition for condition (14), which is

used in our numerical experiment as a condition for selecting the parameter values.
Lemma 3. The sufficient condition for (14) is given by
,uzt+19~/(7~rzt+l) > ,untJrlé/(ﬁ'ntJrl)- (16)

Proof. As 7,411 < Tnee1, it must be the case that 0 < 9~’(7~r2t+1) < 67’(7?m+1). Then, the
right-hand side of (14) satisfies

5 Vo1 (bores )0 (Fan) — kenpn}

= 1
Wt+1
H{Vnt+1(kzlt+1)9’(7~?nt+1) - kz[t—l—l} -1
- Wiy1
f/;7, kn él Nn - ]%n A
< K{ Vot ( t+1)~ (Tnt+1) = Kner} | st 18 (o).
Wt1

where the last inequality is due to z:nt-l—l = arg maxy Vnt+1(k)§’ (Tnt+1) — k. This inequality
implies that (16) is the sufficient condition for (14). O
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E Appendix E: Transition dynamics with z;9 > 0

In this appendix, we describe the transition dynamics in the case where the economy is
initially on the BGP and the z19 proportion of firms are suddenly imposed the maxi-
mum debt d, at time 10, where 0 < 219 < 1. The economy eventually converges to the
BGP. All agents have the perfect foresight on the paths after the one-time buildup of
debt. In this setting, we can apply a deterministic simulation with an occasionally bind-
ing borrowing constraint by using Dynare (see Adjemian et al., 2011). In our numerical
experiments, we set parameter values such that the borrowing constraint is always bind-
ing both in transition and in the BGP. This approach can solve a full nonlinear system
of simultaneous equations using a modified Newton—Raphson algorithm. The details of
the algorithm can be found in Juillard (1996). This algorithm solves n x T' simultaneous
equations, where n is the number of endogenous variables and T is the number of sim-
ulation periods. We set the number of periods of the simulation to 300, i.e., T = 300
and our model has 25 endogenous variables, i.e., n = 25. The Lagrange multiplier for
the borrowing constraint for normal firms is denoted by p,;. Altogether, 25 variables—
{Ataift,f{taét,Ht»LtywtaBnt,ﬁzt,Zztaintajztai‘ntagtv’rtl(aZta
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Vits knts 7ot 0 (Tnt)s Gve, tnt, K, bat, dzt}—are calculated from the following 25 equations:

A = oy oK YE
Tt = Znta
Ty = Zztu
~zt = ilzta

th—ﬂm (1= -d)o }nﬁt}“",

1-=(1=p)(1=0)] w

Y, = {zdl, + (1 — )7, }n K77,

Li = 2l + (1 — 2¢)lnt,

- 1—n - ~ -
Ci+g" Ki—(1-90)K,_1 =Y,
0 — ’Yét
t ].*Ht’
Y,
TtK':(lia) ~t 3
K
BCy
9" Cipa

gt = (1= p)[1 + k(Ht — L)},

(1 —p)ze = gezt41,

- - 1— p)3C - . -
Vit = pknt + (~7p)ﬂt |:7rnt+1 + {1 + H(hnt—l-l - lnt+1)}vnt+1 )
gtli41
i Vol () —
,Untel(ﬁ'nt) _ Kv{ nt (7T~mt> nt} . 1’
Wt
~ 7 T gt—lét =
Wihne = QAL + 0= =—kni—1,
b BC
0(Fut) = ot + o (Tt — )
Tnt) = Tnt 2X Tnt —T)
- C - - -
kpt = max { ﬁ~ L [{1 + K(hnt1 — lntt1) Honet1
9:Cq1

—Apr D)y + Wt g + é(ﬁ'nﬂrl)} ; 0} ;
7 Al 7 b/ (= =2 s (1-a)d _p—1
KAVt (Tnt) — knt} = (14 dpntd (Tne) )nay t Tnt >
Hy =(1- Zt)ilnt + 2z¢hot,
1Y,

th:gn ~ >
Yy

MMore precisely, there are 27 equations because we distinguish {l%zo, l~)zo} from {l%zt, l;zt}.
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— $)Apl’y + (1 — o) g*ﬁlcéok: —6(0),  where C and k are the values on the BGP,
qSAOlZo Wolso + ag*ﬁlg‘) k, where C and k are the values on the BGP,

— QALY+ (1= 0) 4Dy 1 — 6(0),

~ gt— C T
bt = ¢At o — Wyl + UﬁtTl_szt—la

—N—
@‘l ;T‘Z

C -
d. = i[bztﬂ + dz41),
9:Ciy1
I p (1= p)[1 + optni410" (Tpts1)]
0’(ﬁm) Gl(ﬁerl)

This system of equations decides the equilibrium dynamics.

The total factor productivity, T F' P;, and the labor wedge, LW,, are calculated by

d-na (1-na f/t
TFP,=N, " TFPy=N, " ————,
K; “HY
H
LW, = Wy t
aY;

These variables must satisfy the following conditions for all ¢ to constitute the equilib-

rium path:

0 < fints10 (Fpis1) < praes10 (Fapin),

0 < ot < T,
s > 0,
k. >0,
dat < Vs,
by > 0.

F Appendix F: Calibration and Data

Table 2 reports the values of the calibrated parameters. First, the parameters 3, §, n, and
p are common values to all countries. We set the discount factor 5 to 0.98, depreciation
rate d to 0.06, parameter for the aggregation function n to 0.7, and exit rate p to 0.1.
These are standard settings in the literature. In addition, we assume that the borrowing
constraint is always binding in our numerical simulation and set the Lagrange multiplier
of the borrowing constraint ¢ to 0.1 on the BGP.

Second, we calibrate the country-specific parameters and some BGP values. The share
of labor in production («), total labor supply on the BGP (H), and growth rate of TFP

(d—no

on the BGP (grrp) are set by the data. grpp is defined by grrpp =9 =g 7 . H is

set to the ratio of average annual hours worked per person employed to total hours. We
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assume that the economy is on the BGP before a financial crisis. In the case of Japan,
the financial crisis starts in 1991, while in the case of the United States and EU, it starts
in 2006. «, H, and grrp in Japan are taken as the average during 1982-1990 from the
JIP database, and for the United States and EU they are taken as the average during
1997-2005. For the United States, H is from the Penn World Tables and the others are
from Fernald (2012). For the EU, H and grpp are from the European Commission’s
Annual macro-economic database (AMECO) constructed by Havik et al. (2014), and the
value of « is taken from Havik et al. (2014). When we calculate the variables on the BGP,
H and grpp are given by the data and p is exogenously set to 0.1. Hence, the inverse of
the elasticity of labor supply ~, efficiency of R&D &k, and target level of dividend 7 are
endogenously determined in the system of the BGP, which is given in Appendix C. We

also assume that
X = T.
Lastly, the collateral ratio (¢, o) is identified by using a grid search method following the
simulated least squares criterion:
I;lin(Xt — Xt)l (Xt — Xt) (17)
, O

subject to

O0<op<l, 0<o<1,

0 < nt10 (Fnts1) < ot 10 (Faegn), 18

0 < Fnt < 7, 19

];'zt 07
Jzt V

bzt

v

21
Vntv
0.

22

(18)
(19)
knt > 0, (20)
(21)
(22)
(23)

AV

where X; is the observed variables vector and Xt is the simulation-generated variables
vector. X; = [TFP growth rate; per caita real output growth rate]. The simulation-
generated variables, X; = [TFP,/TFP,_1 —1; Y;/Y:_1 — 1], are calculated by using the
method presented in Appendix E, taking (v, k, ¢, 7, 0, 210) as the given exogenous param-
eters. The sample period is from 1991 to 2010 in Japan and from 2006 to 2014 in the
United States and EU.

To calibrate the parameters, we choose the optimum parameters to minimize the dis-
tance between the simulation implied by our model and the actual data. This procedure is
similar to impulse response matching, as described in, for example, Rotemberg and Wood-

ford (1997), which chooses the parameters to minimize the distance between the impulse
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responses implied by a reduced-form VAR and implied by a DSGE model.'

We perform a grid search for only two parameters (¢, o) and these parameters are
a ratio that can take values in a limited interval (0, 1). Hence, we can find the global
minimum of the objective function (17).

Lastly, we summarize our calibration procedure:
Step 1. Set the parameter values, (o, 3, 0, 0, p, H, grrp), exogenously.
Step 2. Set the value ¢ = o = 0.01, ¢=5=0.99 and ¢° =c? =05

Step 3. Compute the BGP sequentially on a grid (¢, o(;)) of 99 x 99 equally spaced
points over the square [¢;¢] x [0;7], where ¢ = 1,2,---,99, j = 1,2,---,99.

Tentatively, (k, m,) are taken as given.

z =0,
1
9y = 97Fps
n
g=gy ",
_ 9

s
Hn = 017

149,

A=aYl agl-o3g
(L—p)xop _ [p+ 1A —plopmy

T =Ty + = )
Yop+ (1= pop p
O(m)y=1+"2"T
X
0 = ot o — 7’
=Ty 2X7Tn )7,

J=0l+k(H-L)]-(1-0)g,
V = pk + (1_;))6{% +[1+x(H - L)V}
_ Bpgl(l = ¢)AL" — 0] + JBmu(1 = p)
JHg—(1=p)B[l+x(H—-L)]} ~
k=210 -6)ALr -0},
_ K[V (1) — k]
1+ pd'(m)
(1-H)w
—

5Qur method can be regarded as a variant of impulse response matching if the actual data are interpreted

as a response to a one-time shock to the debt buildup.
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Step 4.

Step 5.

Step 6.

Solve the simultaneous equations for (k, ),

K[V (1) — K] = [1+ pub' (my) o LY,

k= ﬂ[ H — paK™*L*.
ag

Compute the transition dynamics based on Appendix E, on a grid of 99 x 99

equally spaced points over the square [¢;¢] x [0;7]. Given the collateral ratio

(¢,0), z10 is determined to minimize (17) for each grid.

Choose (¢(;+), 0(;+)) to minimize (17) over the two dimensions [¢; ¢] x [; 7] where

(i*,7%) is the optimal index.

Set (@1, ob) = (¢(+), o). I [¢1 —¢°] < 1le—05 and |o! —0¥| < 1e—05 stop, else

set the value ¢ = ¢+ 9y, 0 = 0(jx_2), ¢ = ng(kHQ), T = 0(j*42); ¢ =ol, 0¥ =o'

and return to step 3.

Figure 6 shows the results of the grid search for Japan, the United States, and the EU.

The value of this figure represents the residuals of (17). A cold (warm) hue of contour

lines shows a small (long) distance between the simulation and actual data. In the white

areas of the parameter space, conditions (18)—(23) are not satisfied. This figure implies

that parameters (¢, o) are uniquely determined because (17) does not have local minima.
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